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PREFACE. 



In the following treatise I have adopted the method 
of Limiting Ratios as my basis ; at the same time the 
co-ordinate method of Infinitesimals or Differentials 
has been largely employed. In this latter respect I 
have followed in the steps of all the great writers on 
the Calculus, from Newton and Leibnitz, its inventors, 
down to Bertrand, the author of the latest great trea- 
tise on the subject. An exclusive adherence to the 
method of Differential Coefficients is by no means 
necessary for clearness and simplicity ; and, indeed, I 
have found by experience that many fundamental in- 
vestigations in Mechanics and Geometry are made 
more intelligible to beginners by the method of Diffe- 
rentials than by that of Differential Coefficients, 
While in the more advanced applications of the Cal- 
culus, which we find in such works as the M6canique 
Celeste of Laplace, and the Mecanique Analytique of 
Lagrange, the investigations are all conducted on 
the method of Infinitesimals. 

The principles on which this method is founded 
are given in a concise form in Arts. 38 arvd ^9. 



vi Preface, 

In the portion of the Book demoted to the dis- 
cussion of Curves I have not confined myself exclu- 
sively to the application of the Differential Calculus 
to the subject ; but have availed myself of the 
methods of Pure and Analytic Geometry, whenever 
it appeared that simplicity would be gained thereby. 

In the discussion of Multiple Points I have adopted 
the simple and general method given by Dr. Salmon 
in his " Higher Plane Curves." It is hoped that by 
this means the present treatise will be found to be a 
useful introduction to the more complete investiga- 
tions contained in that work. 

As this Book is principally intended for the use of 
beginners, I have purposely omitted all metaphysical 
discussions, from a conviction that they are more cal- 
culated to perplex the beginner than to assist him in 
forming clear conceptions. The student of the Diffe- 
rential Calculus (or of any other branch of Mathe- 
matics) cannot expect to master at once all the diffi- 
culties which meet him at the outset ; indeed it is only 
after considerable acquaintance with the Science of 
Geometry that correct notions of angles, areas, and 
ratios are formed. Such notions in any science can 
be acquired only after practice in the application of 
its principles, and after patient study. 

The more advanced student may read with advan- 
tage the " Keflexions sur la Metaphysique du Calcul 
Infinitesimal" of the illustrious Carnot: in which, after 
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giving a complete resume of the different points of 
view under which the principles of the Calculus may 
be regarded, he concludes as follows :— 

" Le in6rite essentiel, le sublime, on peut le dire, de la ni6tliode 
iiifiiiit6siinale, est de r^unir la facilite des precedes ordinaires d'un 
simple calcTil d'approximatioii h, Texactitude des resultats de 
I'analyse ordinaire. Get avantage immense serait perdu, ou du 
moins fort diminue, si ^ cette methode pure et simple, telle que 
nous I'a donn6e Leibnitz, on voulait, sous Tapparence d'une plus 
grande rigueur soutenue dans tout le cours du calcul, en substituer 
d'autres moins naturelles, moins commodes, moins conformes h, la 
marclie probable des inventeurs. Si cette methode est exacte dans 
les resultats, comme personne n'en doute aujourd'hui, si c'est tou- 
jours h, elle qu'il faut en revenir dans les questions difficiles, comme 
il parait encore que tout le monde en convient, pourquoi recourir k 
des moyens detoumes et compliques pour la supplier ? Pourquoi 
se contenter de Tappuyer sur des inductions et sur la conformite do 
ses resultats avec ceux que foumissent les autres metliodes,'lorsqu'on 
peut la demontrer directement et generalement, plus facilement 
peut-dtre qu'aucune de ces methodes elles-memes ? Les objections 
que Ton a faites centre elle portent toutes sur cette fausse suppo- 
sition, que les erreurs commises dans le cours du calcul, en y negli- 
geant les quantites iufiniment petites, sont demeur^es dans le re- 
Bultat de ce calcul, quelque petites qu'on les suppose ; or c'est ce 
qui n'est point : 1' elimination les emporte toutes necessairement, et 
il est singulier qu'on n'ait pas apergu d'abord dans cette condition 
indispensable de TeHmination le veritable caract^re des quantites 
infinitesimales et la reponse dirimante h. toutes les objections." 

Many important portions of the Calculus have 
been omitted, as being of too advanced a character ; 
however, within the limits proposed, 1 Viave eiA^^- 
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voured to make the work as complete as the nature of 
an elementary treatise would allow. 

I have illustrated each principle throughout by 
copious examples, chiefly selected from the papers set 
at the various Examinations in Trinity College. 

In this Edition many additions have been intro- 
duced, and the arrangement of the Articles in many 
cases has been altered. In this I am much indebted 
to Professor Allman of Gal way, to whose kind as- 
sistance a great part of these emendations are due. 

I beg again to return thanks to many other friends 
for their assistance during the progress of this, as well 
as of the former Edition of the Book. 

I may more especially mention Mr, Cathcart and 
Mr. Minchin, to whom I am indebted for aid in the 
correction of the proof-sheets, and for many valuable 
suggestions throughout. 

Trinity College, 
December^ 1872. 
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Page 37, line 3» /=^ ^» »'<'«<* ^ 

160, Ex. 4, for d{x — a)^, read d (x — a)* and make the cor- 
responding change in the subsequent investigation. 

ire sin '« trc sin «' 

174, 8, for Vj^ZTfti* '"^'^ V^aZT-' 



176, 



5, /or {Ah - Bk)» read {Ah + Bk): 
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CHAPTER I. 

FIRST PRINCIPLES. DIFFERENTIATION. 

1 . Fuaciioiui. — The student, from his previous acquaintance 

with Algebra and Trigonometry, is supposed to understand 

what is meant when one quantity is saia to be a function of 

another. Thus, in trigonometry, the sine, cosine, tangent, &c., 

of an angle are said to be functions of the angle, having each 

a single value when the angle is given, and varying as the 

angle varies. In like manner any algebraic expression in a: 

is said to be a function of x. Geometry also furnishes us 

with simple illustrations. For instance, the area of a square, 

or of any regular polygon of a given number of sides, is a 

function of its side : and the volume of a sphere, of its radius. 

In general, whenever two quantities are so related, that 

any change made in the one prodtices a corresponding variation 

in the other ^ then the latter is said to be a function of the 

former. 

This relation between two quantities is usually represented 
by the letters F, /, 0, &c. 
Thus, the equations 

u = F(x% V = f{x\ w = (^) 

denote that w, «?, w?, are regarded as functions of x^ whose 
values are determined for any particular value of a', when the 
form of the function is known. 

2. Dependent and Independent Variables, Constants. — In 
®ach of the preceding expressions, x is said to be the indcpeud- 

B 
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2 First Principles, — Differentiation. 

ent variable, to which any value may be assigned at pleasure ; 
and u, Vj w, are called depetident variables, as their values de- 
pend on that ofx, and are determined when it is known. 
Thus, in the equations 

y=io*, y = iP«, y = sina:, 

the value of y depends on that of a, and is in each case de- 
termined when the value of x is given. 

If we suppose any series of values, positive or negative, 
assigned to the independent. variable Xy then every function 
of X will assume a corresponding series of values. If a quan- 
tity retain the same value, whatever change be given to x, it 
is said to be a constant with respect to a:. We usually denote 
constants by a, J, c, &c., the first letters of the alphabet; va- 
riables, by the last, viz., w, v, w^ x, y, 2. 

3. Algebraic and Transcendental Functiona. — Functions 
which consist of a finite number of terms, involving integral 
and fractional powers of x together with constants solely, are 
called algebraic functions — thus 

^"^ "" ^^'' (/+aO^ ^ (^ '^x)(a^ x)h, &c., 

are algebraic expressions. 

Functions which do not admit of being represented as 
ordinary algebraic expressions in sl finite number of terms are 
called transcendental ; thus, sin x, cos ar, tan x, «*, log x, &c., 
are transcendental functions ; for they cannot be expressed in 
terms of x except by infinite series. Algebraic functions are 
ultimately reducible to the following elementary forms : 
(i). Sum or difference, (w + v, w - v). (2). Product, and 

its inverse, quotient, f wr, - j. (3). Powers, and their inverse, 

1 
roots, (m**, w**). The elementary transcendental functions are 
also ultimately reducible to (i). The sine, and its inverse, 
(sin w, sin"' w), (2). The exponential, audits inverse, loga- 
rithm, (e", logw). 

4. Continuoua Fiinctiona. — A function (x) is said to be 
a continuous function of ^, between the limits a and by when, 
as X is supposed to receive all values between a and d, the 
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function assumes all intermediate values between ^(a) and 
^(6). It is easily seen that all algebraic expressions, such as 



a^x^ + flfi«""* + .... a, 



n> 



and all circular expressions, sin a, tan x, &c., are, in general, 
oontinuous functions, as also e'y log x, &c. In such cases, 
accordingly, it follows that if x receive a very small change, 
the corresponding change in the function of x is also very 
small. 

5. Xneremenia and Differentials. — In the Differential Cal- 
culus we investigate the changes which any function under- 
goes, when the variable on which it depends is made to pass 
through a series of different stages of magnitude. 

If the variable x be supposed to receive any change, such 
change is called an increment ; this increment of x is usually 
represented by the notation A;r. 

When the increment is supposed infinitely emall^ it is 
cafled a differential and represented by dx. 

In like manner, if t^ be a function of ^, and x becomes 
f + LXy the corresponding value of u is represented by w+ A«^ ; 
i. e. the increment of u is denoted by Aw. If the increment 
be infinitely small, it is denoted by Su. 

6. TiimHing' Ratios, Derived Fimetloiui. — If t4 be a function 
of or, then for finite increments, it is obvious that the ratio of 
the increment of w to the corresponding increment of a?, has, 
in general, a finite value. Also when the increment of x is 
infinitely small, we assume that the ratio above-mentioned has 
still a definite limiting value. In the Differential Calculus we 
investigate the value of these limiting ratios for different 
forms of functions. 

The ratio of the increment of u to that of x in the limit, 

when both are infinitely smally is denoted by — : when u 

=/(x), this limiting ratio is denoted by /X^)> and is called 
the first derived function* oif{x), 

* The method of derived functions was introduced hy Lagrange, and the 
different derived functions of f[x) were defined to he, the coefficients of the 
powers of A in the expansion of f(x + h) : that this definition of the first de > 
riyed function agrees with that given in the text will he seen subsequently. 

This agreement also was pointed out by Lagrange. See ** Theorie des f'onc 
tioni Analytiques," No*. 3, 9. 

B 2 



4 First Principles, — Differmtiation, 

Thus ; let x become x + A, where h = A^, then u b 
/{x + A), or u + Aw -f{x + A), 

.-. Aw=/(j?H- A) -/(a-), 

Ati _ f(x + h) -f{x) 
Ax A 

jTA^ limiting value of this expression when Ax is it 
small, i. e. of 

/(x 4 dx) - fix ) 
ax ' 

is called the first derived function of /(a?), and repn 

This result may be stated otherwise, thus : — If w, 
the value of w, when x becomes a^i, then the value of tl 

-^ — ^ when a?! - ^ is infinitely small, is called the first c 

X\ -^ X 

function of ti, and denoted by -r-. 

•^ dx 

7. Differential, and DifferenUal CeeCEL^ent, oi f(x). 
Let u=f{x); then since 

we have du = d (fix)) =/' (ip)(/.r, 

, where (&? is regarded as being infinitely small. In thi 
dx iH, as already stated, the differential otx, and du or/ 
is called the corresponding differential of u. Also /' 
called the differential coefficient of /(a;), being the coeJ 
of rfo? in the differential o{f[x). 
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8. Oeometrioal Illastration. — Assuming that the relation 
/=/(«) may in all cases be represented by a curve, where 

expresses the equation connecting the co-ordinates (a?, y)> 
of each of its points ; then, if the axes be rectangular, and 
two points (x, y), (xi, i/i) be taken on the curve, it is obvious 

that — — ^ represents the tangent of the angle, which the 

chord joining the points (x, y), (xi, yi) makes with the axis 
of a;. 

If now, we suppose the points taken injlniteli/ near to each 
other, so that Xi- x becomes infinitely small, then the chord 
becomes the tangent at the point (^, y), but 

- — - becomes — or f'(x) in this case. 
X\ ~- X ax 

Hence, f^(x) represents the trigonometrical tangent of the 
fingle which the line touching the curve at the point (x, y) makes 
^thiheajcis of x. We see, accordingly, that to draw the 
tangent at any point to the curve 

w the same as to find the derived function f'{x) oiy with 
respect to x. Hence, also, the equation of the tangent to the 
curve at a point (aJi, yi), is evidently 

At the points for which the tangent is parallel to the axis of 
^y we have /'(a?) = o ; at the points, where the tangent is per- 
pendicular to the axis, f'{x) = 00. For all other points f'{x) 
W8 a determinate finite real value in general. This conclusion 
'verifies the statement, that the ratio of the increpient of the 
fcpendent variable to that of the independent variable has, in 
pneral, definite determinate magnitude, when the increment 
becomes infinitely small. 
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9. Algebralo lUiutratioii. — ^That a fraction whose nun 
rator and denominator are both evanescent or infinitely smt 
may have a finite determinate value, is also evident fr( 

algebra. Thug, we have r = "t whatever n maybe. If n 

taken an infinitely small number, the numerator and denoi 
nator of the fraction both become infinitely small magnitud 

while their ratio remains unaltered and equal to j. 

Again, if 



u = 



na + n^a' 
nb + n^b" 



in which n is regarded as infinitely small, the terms oft 
fraction are both infinitely small, 

but their ratio is 1-» 

b + no' 

the limiting value of which is j-. If, however, a = o, and 6 = 

a' 
the value of the fraction becomes — . 

b 

10. Trigonometrical Illiuitratioii. — ^To find the value 

ain a 

— ^, when is regarded as an infinitely small quantity. 

Here - — 7? = cos 0, and when = o, cos = i. 
tan© ' ' 

Hence, in the limit, when = o,* we have 

sin B , tan , 

— j: - I, and, .*. — — - = I, at the same time. 

tan 9 sm 6 

Q 

Again, to find the value of —. — ^, when is infinitely smi 



* If a Tariable quantity be supposed to diminish gradually, till it be 
than anything finite which can be assigned, it is said in that state to be i 
nitely or indefinitely small; for abbreviation) such a quantity is often den( 
by cypher. 



Trigonometrical Illmtration. 7 

sometrical considerations it is evident that if be the 
measure of an angle, we have 

tan > > sin 0, 

tang 

sin sin ' 

he limit, i. e. when is infinitely small, 

tang 
sin ~ ' 

refore, at the same time, we have 





sin 



= I. 



Differentiation. — ^The process of finding the derived 
1, or the dijQFerential coeflEicient of any expression, is 
lifferentiating the expression. 

proceed to explain this process by applying it to a 
nentary examples. 



Examples. 

y *= «*. 

ix-t htoT Xf and denote the new yalue of y by yi, tlien 
yi t= (a: + h)t s= «i + 2xh + A», 

yi-y Ay 
.*. , ■ or -- = ajf + A. 
h Ax 

e taken an infinitely small quantity, we get in the limit 

dy 

-f. = ax, 

ax 

f(x) = x% we have/'(«) = a*^. 
I 



8 First Principles. ^Differentiation. 



Here yi = 



X + A 



yi-y 



«+A 9 g{x^-ky 



y\-y Ay 

or -^ = - 



A Aa; it (ic -i- A)* 

which equation, when A is infinitely small, becomes 

dy ^ I \x l _ I 

«ir «•* rf* ~ «»* 

12. DUfereiitlation of the Algebralo sum of a Bambor of 
Fnaotloiui. — Let 

y = u + V -w + &c., 



then 



yi = i/i + ri - tt^i + 



• • • 



Vx - y Ui - U Vi- V Wi- w 

—i = ; — + — ; ; + . . . 



which becomes in the limit, when h is infinitely small, 

dy du dv dw 
dx dx dx dx 

Hence, if a function consist of several terms, its derived 
function is the sum of ilie derived functions of its several parts j 
taken tcith their proper signs. 

It is evident that the differential of a constant is zero. 

1 3 . Differentiation of the Prodoot of two Funotions. — Let 
y = MO, where w, r, are both functions of x, and suppose Ay, 
Am, Ar, to be the increments of y, u, v, correspondmg to the 
increment Ao? in x. Then 

Ay = (m + Am) {v + Av) - uv 

= uAv H- vAm -f Am At?, 

Ay At; , A \ ^" 
or — ^ = M — + (t; f Av) -- . 

Ax Ar Air 



Differentiation of a Product, 

NoW| suppose A a; to be infinitely small, and 

Ay Av ^u 

become in the limit 



Ad?' A;r' . AiP' 



dy dv , du 
_£. • and • 

dx* da* dx ' 

also, since a v is infinitely small in the limit, we may neglect 
the last term in comparison with the others, and thus we ar- 
rive at the result, 

dy dv du . 

dx dx dx' ^^ 

Hence — to difierentiate the product of two functions — mul- 
tiply each of the factors by the differential coefficient of the other ^ 
and add the products thus found. 

Otherwise thus: let /(a:), ^(a;), denote the functions, and 
A, the increment of x^ then 

yi =f{x + A) ^ (a? + A), 
. y^-y ^ /(^ 4 A) (ar + A) -/(a:) 0(a?) 

•• ~r A 

Now, in the Umit 

f(x + A) -f(x) ^., . , ,. . . 
^-^^-^ =/(aJ), ^(iP + A) = i,{x), 

and »(^-^A)^-»(x')^^.(^)^ 

and, accordingly, 

which agrees with the preceding result. 



lo First Prinoipks. — Differentiation. 

When y = auy where a is a constant, with respect to 4f, we 
have evidently 

dp du 

dai dx 

14. Diflbrentiatioii of the Froduot of any Mumber of Fiino- 
tiona. — First, let 

y = uvw ; 
suppose vw = s, 

then y -ui 

and, by Art. 13, we have 

dy dz du ^ 
dx dx dx^ 

but, by the same Article, 



dz dv dw 
hence 



dx dx dx 



dy du dv dw 

-^ = vti; -7- + t(;w -7- + wv -7-. 
dx dx dx dx 

This process of reasoning can be easily extended to any num- 
ber of functions. 

The preceding result admits of being written in ^he form 

I dy I du I dv 1 dw 
y dx u da vdx w dx^ 

and in general, if 

it can be easily proved that 

y dx yi dx y%dx ' yn dx* 



Differentiation of a Quotient. xi 

15. DIflteeiitiatiOB 6f a Q«otiM&i.-^Let 



y = -, then u = yv, 

therefore, by Art. 13, 

du dv dy 
dx dx dx* 

dy du dv du udv 
dx dx dx dx vdx 

du dv 

V — — u — 

dx dx 

du dv 
V u — 

dy __ dx dx /^\ 

' ' dx !?' 

Hence, to differentiate a fraction, multiply the denominator 
into the derived function of the numerator ^ and the numerator 
into the derived function of the denominator, take the latter pro^ 
duct from the former, and divide by the square of the denomi- 
nator. 

In the particular case where uisa constant with respect 
to x (a suppose), we obviously have 

dv 
d fa\ dx /^\ 





dx\vj v^ 






EZAHPLISS. 




1. 




^ du 2a 

^'"* d»~ (fl + xr 


a. 


M a: (a + a?) (* + x). 


du 



1 2 First Principles. — Differentiation, 



x\ 



1 6. DiffBrentiation 6f an Integral Power. — Let y = 

where n is a positive integer. 

Suppose yi to be the value of y when x becomes Xi^ then 

Xi — X 0/1 — a? 

Now, suppose ari - ^ to be infinitely small, in which case we 
may write x for Xi in the right-hand side of the preceding 
equation, when it becomes mf'^ ; but the left-hand side, in 

the limit, is represented by -~. 

FT (iy 

Hence — = nx^'\ 



or \ ' = nx^'^ 



dx 



• 



This result follows also from Art. 1 4 ; for, making 

yi = y2 = ^3 = • . • = yn = M, 

we evidently get from (4), 

d(u^) du 

This reduces to the preceding on maHng u = x. 

m 

17. Diflbrentiation of a Fractional Power. — Let ^ = u", 

then y» = W^, and -^ = \ ^ ; 

^ dv dx ' 

hence, by (7), 

di/ du 

^y"'* -7- = ^nu^^ -7-. 
dx dx 

m 

d(u^) dy mu^'^du m '^-i du 
' dx dx n y^'^ dx n ' dx' 



Differentiation of a Function of a Function, 1 3 

18. Diffsrentlation of a Negative Power. — Let y - vr^^ 
then y = — , and by (6) we get 



I 

, du 



-— (m'«) = = - mw^'^ ^-. (o) 

dx ^ ^ tt^"* dx ^^^ 

Combining the results established in (7), (8), and (9), we 
find that 

diu^) , du 

dx dx 

for all values ofw, positive, negative, or fractional. When 

applied to the differentiation of any power of x we get the 

following rule. Diminish the index by unity, and multiply the 

power of X thus obtained by the original index; the result is 

the required differential coefficient, with respect to x. 

1 9. Differentiation of a Fnnotion of a Fnnotion. — Let y =f(x) 

du 
and w = 0(y), to find — . Suppose yi, Wi, to be the values of 

y and u corresponding to the value Xi for x ; then if A y, aw, 
Ax, denote the corresponding increments, we have evidently 

Ui-u Ui -u yi ~y 

Xi- X yi - y'xi-x' 
or 

AU AU A.v 

AX Ay AX* 

As this relation holds for all corresponding increments, it 
must hold in the limit, when ax is infinitely small ; in which 
case it becomes 

du dudy 

dx dy dx' 

Hence, Ae derived function tcith respect to x of u, is the 
product of its derived^ tcith respect to y, and of the derived ofy 
unth respect to x. 
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20* DiffMrentUtioB of an ZnTorae FuaotUm.— To prove that 

dx I 

<lx 
Suppose that from the equation 

the equation 

15 deduced, and let .^i, ^i, be corresponding values of x, y, 
which satisfy the equation (a), it is evident that they will also 
satisfy the equation (b). But 

' i- X = I. 



Xi-ru 



y^-y 



As this equation holds for all finite increments, it must 
hold when Xx - ar, and y\ - y, are infinitely small ; therefore, 
we have in the limit 

dy dx ^ ^ 

The sariie result may also be arrived at from Art. 19, as 
follows : — 

When y=/(a:), and w = (y), 

we have, in all cases, 

du du dy 
dx dy dx* 

This result must still hold in the particular case when w = a?, 
in which case it becomes 

dx dt/ 
dy dx* 



Differeniudion of Circular Funetians. i $ 





Examples. 


I. 


«=.(«»-«•)•. 


Let 


a? — ss = y, then i# = y*, 







Hence, t" = "" 'o^ (*' "" ^)** 

ax 



"-<"-)•■ -£=.-(-.-.•. 



We next proceed to determine the differentials of the ele- 
mentary circular functions. 

21. Diffmreni&ation 6f sin x, — Let 



2 sm - cos I ^ + - 1 



y = sin X, yi = sin (x + A), 

. h 

. ^ 7\ • * din — 

y, - y sm ( a? + A) - sm a; _ 2 

~A~ = ~ A = J 

But by Art. 10, the limit of 

. h 
sm - 
2 
= I, 



moreover, the limit of cos ix + - 1 is cos x. 



Hence, — ^ = cos a:. (12) 

ax . 



22. Differentiation of cos x, 

y = cos Xy yi = cos {x + k), 

. h . 

yi - y cos (re + A) - cos r 2 



. .. . / h\ 

2 sm - sm ( a: + - j 



i6 ; First Principles, — Differentiation, 



I ' 



Hence, in the limit 

dcosx 



= -sin*. (13) 



dx 
This result might be deduced from the preceding, by substi- 

tuting s for or, and applying the principle of Art. 19. 

23. ZMAsrentiation 6f tan x. 

y - tan x, y^ = tan [x + Aj, 

sin {x + A) sin X 
yi-y _ tan (a? + h) - tan x _ cos (a? + A) ~ cosx 
A " A - h 

sin A 



A cos X cos (oj + A)' 

I . . . 

which becomes — 5- in the limit. 



cos'x 



„ d(tanar) i 

Hence — ^~ — = — r- = sec*x. 



Otherwise thus, 



dx cos* a: ' ^^^^ 



- sin X dAnx . d cos x 
a . cos x — sm x 



{2(tanx) *cos^ dx dx 



dx dx cos* X 

cos' as + sin* x i 
cos* as cos'x 

24. Difforeiitiatioii 6f cot x. — Proceed as in the last, and 

d(cotx) 1 

; = - -V--- = - cosec* X. ( I c ) 

dx sm*x ^ ^^ 

This result can also be derived from the preceding by put- 
ting — 5 for X, as in Art. 22. 
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25* Dilfer«ntlatioii 6f sec x. 



I 

y = gee X = 



cos a; 

dy sIn2P 
.*. ^ = — -- = tan X sec x. 
ax cos' X * 

c> •! 1 c^coseco; 

oimilarly — = - cot a? coseca?. 

ax 

26. Dilforentlatioii 6f ^ = sin*^ x. 

Here a? = sin v, .". -r- = cos y, 

^ dy ^ 

Hence, by Art. 20, we get 

dy I 



(16) 



= + 



dx cosy y/j _ 



x 



The ambi^ty of the sign in this case arises from the ambi- 
^ity of the expression y = sin'^ar, for if y satisfy this equa- 
tion for a particular value of x^ so also does w - y\ as also 
2ir + y, &c. If, however, we assign always to y its least value^ 
i. e. the acute angle whose sine is represented by re, then the 
sign of the differential coefficient is determinate, and is evi- 
dently positive ; since an angle increases with its sine, so long 
as it is acute^ Accordingly, with the preceding limitation, 

d.^m'^ X I 

In like manner we find 

(f.cos'^a? I 



dx ^1- x" 



(18) 



with the same limitation. 

Th;s latter result can be at once deduced from the pre- 
ceding, by aid of the elementary equation, 



sm'^a; + cosmic = -. 

2 



i8 



jFVr«^ Principles. — Differentiation^ 



27. DiffBrviitiatioii 6f tan'^o?. 

p = tan"'aj /. x = tan y. 



Hence 



dx 



dp cos* y' 



d.tBji'^a: dy 



dx 



= ^ = ^''^'^z 



I +x' 



('9) 



Similarly 



d, cot"* a; 
dx 



I + a;' 



28. Oeometrloal Demonstration. — The results arrived at in 
the preceding Articles admit also of easy demonstration by 
geometrical construction. We shall illustrate this method 
by applying it to the case 
of sin 6. 

Suppose XPQY to be a 
quadrant of a circle having 
as its centre, and con- 
struct as in figure. Let 6 
denote the angle XOP ex- 
pressed in circular measure ; 
then 

^ arc PX J , n arc PQ 
= — 7^^^^—, and A = A = 




OP 



OP ' 



Accordingly 
sm(fl + /i)-smfl = gp = -p^.^ = cosPQi?.^, 



sin (6 + A) - sin 6 _ 
'• h 



= cos PQR 



PQ 



arc PQ* 



But we have seen in Art. 10, that the limiting ratio of 



PQ 



atcPQ 



, _ ^ ^ - , . , d sin - 

= I ; also PQR = 0, at the same time ; hence ^^ = cos ^, as 



dO 



before. 



Differentiation of a Logarithm. 19 

The student will find no diflSculty in applying the pre- 
ceding construction to the difierentiation of cos 0, sin"> 6, and 
COS'* 0. The difierential coefiicients of tan 0, tan"* 0, &c., can, 
in like manner, be easily obtained by geometrical construction. 

Examples. 

m 

dy 

I . ^ = sin (fwr + a). -p- = n cos (nx + a). 

ax 

' dy 

^. y = cohmx coBtix, — - = - (m cos nxavamx-\-n cos mx sin wa;). 

a« ^ 

dy 

3. y = (a sin'* + b cos'*)". —■ =» « (a - i) sin 2X (a sin* x-\-b cos' a:)"'^ 



4. ^ = Bin (sin xy 

Or y ■=» sin w, where » = sin «. ^ =» cos x cos (sin «). 

dx 



» UUB 



5. y=Bm-»(»»). 




"9 _ 
dx 


(I - «*«>' 




6, y = 8in"i(i - a:')*. 










Here (i - *')* « sin y .*. « = 


cos 


y* 






I =- smy-f, 
we 






• ifa:"" 


I 


a/i-«« 


, * + fl cos ar 

7. y = cos-i . 

a + 6 cos 2; 




dy^ 
dx 


fl + *COSar 





2^. DUrerentiatlon of logair. 
Let y = logair, yi = loga(^ + A), 

Pi-y ^ loga(jg + A) -logg^ ^ -^flLl-l^^ 

h h h 

Hence -^ is equal to the limiting value of 

when h is infinitely small. 

c 2 
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Again, let h = xu, then 

°^'\ '*"i) I log,(i+«) i,„„/,^„Nt 

.*. -J- -- multiplied by the value of loga (i + m)", 

when u is infinitely small. 

To find the value of the latter expression, let - = s, then 

(i +11)" becomes f i + - 1 , in which z is regarded as infinitely 

great. Suppose the limiting value of this expression to be 
denoted by the letter e, we can find its value as follows by the 
Binomial fheorem: — 

/ iV 2 1 z(z-i) I 

\ Z J 12 1.2 Z^ 

= I + - + 1— i + ^ LJ^ r -i- &c. 

I 1.2 1.2.3 

The limiting value of which, when 2 =00, is evidently 

III I p 

I + - + + + + &c. 

I 1.2 1.2.3 i«2.3. 4 

By taking a sufficient number of terms of this series, we 
can approximate to the value of e as nearly as we please. 
The ultimate value can be shown to be an incommensurable 
quantity, and is the base of the natural or Napierian sysljem 
of logs. When taken to nine decimal places, its value is 
2.718281828. 



Again, since (i + m)** «= g, when w = o, we get 

d.logaar _ loga^ 



dx a 



C20) 



Differentiation of an Exponential. 2 1 

It will be shown in Chapter III., without assuming the 
Binomial Expansion, that e is the sum of the series 

I + - + + + &c., ad infinitum. 

I 1.2 1.2.3 

Also, since the calculation of logarithms to any other 
base starts from the logarithms of some numbers to the base ^, 
as, moreover, the logarithms of all numbers are expressed by 
their logarithms to the base e multiplied by the modulus of 
transformation, the system whose base is e is fundamental in 
analysis, and we shall denote it by the symbol log without a 
suffix. In this case, since log « = i, we have 

---.loffx = -. (21) 

dx ^ X ^ ^ 

Again 

^ . log..., = 1^, (22) 

where logio^ or , is the modulus of Briggs' or the ordi- 
nary tabulated system of logarithms — the value of this mo- 
dulus when calculated to ten decimal places is 

0.4342944819. 

On the method of its determination see "Galbraith's Algebra," 

P- 379- 

30. Diffsrentiafcion 6f af^» 

Let y = a*, then log y = x log a. 



but 



d (^Qg y) ^ d (log y) dy^^\_d£ 
dx dy ' dx y dx* 

d .a^ dy ^ ^ . . . 



22 Fir$t Principles. — Differentiation. 

Also, since log e^ i, we have 



dw 



= e'. (24) 



Examples. 
I. y = log(iinjr). 



Let tin « = s, then y « log z. 

And since 



d/y dy de 
dx dz ' dx* 



dy cos X 

wo get -J- = -, — •« cot X, 

^ dx sinx 



dy 



2. y = log y/i^ - a>« = J log («« - ar2) ; ^jr = - 



<f« a^ — ofl 



dy 
ax 



4. 



y = log Jiz. 



COST . 



cos a; 



2 sin'- 



I jz Bxa- — 

/ 1 — cos X \ 2 ^ « 

yl » I =tan-, 

^ I + cos X I m X 2 

^ ^2 cos' - 



.*. y = log tan -. 



2 dx ainx 

3 1 . lK>garltlimio Differentiation. — ^When the function to be 
differentiated consists of products and quotients of functions, 
it is in general useful to take the logarithm of the function, 
and to differentiate it. This process is called logarithmic 
differentiation. 

Examples. 
'. y = yi . ya . ya . . . yn, log y = log yi + log y2 + . . . -I- log yn. 

Henco I^ . 1 ^ + 1 ^ + . . . + 1 ^», 

y dx yi dx yz dx yn dx 

This furnishes another proof of formula (4;, p. 10. 
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sin"* at 
2. y = . Here, log y=sm\ogaiix-^n\ogoQaxi 

I du coBX sin « dy sm««»"i , . . . v 

.'. - 3- = m -; — + n .'. -- =r (m oos'« f n sin'af). 

1/dx sm;r cos* dx cosa:***^ 

(X - 1)1 



y = 



(a?-2)iC«-3)}' 



5 3 7 

Here log y = - log (» - i) - - log(« - a) - - log C« - 3) ; 

* 4 3 



hence 



^ ^y _S I 31 71 7«« + 30J? - 97 



y<ir 2a;-i 4«-2 3aj-3 i2.(a?- 1) (a-a) («-3)* 

.^ ^ _ (a? - i)i (7g« + 30a? - 97) 
" dx i2.(a:- 2)j (a?- 3)V 

4. y = a: (02 + a:«) ya* - a:^ / = ^ . 

5. y = «•. Here log y = a: log a:. 

Hence ~ «» (log x + i), .-. -^ = a?" (i + log x). 



6. y = •^. Here log y = »•, 

I <fy <f. a?« 
y <^ c&B 



«■ (i + log »). 



^-d^aJ-(i+loga?). 
oa; 

7. y s «% where tf and v are both functions of ^, 
If 
here Iogy=>log"w, 

I dy . dv V du 

.-. -. — = logM. -— + - . — 

y aa; '^ dx u ax 

dy ( . dv V du\ . .<f» 

.*. -r- = «• I logM .-— + --— = «» log i«^-r- + *''*'■' 
rfa; \dxf*rfiB/ ° dx 



du 
Tx 



32. The expression to be differentiated frequently admits 
of being transformed to a simpler shape. In such cases the 
student will find it an advantage to reduce the ex^temow lo 
its simplest iorm before proceeding to its d\ffeien.U«A)voxL. .j 



a4 



First Principles, — Differentiation. 



Examples. 



I. 



y es gin"! 



\/i + s^ 



Here 



and we get 



2. 



Here 



v/i + 



ssBiny, or 



«» 



1 + x' 



= sin^y, hence « = tan y^ 



^ as C08« y = ;. 

dx ^ i-k-x* 



y = tan 1 ^ . 



a:' 



tan y = 






Hence 



Vjj¥j^ _ tan y + I 
\/i -a;2 tany-i* 

. ^j (I +tany)« -(i~tany)« itany 

(i + tany)« + (i - tany)* i + tan'y ^' 

dy 

^- cos ly = a;, 

ax 



X 



dy X 

dx cos 2y "" ^ I _,4' 



, \y/i + a; + ^/i -a; i , \/i + a? + V^i -a; 

= log J— =r = -log--;,^rr= ^;^=^ . 

y\/ 1 -^x-v 1 -X * v'^i+af-^s/i-a; 



llog 



I +v^T3" 



a; 



= - log (i + Vi - a:«) log X, 



Hence 



dy 
dx 



7.x 



\/i — 



^ , s/i + «» - I ^ , 
= tan-* + tan-i 



2a; 



X i-x* 

Let X = tan z^ and the student can easily prove that 



5 1^ dy S ^ 

y=i-z: hence -7- = -. 

^ 2 ' dx 2 I +xi 



Examples, 25 



Examples. 



I. y = sec"^*. Ans. -f- = 

dx 



xy/ x^ - I* 



2. y = * log a:. -^ = i + log «. 

ax 

3. y = log tan «. ^ = -r-^. 

or sin 2i 



4. y = log tan'id;. 



^ I 

d!r ~ (i + ««) tan-i x 



— dy a 

^ • /I \ ^ cos (log a;) 

6. y = sin (log «). -/^ = ^— 5-^ 

iix X 

X 1 ^ dy I 

7. y = tan-' 



8. y = tan-i 7=- -^^'77T(7ZZ\ 

Here y = tan~* \/« + tan-^ \/a. 

aT** rfy 2«a;*»"^ 

^' ^ " (i + «»)»»' dx ^ (i+a^y*^' 



dy X 



dx I — «** 



10. y = log(7z| J -itan-io?. 

11. y = log /JL_I___Z_.. ^= . ■-' 

• -1 3 + 2* £^ I 

12. y = sin-i _ . -r^ = — . 

y/iZ ^ y/i^zx-x^ 

, (i 4- ic2)4 Jy a; 

V I + a^ f^a; (i + a:*)' 

X ax X x^ 
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^ I - tan X ^ dy , • N 

i6. y = . Jbu. -f- = - (cob* + sinaj). 

sec« dx 

\/i — or* + x\/i dy V^ 2 

17. y = log 



_ ^^''"'^•(aar-i) dy _ (1 + a') x g« «»°"^* 

' • y " (i +a;3)» • ^ " (I + «>)§ 

1 '+*^n '» + * + *• ,- x^/'i ^ - ^ 

20. yz:logK2«- O + V^-*-!}. ^^ Gea-l-iy ' 



/i +a? t/2 + 
:. y = log / — — 

\i-x s/% + 



f! + tan- fj^^ ^^av^ 



22. y = e»^ tan-'a:. ^ = «•*(—--+«• tan-»flf(i + log flf) ) 

rfa; \ I + «• / 

23. Being given that y = «'(i-a;']fi j :if 



dy ex* + c' a?* + c" afi 



detennine the yalues of e, c', c". 



dy I 

24.y = log(log«:). S;"^!^- 

3 4- 5 cos « <^y 4 

2 c. y zz cos-* . — = • . 

^ 5 + 3 cos « rf* 5 + 3 cos X 

26. y := sin * — : — -. 

dy 

27. yzze^ 8in"» r:c. -/- — e^ 8in*»"*ra; (a sin raf + mr cos rx)' 

dx 

28. y = ^Bin ra. ^ = ^ \/«' + »^ sin (ra; + 0). 

- r 

where tan = -. 
•^ a 
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dy I 

30. y = 2 tan'* . 

Here s=tan*- .-. x = cosy .-. -^ = - ^^ rr. 

i+a? 2 ' dx (i-a;*)! 

31. y = ««". ^ = ««^^i•-l (filoga; + i). 



dx 

m-l 

=s Mi ^I 4.xS> 

dx 



32. y = (i + ««)« sin (w tan'* »). -^ = m (i + «*)"«" cos {(f» - 1) tan-*}, 



33. y = log /*' COS a; — d sina: 

^ a COS X + b sin a?* 

/ tf* COS a; . \ 

34. y » tan-» sin x \ 

\ 1 + ^ I 



ZS- I^ y = -, prove the relation 

X 



dy dx 

+ — == = o. 



t^i + y* v^n- 



ar* 



36. I^^ = log ;!:!^^ ^"^^^^'-^- T.rova that f? is of the form 



Ax+ B 

-, and determine the values of A and B. 



y/a? + ax)i-bx 

A sin*0 + B sin2 + C 



37. Prove that ( -- j . sin cos -v/i - c* sin* = 



^ , . . . y/i-di sin^e 

«d determine the values oiA, B, C. 

-o T* I a;' i.i a;* 1.3.? a:' 

38. Ifii = a: + -.-- + — --+-J-I-. + . . . ad in/,; find the sum of 
* 3 2.4 5 2.4.0 7 

the series represented by ~. Ana, (1 - a;*)-*. 

39- Reduce to its simplest form the expression 

Za"^ dlx{x^ ^ 2o)l 



far* + a^)i (x^ + 2a)i dx ' {x^ '^ 0^)% ' 



i 
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40. Differentiate 

/ 3 + 2x . , aa? , 
^3-a« ! + «• 

41. If ^ . {'P (i - *> (I + ff«)-^4 =«!»-» (i - «)«-« (i + a*)-^»^ 
\ax* + )3jj (i + <M?) + y (i + «?)«}, find tlie yalues of a, /8, 7. 

42. Given y- ^ ^'Z^^ n. ? ^^^ T^' 

,» . . r N , <'y 8in«(a + y) 

43. If sin y = X 8in (a + y), prove that 3- z: ; . 

44. If ir(i + y)» + y(i + a;)i = o, find ~. 

In this case «?• (i + y) = y* (i + a?), 

.-. «*-y« = y*(y-ar), 



X 

or a: + y + ary = o, .-. y=:- 






I +«' * * dip (i + «)»' 

, - ,/— -r , « dy 1 Ix + a 

45. y = log (* + V *« - 02) + sec-i -. ^ = -^-__. 

a ox a? ^ a? — a 

46. y = a: 8in"»(^a;). 

47. If a; and y are given as functions of t by the equations 

x=f(t);y = F^ty, 

find the value of ^r- in terms of /. **y _ K ) 



48. y = 



«fx dx-f'(t)' 

a;» 



H-aj2 



I +a;5 



Hence y 



I + &c. m infinitum. 
aj» <?y 



i+y <te y/x^ + i 



x-y 
V 

49. x=:c. 



Ilcnco y- ' ^^_log_x___ 

I + log** dx (I +loga;)«* 



CHAPTER II. 

SUCCESSIVE DIFFERENTIATION. 

33. SaooessiTe Derived Funotloiis. — In the preceding chapter 
we have considered the process of finding the derived func- 
tions of different forms of functions of a single variable. 

If the primitive function be represented by /(^), then, 
as already stated, its ^7*5^ derived function is denoted by /^ (a?). 
If this new function, f\x\ be treated in the same manner, its 
derived fimction is called the second derived of the original 
fimction/(a?), and is denoted by/^^(a?). 

In like manner, the derived function oi f'\x) is the third 
derived o£f(a), and represented \>J f'''{x)y &c. 

In accoraance with this notation, the successive derived 
functions of /(a?) are represented by 

fix), f"{x), f"'{x) f-\x), 

each of which is the derived function of the preceding. 
34. Snocessive Differeiitial Coeffloienta. 

If y ''fix), we have ^ =f'(x). 

Hence, dijBferentiatmg both sides with regard to x, we get 

then g =r (.). 

h like manner, — f -r— J is represented by -7^, and so on ; 




30 Successive Differentiation. 

hence g = /'"(a,), &c. . . . g =/'«)(;r). . (,) 

The expressions 

dr/ d^y d^y ^ d'^y 
dx dx^^ dx^^ ' * * dx^ 

are called the first, second, third, , . . 7i^^ differential coefficients 
of y regarded as a function of ^. These functions are some- 
times represented by 

a notation which will frequently be found convenient in 
abbreviating the labour of forming the successive differential 
coefficients of a given expression. From the mode of arriving 
at them, the successive differential coefficients of a function 
are evidently the same as its successive derived functions con- 
sidered in the preceding Article. 

35. SnooMshrs IMff^remtUii. — ^The preceding result admits 
of being considered also in connexion with differentials ; for, 
since x is the independent variable, its increment, dx, may be 
always taken of the same infinitely small value. Hence in the 
equation {£y =/' (a?) «fe of Art. 7, we may regard dx as con- 
stant, and we shall have on proceeding to the next differen- 
tiation, 

didy") = dxdW{x)\ = {dxYf"{x), 

since d{J\x)'\=f" {x)dx. 

Again, representing d {dy) by d'^y, 

we have d'^y =f' {x) {dxf; 

if we differentiate, again, we get 

d^y = /'' {x) (dxy ; 
and in general 

dy = /») {x) (dx)"". 

From this point of view we see the reason why /^"^ (r) i^ 
called the n^^ differential coefficient of /(rr). 



Infinitesiinak. 3 1 

In the preceding results, it may be observed, that, if dx 
be regarded as an infinitely small gtmntiti/, or an infinitesimal 
of the first order, (di)* being infinitely small in comparison with 
dx, may be called an infinitely small quantity or an infini- 
tesimal of the second order ; as also d^y, \if'\x) be finite. In 
general, dJ^y being of the same order as {dxY is called an tn- 
finitesimal of the n** order. 

36. Xnfimtesimals. — We may premise that the expressions 
great and small, as well as infinitely great and infinitely small, 
are to be understood as relative terms. Thus, a number which 
is infinitely great in comparison with & finite number, is said 
to be an infinitely great, or an infinite number. Similarly, a 
number which is infinitely small in comparison with a finite 
number is said to be infinitely small. If any finite number be 
conceived to be divided into an infinitely great number of 
equal parts, each part will be infinitely small with regard to 
the finite number ; and may be called an infinitesimal of the 
first order. Again, if one of these infinitesimals be conceived 
to be divided into an infinite number of equal parts, each of 
these parts is infinitely small in comparison with the former 
infinitesimal, and may be regarded as an infinitesimal of the 
second order, and so on. 

Since the number by which any measurable quantity is 
represented, in general, depends upon the unit with which 
the quantity is compared, it follows that a finite magnitude 
may be represented by a very great, or by a very small num- 
ber, according to the unit to which it is referred. For ex- 
ample, the diameter of the earth is very great in comparison 
with the length of one foot, but very small in comparison 
with the distance of the earth from the nearest fixed star, and 
it would, accordingly, be represented by a very large, or a 
very small number, according to which of these distances is 
assumed as the unit of comparison. Again, with respect to 
the latter distance taken as tne unit, the diameter of the earth 
may be regarded as a very small magnitude of the first order, 
ana the length of a foot as one of a higher order of small- 
ness in comparison. Similar remarks apply to other magni- 
tudes. 

Again, in the comparison of numbers, if the fraction (one 

million y* or — -^, which is very small in comparison with UTvity, 
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be regarded as a small quantity of the first order, the fraction 

— r- beine: the same firactional part of — that this is of i» 
io»* ^ ^ io« 

must be regarded as a small quantity of the second order, and 



so on. 



The preceding is introduced solely for \he purpose o/iOus- 



traiion. If now, instead of the series 



lO' 



(lo*)' (iW' 



... we consider the series -,—,—,... in which n is sup- 



n n* w 



poded to be increased without limit, then each term in the 
series is infinitely small in comparison with the preceding 
one, being derived from it by multiplying by the infinitely 

small quantity -. Hence, if - be regarded as an infinitesimal 
of the first order, — , -t» • • . — , may be regarded as infinitesi- 



n''' w»' 



mals of the seconds third, . . . r*'* orders. 

37. Oeometiioal ZUustration of Znfiniteaimals. — ^The follow- 
ing geometrical results will help to illustrate the theory of 
innnitesimals, and also will be found of importance in the 
application of the Differential Calculus to the theory of 
curves. 

Suppose two points. A, JB, taken 
on the circumference of a circle ; 
join B to -B, the other extremity of 
the diameter AE, and produce EB 
to meet the tangent at A in 2). 
Then since the triangles ADB and 
EAB are equiangular, we have 

AB BE .BD AB 

;, and 



AD AE' — AD AE: 




Fig. a. 



Again, when the points A, B^ are 
infinitely near each other, BE be- 
comes ultimately equal to AE, and, therefore, at the same 

^. AB 

time, ^= I. 
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Again, -jYk ^®comes infinitely small along with -j^, i. e. 

BD becomes infinitely small in comparison with AD or AB. 
Hence BD is an infinitesimal of the second order when AB 
is taken as one of the first order. 

Also, DE - AE is less than BD ; accordingly, when one 
side of u right-angled triangle is regarded as infinitely/ small of 
the first order y the difference between the hypothenuse and the re- 
maining side is infinitely small of the second order. 

Next draw BN perpendicular to AD^ and BFdi. tangent 
at B. Then, since AB > AN, we get AD --ABkAD- AN 
<DN, 

AD-AB DN AD 






BD BD DE' 



Consequently, ^^r — becomes infinitely small along with 

ADy .'. AD - AB is an infinitesimal of the third order. More- 
over, as BF^ FD, we have AD^ AF ^ BF .\ AF + BF 
- AJB is infinitely small of the third order ; but AF+ FB is 
> arc A By hence we infer that, the difference between the length 
of the arc AB and its chord is an infinitely small quantity of the 
third order y when the arc is infinitely small of the first. In like 
manner it can be seen that BD - BNis an infinitesimal of 
the fourth order, and so on. 

Again, if AB represent an elementary portion of any 
continuous curve, to which AF and BF are tangents, since 
the len^h of the arc AB is less than the sum of the tangents 
AF and BF, we may extend the result just arrived at to all 
such curves. 

Hence, the differeiice between the length of an infinitely small 
portion of any continuous curve and its chord is an infinitely 
small quantity of the third order y i. e. the difference between 
them is ultimately an infinitely small quantity of the second 
order in comparison with the length of the chord. 

The same results might have been established from the 
expansions for sin a and cos a, when a is considered as infi- 
nitely small. 

If in the general case of any continuous curve, we take 
two points Ay B on the curve, join them, and draYi BE ^^* 
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pendicular to AB meeting in E the normal drawn to the 
^urve at the point A ; then all the results established above 
for the circle still hold. When the point B is taken infinitely 
near to A, the line AE becomes the diameter of the circle of 
curvature belonging to the point A ; for, it is evident that the 
circle which passes through A and jB, and has the same tan- 
gent at J[ as the given curve, has a co7itact of the second 
order with it. See " Salmon's Conies,'' Art. 239. 

38. FuBdainenial Prlndpla of the Tnfjnlt— final Calonliis. — 
We shall now proceed to enunciate the fundamental principle 
of the Infinitesimal Calculus as conceived by Leibnitz :* it 
may be stated as follows : — 

If the difference between two quantities be infinitely small 
in comparison with either of them, then the ratio of the quan- 
tities becomes unity in the limit, and either of them can be in 
general replaced by the other, in any expression. 

For let a, /3} represent the quantities, and suppose 

a = j3 + t, or g = I + g. 

Now the ratio ^ becomes evanescent whenever i is infinitely 

small in comparison with j3. This may take place in three 
different ways: (i) when j3 is finite, and t infinitely small: 
(2) when i is finite, and j3 infinitely great : (3) when /3 is in- 
finitely small} and i also infinitely small of a higher order ; 

thus, if i = k(i\ then ^ = Aj3, which becomes evanescent along 
with j3. 



* This principle is stated for finite magnitudes by Leibnitz, as follows : — 
" Ceetenim eequalia esse puto, non tantum quorum differentia est omnino nulla, 
sed et quorum differentia est incomparabiliter parva.*' . . . '* Scilicet eas 
tantum homogeneas quantitates comparabiles esse, cum Euc. Lib. 5, defin. 5, 
censeo, quarum una numero sed finito multiplicata, alteram superare potest ; et 
qu8B tali quantitate non differunt, sequalia esse statuo, quod etiam Archimedes 
sumsit, aliique x>ost ipsum omnes." Leibnitii Opera, Tom. 3, p. 328. 

The foregoing can be identified with the fundamental principle of Newton, as 
laid down in his prime and ultimate ratios, Lemma I. ** Quantitates, ut et quan^' 
titatum rationes, que ad sequalitatem tempore quovis finito constanter tendunt, et 
ante finem temporis illius proprius ad invicem accedunt quam pro dati quayis 
differentia, fiunt ultimo tsquales." 
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Accordingly^ in any of the preceding cases, the fraction 

-^ becomes unity in the limit, and we can, in general, substi- 

tute a instead of /3 in any function containing them. Thus, 
an infinitely small quantity is neglected in comparison with a 
finite one, as their ratio is evanescent, and similarly an infini- 
tesimal of any order may be neglected in comparison with one 
of a lower order. 

39« Sabflldiarj Principle. — Again, if ai + as + as + . . . + On 
represent the sum of a number of infinitely small quantities, 
which approaches to a finite limit when n is increased indefi- 
nitely, and if j3i, /Ss, ... j3n, be another system of infinitely 
small quantities, such that 

= I + €1, = = I + €2» . • . ^ = I + €i,> ■ 

«i aa an '• 

where ci, 63, . • . Cn? are infinitely small quantities, then the 
limit of the sum of /3i, /Bay • • • /3n9 is ultimately the same as 
that of oi, at, • • . an- 

For, from the preceding equations we have 

j3i + )3i + . • . + j3n = ai + fla, + . . • + On + ai£i + 0262 + . . . + an^n- 

Now, if f| be the greatest of the infinitely small quantities, 
€1, €2, • . • €n> we have 

01 + jSa + • • . + i3n - (oi -^ Oa + . • • + On) < If («l + Wa • • . + On), 

■ 

but the factor oi + oj + . . . + an, has a finite limit, by hypo- 
thesis, and as 19 is infinitely small, it follows that the limit of 
fii + 03 + • . . + |3n is the same as that of oi + qj, . . . + a«. 

We next proceed to find the successive derived functions 
in some elementary examples. 

40. Dairivwl Fimotiolut of af^. 

Let V = Jc% 



then -J- = ma:"»-S -^-^ = m (m - i ) ^"»"*, 



dx dx 



D 2 



and in general, -r^ =m(m- 1) (m - 2) . . . (m - n + i") x***. 
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If m be a positive integer, we have 

-^ = I • a- .>(w-i)m. 

and all the higher derived functions vanish. 

If m be a fractional, or a negative index, th^i none oi 
successive derived functions can vanish. 



Examples. 
I. If n = M5* + te*-* + «««-* 4 &c., prove that 



also 








dx» 


= 1.2... 


, n . a^ 






and 










= 0. 

dx**** 








2. 






1 












prove 


that 






na 


tPy _n(n+ i^i 

dx^ ~ a^^ 






and 






die* 


- i)"» 


«(«+ i). 


...(« + m - 




3- 


y = 


2a*/ !• 














prove 


that 




dy a 


dip 
dx^ 


a 




3 « 

" 4 X- 










d^'y _. 


. i> 


3.5-7.-- 


(2W — 


I) a 





d^** 2" . ***** 

41. Uy^x^ log a:, to find ^^. 
Here ^ = 3^Mog a? + ;r«, 
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also ^ = dc logay + 30? + 2jr 

« 6x loga?+ 50?^ 
T? = 6 loffa? + 6-+ c 



j ^ = t 

duc^ X 

It might have been observed that in this case all the 
terms in the successive differentials which do not contain 
log « will disappear from the final result — thus, by the last 

article, ■■ - = o, accordingly that term may be neglected ; 

and similar reasoning applies to the other terms. The work 
can accordingly be simphfied by neglecting such terms as we 
proceed. 

The student will find no diflSculty in applying the same 
ttode of reasoning to the determination of the value of 

-~^> where y = od^^ log x,. 

For, as in the last, we may neglect as we proceed all terms 
which do not contain log a; as a factor,, and thus we get in 
thkcase, 

^"y _ (w - i) . . . 2 . I 
dx^ X 

42. Derived Fonotaoiifli of. sin mx, ' 

Let y = sin ntx, 



then -/^ = m cos mx 

ax 



9 



d^y 

—^ = - m^ sm rnx^ 

dx^ 
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and, in general, ^^ = ( - i)»m^8mm«, 

> (2) 

43. Darlvad FiaolioiMi of ef^. 

Let y = e*', 

then ^-««"» T^ = «'«^»- • •^-^«*'. (3) 

This result may be written in the form 

where the symbol f -z- j denotes that the process of differen- 
tiation is applied n times in succession to the function e^. 
In general, adopting the same notation, we have 

== -4oa'»««* + -4ia»*-V^ + A^a^-^ef^ + &c. 
= IAq(^ + Ai(^^ + AiO?^ + &c. + An] e"*. 
This result, if (a?) denote the expression 

AqX^ + ^la?^^ + . . . Anj 
may be written in the form 

«(-^)^ = «W^; (5) 

in which (a) is supposed to contain only positive integral 
powers of a. 
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44. To find the n^ Dilferentlal OodBoient of ^ cos rx.. — 
Let y represeat the proposed expression, 

then -^ « ctef^^ cos rx - ref^ sin rx 

ax 

= e^ (a cos ra: - r sin rx) ; 

if tan A = -, we have r = sin va^ + r^, and a = cos Av a* + r\ 

a ^ 

hence we get 

-J- = (a* + r*)* e*' cos {rx + 0) .. 
Again 

-^ = (a» + r')i e**^ [a cos {rx + 0) - r sin (ra? + ^)] 

= (a^ + r*) e«* cos {rx + 20). 

By a similar 'process it is easily seen that we have in ge- 
lueral when n is any positive integer, 

d^v - 

-^= (a^+ r^)« ^ cos {rx + mp).. (6)^ 

45. If y = e^^^r Up pjpove tliat 



<--»2-'l=*»- 



Here we have 



1 - , r dy a? 

log y = a sin'^tr, .:. - -f- 



y dx /i_a:» 



on squaring both sides this becomes 



40 ^Linfmrv I^fimmiMiam. 

DiffieieBtttte a secoad Iom; Axide bj 2 -^, and we get the 

leqmred result. 

46. TkaanM «r IMkiiite — To find the !•'* differential 
coeffident at the ptodnet of two fanctums oi x. Let y = tfc, 
then adopting the notation of Ail. y^ we write 

and smikrij, jf", w , r , ie^ for the sectnid and higher de- 
rived functions— thus, 

NoWy if we differentiate the equation, y = uv, we have 

y = m/ + vu'y by Art. 13. 
The next diffeientiadon giyes 

y^' = tn/' i iiV + f/u' + vu" = tir'' + 2ii'i?' + tni' 
The third differentiation gives 

y'^^ = tie/'' + tiV + auV + 2i«'V + v'u'' + tw' 

= w/^' + 3ttV' + 311'V + vu^'\ 

in which the coefficients are the same as those in the expan- 
sion of (a + by. 

Suppose that the same law holds for the n^ differential 
coefficient and that 

^ 1.2 

then^ differentiating again, we get 

■ ^^^'^ "^^(ttV"-!) + «'''«?<»-*)) + &c. . . . +M(«*'>r. 



.// 



»/// 



,<v(n 1) + (n + i) mV'*) + l^±il^ 2^//t,(n-i) + &c. . . . 
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in which it can be easily seen that the coefficients follow the 
law of the Binomial Expansion. 

Accordingly, if this law hold ior any integer value of n, it 
holds for the next higher integer ; but we have shown that it 
holds when n = 3, therefore, it holds for n = 4, &c. 

Hence it holds for all positive integer values of n. 

In the ordinary notation the preceding result becomes 

d^iuv) ch) du d/^'hs nln- i) cfw d^^v „ 
daf doif' dx djf-^ 1.2 dx^ doT^ 

dHi 

47. To prove thai 

(0(«-«) = ^(«.0„. (8) 

Let r = e" in the preceding theorem ; 

, .1 . dv ^ d?v . d*v 

then, smce -r = o^, -rr^ = «'^ . . . ^— ^ a«^, 

dx dx^ d^ 

^e have 

which may be written in the form 



or 






where the symbolical expression {a-^ — ] is supposed to be 

developed by the Binomial Theorem and -r^, -7— . . . -r-^ 
^ -^ dx dx'' dx^ 



substituted ^^^ ( "J" 1 "> ( j~ ) ^> ( -r ) «* in the resulting ex- 
pansion. 
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48. In general, if ^ (a) represent any expression involving 
only positive integral powers of a, we shall have 

For let ( — j when expanded be of the form 



A^\^'£j +Ai[^) +... + ^„, 



then the preceding formula holds for each of the component 
terms, and, accordingly, it holds for the sum of all the terms, 
.\ &c. 
The result admits also of being written in the form 

This symbolic equation is of importance in the solution of 
diiferential equations with constant coefficients. See " Boole's 
Differential Equations,'' chap. XVI. 

49. If y = sin'^o;, to prove thai 

Here ^ = -7^=, or (. -o:')*^- . ; 

hence, by differentiation 

^^ 
(i - a;*)* -— - ,^, = o. 

Again, by Leibnitz's Theorem, we have 

(i)■•l(■-'•'S^<-'•>^^-S-«<-■>g. 
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On subtracting tiie latter expression from the former, we 
obtain the required result by (11). 
If a? = o in formula (10), it becomes 



mM 






where [-7^] represents the value of -7^ when x becomes 

cypher. 

Also since [--r-] = i, we get when n is an odd integer, 

Again we have {-t^j = o ; consequently, when n is an even 

integer we have ( ;t^) = o. 

50 If y = (i + a?') ' sin (m tan'^a?), to prove that 

(i + «*) ^, - 2 (m - i) a? ^ + m(m' i)y = o. (12) 

Here 

/ill ** — 

-^ = m»(i +ar*)a"*sin (mtan-'a?) + m (i + a?')a''cos(mtan-'a?), 

or 

dv - - 

(i + a?)-f-^mx{i +ir*)2 . sin(mtan-*^)+m(i+«^)»cos(mtan-*a;) 

III 

= mxy + iw(i + x^y cos (mtan'* x) ; 

- I + a;' dy 
.•. (i + x^) » cos (m tan-*ir) = "^ " ^* 

The required result is obtained by differentiating the last 
equation, and eliminating cos (m tan'* a?) and sin {tn tan"* a?) by 
aid of the two former* 
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Agftin, applying Leibnitc's Hieorem as in the last Article, 
we get» in general — 

Hence, when x « o, we have 



(p>(.-.)(.-..)(gi- 



o. 



Moreover, as when x = o, we have y = o, and -j- = m; it fbl- 
lows from the preceding that, 

For a complete discussion of this, and other analogous 
expressions, the student is referred to Bertrand, Trait^ de Cal- 
cut Diffi^rentiel, p. 144, &c. 
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Examples. 
I. y = «* log*, prove that -;^=- t=. 

3-y=**, „ -rJ = a?»(i+loga?)»+««->. 



4. y = log (sin*), 



€fly _ 2 cos « 
«&• sin's * 



\/i+«»— I ^ 2a: ^y cc 



!-««' " <tea (i +««)=« 



6. y = «« log (at), 



>» 



7. y=log / — — +ten»p— , „ 



cPy 1* 



dscf* 8in'*0 

where tan A = -. 
r 

9. If y = tf"****, prove that 

d^ r «(«— i)rCr-- 1) "1 

««* L * • * J 

10. If y «: a cos (log ^) + A sin (logar), 

d^y dy 
arove that *' ^''' ' 5" "^ ^ "^ °* 
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11. Ify = co8(mcos-»4t), 

d^y du 
proy«that (' -«*) ^ " * 5 + '»'y = »• 

1 2. Prove tliat the equation 

is satisfied by either of the following values of p : 

y = cos (a 8in-»a;), or y = ^ -"^ '*'»-^*. 



13. Being given that y z: (« + V*' - ')"•> 

dip dy 
prove that (*' - 31 + * :r ~ ^y — °* 

14. If y =:sin(Bind;), 

.t d^y dy , . 

prove that -~ + — tan a; + y cos' x — o. 

dafl ax 

15. If y = sin (m sin-*a?), 

where -r-^ 1 denotes the value of the function when x = o, as in Art. 4 

( d^ \ 

16. Ky— J coBnx ■{■ B sinna:; prove that I — j + n« j y z: o. 

17. If y iz - — -; find --^. 



Since 



I _ I r I I "I . 



rf«y _ I f ^ Y ' I / £? Y I 

^ ■" 2a C- 0* \^ ) * X- a (- 0* " 2a(-i)* \rf» ) * a; + a(-i)l* 

_(— i)»»i.2...«r I I "I 

2a (-0* L(«-«C-0*)***' ~ (a;+ a(-i)*>**>J* 



Examples. 

Let - s tan^, then a = y/a^ + x^sin^, » « \/a* + «> cos ^^ 



47 



«+i 



hence (* + «(- i)*)»»*» =(«« + «*) « . (co8^ + (-i)*sm0>«^i 



tt+i 



Bud we get finally, 



= Caa + ««)« {co8(«+i)0 + (-i)»8m(«+i)^}. 
'^"y / N.l««8m(«+;i)d. 8in"+iA 



i8. If y = tan-i -, to find ~^. 



since -- = p-^ — — , tMs is reduced to the preceding, and we get 



^-r- >-i 1 ^"' • 8inn08in'»0^ 



noreoYer, since ^ = tan-^ -, we have = y, and consequently 

as 2 

, In- I .cos^. sinf n «y ] |«— i.flsinfw — »tan-*-| 



(a« + «;«)« 



rfhy 



lo. If y = -= T, to find 3—. 



Since 



a« + «* 2 



« + 



flV - I x-ay/ - 



we get 



<^ , . |«.8in«**0co8(«+ i)0 



where - tan-* -. 



20. If « = (sin-'a:)*, 
prove that 



.^ ePu du 



48 Examples. 

21. Prove from the preceding, that 






l*^\ =„w*:?f^ 



12. In example 19, prove that when * = o, 

23. Given y = ^^— , find ^. 

24. y = ««« sin te, prove -t-^ - 2a -^ + (a* + ft*) y = o. 



CHAPTER III. 

DEVELOPMENT OF FUNCTIONS. 

51. Zaemma. — If u be a function of a: + ^ which is finite and 
continuous for all values between the limits a and J of a: + y, 
then for all such values, we shall have 

du du 
dx dy 

For, let u =/(aJ + y), then if « become ar + A, 

— =iimit of /(^ + y + ^) -/(^ + y) 

dx h 

when h is infinitely small. 

Similarly, if y become y + A, we have 

which is the same expression as before. 

TT du du 

nence -- = _-. 

da dy 

Otherwise thus: — Let 2; = (a? + y), then u =/(«), 

-=i, and-=.; 

dt* ^ du dz f,/\, 
di^dzdx''^^^^' 

du _ du dz ^ . du 
dy " dz dy^'^ ^ ^"^ dx 

E 
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C2. It' r I X - i) be & coitcmacas fiutctioii which does not 
become mtrnfte wii^si y » c« its ejLpansion in powers of y can 
coatun mo wgiinhf power; : tor, sappcee it contains a term of 
the form JfjT*. where M is independent of 5, this term would 
become infinite when jr ~ c : bot the £:iTen fimction in that 
case rednces to/(x) : hence« we should haTe/(s) = od, which 
is contruj to oar hjpothess. Ccffisequentlj, the expansion 
of /(x - w) can contain onlj poritive powers of y. 

Again, if/(jr) and its snccessiTe derired fimctions hejinite 
and continnoos, the expansion o( f{s t- y) can contain no 
Jraciiomai fower ofy. For, if it contain a term of the form 

Py"*f where - is a proper fraction, then its (» + i)** derived 

fimction with respect to y would contain y with a negative 
index, and, accordinglj, would become infinite when y = o ; 
which is contrary to oar hypothesis. 

Hence, with the conditions expressed above, the expan- 
sion o£/{x + y) can contain oidj positire integral powers ofy. 

53. TtusrUmhi TB»|wlnn of /(x + y). — If the function 
/(x + y) be capable of being expanded in powers ofy, by the 
prececung this expansion must be of the form 

f{x + y) = Po + ^ly + ^^y* + &c. + P,y"+ &c., 

where Pq, Pi . . . Pn are supposed to be finite and conti- 
nuous functions of x. 

When y = o, this expansion reduces to/(x) «= P©. 

Let u =/(»+ y)> then by differentiation, 

du dPo dPi , dP^ ^ dPn p 

da da dx ax dx 

-^ - Pi + 2Pay + iP^^ + &c. 
dy 

Now, in order that these series should be identical for all 
values ofy, the coefficients of like powers must be equal. 
Accordingly we must have 

dx dx '' ^ ' 

1.2 dx 1,2 dx^ 1.2 ^ ^ 



Binomial Theorem, 5 1 

3 e;fc» 1.2.3 ^ I • 2 . 3 
and, in general, 

^ I €^ .f(x) I ^ X / X 

I . 2 . . . n <w?* I . 2 . . . n 

Accordingly, when /(«) and its successive derived func- 
tions are finite and continuous, we have 

rhis expansion is called Taylor's Theorem, having been first 
)ublished, in 17 15, by Dr. Brook Taylor in his Meihodus In- 
rementorum. 

It may also be written in the form 

r if « =/(ir), and u^ = /(x + y), 

y du y' dhi y* d^u „ , ^ 

To complete the preceding proof, it will be necessary to 
btain an expression for the limit of the sum of the series 
fter n terms, in order to determine whether the series is con- 
ergent or divergent. We postpone this discussion for the 
resent, and shall proceed to illustrate the Theorem by show- 
ig that the expansions usually given in elementary treatises 
n Algebra and Trigonometry are particular cases of it. 

54. Tlie Binomial Theorem — Let u =(x + yY ; 
ere f(x) = af , therefore, by Art. 40, 

f'[x) = na^'\ . . .f^ (a?) = w(n - i) . . . (n- r + i^*^. 

lence the expansion becomes 

E 2 
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I 1.2 ^ 

n (n - i) . . . (n - r + i) 

+ —^^ ^^ '- sf^jf + &c. (4) 



I • 2 . . . r 



If n be a positive integer this consists of a finite number of 
terms ; we shall subsequently examine the validity of the 
expansion when applied to the case where n is negative or 
fractional. 

55. The Xk>gaiitliiiiio Series. — ^To expand log {x + y). 

Here f{x) = log {x\ f{x) = i /- (x) « - 1 , 

Accordingly 

If ;r = I, this series becomes 

Iog(n-y)-f-f + |-...(-i)->J&c. (5) 

When taken to the base a, we get, by Art. 29, 

logo(l +y)=J!f(|-| + |-^ + &c.) (6) 

56. To exiMmd sin (a; -i- y). 

Here /(/p) « tiin Xj f (a?) = cos a?, 

f" x^- sin a^ /^-'^ (a?) = - cos a?, &c. 
Hence 

sin (or + y) - sina; ( I — ^ + ^^- &c. + ^ . . . ^ 

\ I .2 1.2.3.4 "[aw y 

+ 008* 21 ^ + ^^ ..,-i-^:^ ] /^N 

\i 1.2-3 1.2.3.4-5 \2n^\ ) ^'f 



Maclaunn*» Theorem. 



S3 



As the preceding series is supposed to hold for all values^ 
it must hold when x » o, in which case it becomes 

sin V =^ —- + &c. (S) 

I 1.2.3 i-^-S^-S 

Similarly, if a; » -, we get 

eos V = I — ^— + &c. (g) 

^ I . 2 1 . 2 . 3 . 4 

We thus arrive at the well-known expansions* for the sine 
and the cosine of an angle, in terms of its circular measure. 

^7. BCaolaiirin's Theorem. — If we make :r = o, in Taylor^s 
expansion, it becomes 

/(y)=/(o)+/'(o)f+/"(o)^+ . ./•'(o)^ + .. (10) 

Where /(o) . . ./^»^ (o) represent the values which /(«) and. 
its successive derived functions assume, when a = o. 

Substitute x for p in the preceding series and it becomes 

/(') =/(o) + 7/(0) + 7^/"(o) + . . . +^/"Ko) + &c. 

This result may be established otherwise thus; adopting. 
the same limitation as in the case of Taylor's Theorem. 

Assume /(a?) = -4 + J5a: + Cb* + Da^ + JEr* + &c.. 
hen f(ai) = i? + 2Cx + ^Du^ + aEx" + &c. 

f'(x) = 2(7+ 3 . 2 2)a? + 4 . jSr* + &c. 
f{x) «:= 3 . 22) + 4 . 3 . 2Ex + &c. 
Hence, making :r == o in each of these equations, we get 

Ac) ^A,/'{o)=b/-^ = C, ^^ = A &c, 
hence we obtain the same series as before. 



* These expanshna are due to Newton. 
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The preceding expansion is usuallj called Maclaurin^s* 
Theorem ; it was, however, previously given by Stirling, and 
is, as shown already, but a particular case of Taylor's series — 
we proceed to illustrate it by a few examples : — 

58. Sxponmitial Scries. — Let y = a'. 

Here f(x) =0*. Hence /(o) = i. 

f{x) = a* log a. „ f{o) = log a. 

fix) = a* (log a)\ „ rip) - (log of. 

f^\x) - a* (log a)\ „ /«)(o) = (log a)«. 
and the expansion is 

I 1.2 I.2...« 

If e the base of the Napierian system of Logarithms be 
substituted for a, the preceding expansion becomes 

^ X x^ a?» , . 

e*= I +- + + . . . + + . . . (12) 

I 1.2 i.2...n ^ ' 

\ix= \ this gives for e the same value as that adopted in 
Art. (29), viz. : 

III I 

c = I + - + + + + . . . 

I 1.2 1.2.3 1.2.3.4 

59. Sxpaaalon of sin x and cos x by Maolaurin's Theorem. 
Let /(a?) = sin a:, then 

/(o) = o,/(o)=i, /'(o) = o, /-(o) = -i,&c. 
and we get 

sm a: = + &c. . . . 

I 1.2.3 I • 2-3-4. 5 



* Madaurin laid no claim to the theorem which is known by his name, for, 
after proving it, he adds— This theorem was giyen by Dr. Taylor, method, increm. 



Approximation to Circular A)v. yj- 

In like manner 



coax- I + 



1.2 1.2.3.4 

the same expansions as already arrived at in Art. ^6. 

Since sin (- a:) = - sin Xj we might have inferred at once 
that the expansion for sin x in terms of a* can only consist of 
odd powers of x. Similarly, as cos ( - re) » cos re, the expan- 
sion of cos 4? can only contain even powers. 

In general, if i^'^rc) = i^( - a?), the development o£ F(x) 
can only consist of even powers of a?. K F{- x)^ - F (x), the 
expansion can contain odd powers of x only. 

llius, the expansions 01 tan Xj sin'^a;, tenr^x, &c., can con- 
tain no even powers of a? ; those of cos Xy sec x, &c. no odd 
powers. 

6b» Huycpens' Apiirojdiiiatloii to length of Oiroular Aro.* — 
If -4 be the chord of any circular arc, and B that of half the arc ; 

» ^ A 

then the length of the arc is equal to -, q. p. 

For, let B be the radius of the circle, and L the length of 
the arc ; and we have 

A .LB . L 



5-'^^%1^ 5-^^^^iS' 



hence, by (8) 



AT ^ ^' Ji 

A^ Li -2 + — — - &c. 

2.3.4.22 2.3.4.5. 16. ii* 



85 = 4i ^-^—m + ^^— ST + &<^- 

2 . 3 . 4 . xi^ 2 . 3 . 4 • 5 • <^4 . -K 
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consequently, neglecting poweii of -^ beyond the fourth, we 
get 

Hence, for an arc equal in length to the radius, the error in 

adopting Huy gens' approximation is but ^ part of the 

whole arc ; for an arc of half the length of the radius, the pro- 
portionate error is one-sixteenth less ; and so on. 
In practice the approximation is used in the form 

i = 25 + - (2J5 - A). 

3 

This simple mode of finding approximately the length of 
an arc is much employed in practice. It may also be applied 
to find the approximate length of any portion of a continuous 
curve, by dividing it into an even number of suitable in- 
tervals, and regarding the intervals as approximately circular. 
See Rankine*s Rules and Tables, Part I. Section 4. 

6 1 . Sxpaaalon of tan~^ x. 

Assume the expansion of tan"* a? to be 

Ax + Bx^ + Cx^ + 2)4?^ + &c., 

where -4, J5, C, &c., are undetermined coefficients, 

d tan"* 3s 
then —^ = A + '^Boi? + 5Gr* + ^Dofi + &c. 

1- X rf.tan-i^ I 'I ^ ^ if 

but = = r =i-»ir + ar-^+ &c. 

ax I +«' 

Comparing coefficients, we have 

A=i, 5 = -i, C=i, 2) = --, &c. 

3 5 7 

Hence, tan'^^r = + ...+(-i)" + . . . (14) 

135 ^''an+i 
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This expansion can be also deduced directly from Maclaurin's 
Theorem, by aid of the restilts given in Example 22, p. 48. 
This is left as an exercise for the student. 

62. X:q>aiiaioii of sin~*^. — Assume, as before, 
sinr^x = Ax + Bx^ + Cx^ + &c., 

then —- = -4 + 'xBix? + cCi* + &c. 

(i-a:')i ^ ^ 

but -i = (i - x^yi = I + - ar« + -^-^ x* + . . . 

( I - x^y ^ ' 2 2.4 



I . 3 . . . 2r - I 

2.4... 2^ 



Hence, comparing coeflGicients, we get 



^= I, 5 = -.-, C-^5-^.-,&c. 
23 2.45 



Finally, 



. , X 14?' 1.2 a:* 1 . 2 ... 2/* - 1 x^^^ , . 

sin-*a? = -+ 4- — ^-+ . . + — ^ + • • (k) 

I 23 2.4J 2.4... ^T 2r+i ^ ^' 

Since we have assumed that sin'^o; vanishes along with x^ we 
must in this expansion regard sin~^;r as being the circular 
measure of the acute angle whose sine is x. 

There is no difficulty in determining the general formula 
for other values of sin'^a?, if requisite. 

A direct proof of the preceding result can be deduced 
from Maclaurm's expansion by aid of Art. 49. We leave 
this as an exercise for the student. 

From the preceding expansion, the value of tt can be ex- 
hibited in the following series: — 

TT I II I • 1 I D 

6 2 2.38 2 . 4 • 532 

For, since sin 20^ = -, we have -- == sin** - .•. &c. 

^2 6 a 
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An approximate* value of ir can be arrived at by the aid 
of this formula ; at the same time, it may be observed, that 
many other expansions are better adapted for this purpose. 

63. Siller's Sxpreaaions for mne and CkMdne. — In the ex- 
ponential series (12), \i xy/ - 1 be substituted for a;, we get 

^ - 1 = I H <KC. . .• . 

1.2 1.2.3.4 



+ 



v/ 



X 0^ 



+ &c. • • • 



(16) 



I 1 .2.3 

= COS X + \/- I sin X ; by Art. 59. 

Similarly, e'' -^ = cos x - y/ - i ^irix. 
Hence ^-^ -f e-^-» = 2 cos a?, 

^-1 - Q-rf-i ^ 2a/ - I sinar. 

A more complete development of these formulae will be 
found in treatises on Altjebra and Trigonometry. 

64. John BemouiUi's Series. — If in Taylor's Expansion, 
(i), we make y = - a?, and transfer f{x) to the other side of 
the equation, we get 

Ax) =/(o) + xf'{x) - -^ f"(x) + -^f" W-&C. (17) 

This is equivalent to the series known as Bernouilli*s,f and 
published by him in Act Lips, 1694. 



* The expansion for sin-' a;, and also this method of approximating to Vy 
were given by Newton. 

t In his Eedtic, Quad, ad long, curv,, John Bemouilli introduces this 
theorem again, adding — " Quam eandem seriem postea Taylorius, inteijecto vi- 
ginti annorum interyallo, in librum quern edidit, a. d. 17 15, de methodo incre- 
inentorum, transferre dignatus est sub alio tantum characterum habitu." The 
great injustice of this statement need not be insisted on ; for while Taylor's 
Theorem is the most important in the entire range of analysis, that of Bemouilli 
is comparatively of little use ; and is, as shown aboye, but a simple case of Tay- 
lor's Expansion. 



Symbolic Farm of Tat/lor^ a Theorem. 59 

65. Symbolic Form of Taylor's Theorem. — The expansion 

may be written in the form 

in which the student will perceive that the terms within the 
brackets proceed according to the law of the exponential 
series (12) ; the equation may accordingly be written in the 
shape 



pS 



f{x^y) = e '^ fix), (19) 

where e ^ is supposed to be expanded as in the exponential 



d 

y 



theorem, and - — ^7^-^ wnttcn for 7- -7- 1 fwy &c. 

in dx^ [^ \dxj "^ ^ '^ 

This form of Taylor's Theorem is of extensive application 
in the Calculus of Finite Differences. 

66, Other Forms derlv^ firom Taylor's Series. — In the ex- 
pansion (3), Art. 53, substitute h for y, 

, h du h^ d^u h^ d"u ^ 

then Ui = u + — 7- + 7— + . . . --- + &c. 

I dx 1.2 dx^ I . 2 ... /J dx^ 

If now, h be diminished indefinitely, it may be represented by 
dXf and the series becomes 

du dx d^u dx^ d"u dx^ 



t/i = w + ^ + -7-0 — + . . + 



dx 1 dx^ 1.2 daf^ i . 2 . . . w 

or, w, - M ^^^dx+'^^ dx' + l^^^ dx' + &c. (20) 

I 1.2 1-2.3 

in which Wi - t^ is the complete increment of u, corresponding 
to the increment dx in x. 
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Again, since each term in this expansion is infinitely small 
in comparison with the preceding one, if all the terms after 
the first be neglected (by Art. 38) as being infinitely small in 
comparison with it, we get 

du^f{x)dx. 

The same result as given in Art. 7. 

Another form oi the preceding expansion is . 

du dhi d^u rf»tt „ , , 

111 - ti = — + + + .. . + + &c. (21) 

I 1.2 1.2.3 i.2...n ^' 

67. Theorem. — // a function of x become infinite for any 
finite value of .r, then all its successive derived Junctions become 
infinite at the same time. 

If the function be algebraic, the only way that it can be- 
come infinite for a finite value of j?, is by its containing a 

term of the form — , in which Q vanishes for one or more 

values of x for which P remains finite. Accordingly let 

dPPdQ 

w = -TT, then -r = Jj ; this also becomes infinite when 

(i dx Q 

Q = o. 

d^L d^u 
Similarly, -— , -— -, &c., each become infinite when Q = o. 

dJCr dxr 

Again, certain transcendental functions, such as €(»-•)•' 
cosec {x - a)y &c., become infinite when x = a; but it can be 
easily shown, by difierentiation, that their derived functions 
also become infinite, at the same time. Similar remarks ap- 
ply in all other cases. 

The student who desires a more general investigation, is 
referred to De Morgan's Calculus, page 179. 

68. Remarka on Taylor's Sxpaiudon. — In the preceding 
applications of Taylor's Theorem, the series arrived at (Art. 
54 excepted), each consisted of an infinite number of terms ; and 
it has been assumed in our investigation that the sum of these 
infinite series has, in each case, a finite limiting value, re- 
presented by the original function, f{x + y), or f(x). In 
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other words, we have assumed that the remainder of the series, 
after n terms, in each case, becomes infinitely small when n 
is taken sufficiently large — or, that the series is convergent ; 
the meaning of this term will be explained in the next 
article. 

69. Convergent and Divergent Series. — A series, t^i, t/2, t^s, 
. . . w„, . . . consisting of an indefinite number of terms, 
which succeed each other according to some fixed law, is said 
to be convergent^ when the sum of its first n terms approaches 
nearer and nearer to a finite limiting value, according as n 
is taken greater and greater ; and this limiting value is called 
the sum of the series, from which it can be made to diflFer by 
an amount less than any assigned quantity, on taking a suffi- 
cient number of terms. It is evident, that in the case of a 
convergent series, the terms become indefinitely small when 
n is taken indefinitely great. 

If the sum of the first n terms approximates to no finite 
limit, the series is said to be divergent. 

In general, a series consisting of real and positive terms 
is convergent, whenever the sum of its first n terms does not 
increase indefinitely with n. For, if this sum do not become 
indefinitely great, as n increases, it cannot be greater than a 
certain finite valtw, to which it constantly approaches as n 
increases. 

70. Application to Geometrical ProgreBsicn. — The pre- 
ceding statements will be best understood by applying them 
to the case of the ordinary progression 

I + a? + a?2 + «' + . . + a:" + . . . 

The sum of the first n terms of this series is in all cases. 

1 - a 

(i). Let ^ < I ; then the terms become smaller and smaller 
as n increases ; and if n be taken sufficiently great, the value 
of 0^ can be made as small as we please. 

Hence, the sum of the first n terms tends to the limiting 

value ; also the remainder after n terms is represented by 

-, which bec6mes smaller and smaller as n increases, and 



may be regarded as vanishing, ultimately. 
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(2). Let x> 1. The series is in this case an increasing 
one, and ar becomes infinitely great along with n. Hence, 

the sum of n terms, or , as well as the remainder 

I - a? X - I 

after n terms, becomes infinite^ along with n. Accordingly 

the statement, that the limit of the sum of the series 

I + « + 0?* + . . . + oj" + . . . ai infinitum 

is , holds only when x is less than unity, i. e. when the 

series is a convergent one. 

In like manner the sum of n terms of the series 

I - a; + a:* - a;* + &c. 

I - ( - I )*» «* 

IS ^^ — . 

I + X 

As before, when a; < i, the limit of the sum is ; but 

when a? > I, a^ becomes infinitely great along with n, and the 
limit of the sum of an eoen number of terms is - 00 ; while that 
of an odd number is + 00. Hence, the series in this case has 
no limit. 
-71. Theorem. — If^ in a aeries of positive termSy represented 
by 

tti + W2 + . . . -f Wn + &C. 
Un 

the ratio — ^- be less than a certain limit j less than unity ^ for all 

values of n beyond a certain number ^ the series is convergent^ and 
has a finite limit. 

Suppose £ to be a fraction less than unity, and greater 

than the greatest of the ratios -^^ . . . (beyond the number 

Ufn 

n), then we have 
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< A; •*. Wn+2 < A> Mn. 



^^r-i 



< Ak •*• UrtAr ^ w' W«» 



Hence, the limit of the remainder of the series after w„ is 
less than the sum of the series 

hun + Ai^Wfi + • . . + h^Un . • . ad infinitum ; 
therefore, by Art. 70, less than 

7, Since AJ< I. 

I -k 

Hence, since Un decreases as n increases, and becomes infi- 
nitely small ultimately, the remainder after n terms becomes 
also infinitely small, when n is taken suflSciently great, and, 
consequently, the series is convergent, and has a &iite limit. 

Again, if the ratio — - be > i, for all values of n beyond 

a certain number, the series is divergent, and has no finite 
limit. This can be established by a similar process; for, 
assuming £ > i, and less than the least of the fractions 

— ^, . . . then by Art. 70, the series 

tin 

Un + f^n + ^^w» + &c. ad infinitum 
has an infiinite value, but each term of the series 

Un + Un+i + W+3 + &C. 

is greater than the corresponding term in the above geome- 
trical progression ; hence, its sum must be also infinite, &c. 
These results hold also, if the terms of the series be alter- 
nately positive and negative ; for in this case k becomes 
negative, and the series will be convergent or divergent ac- 
cording as - i; is <, or, > i ; as can be readily seen« 
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In order to apply the preceding principles to Taylor's 
Theorem, it will be necessary to determine a general expres- 
sion for the remainder after n terms in that expansion ; in 
order to do so, we commence with the following : — 

72. Xiemma. — If a contintcous function (pix) vanish when 
X = a, and also when ^ = 6, then its derived function ^'(aj), if 
ako continuous^ must vanish for some value of x between a 
and b. 

Suppose b greater than a; then if 0'(ir) do not vanish be- 
tween a and 6, it must be either always positive or always 
negative for all values of x between these limits ; and conse- 
quently, {since rf0 (x) = <t>^(x) dr), the increment of 0(ii?), as x 
increases from a to 6, must be always positive or always nega* 
tive between these limits ; i. e. (x) must constantly increase, 
or constantly diminish, as x increases from a to 6 ; which is 
impossible, since {x) vanishes for both limits. Accordingly, 
it/{x) cannot be either always positive or always negative ; and 
hence, it must change its sign between the limits, and, being 
a continuous function, it must vanish for some intermediate 
value. 

This result admits of being illustrated from geometry. 
For, let y = (a;) represent a continuous curve ; then, since 
(a) = o, and (6) = o, we have y = o, when 4? = a, and also 
when X ^b\ therefore, the curve cuts the axis of re at distances 
a and b from the origin ; and accordingly at some intermediate 
point it must have its tangent parallel to the axis of ^. Hence, 
by Art. 8, we must have f^'{x) = o for some value of a? between 
a and b^ 

73. Zrfigraage's Theorem on the Iiimits of Taylor's Seiiee.-— 
Suppose jRn to represent the remainder after n terms in Tay- 
lor s expansion, then writing X for a; + y in (i), we shall 
have 

|n- 1 ^ ^ ' ^ ' 

in which /(ar),/^ (a?) /(«) (r) are supposed finite and 

continuous, for all values of the variable between X and x. 
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Prom the form of the terms included in iJ„ it evidently 
may be written in the shape, 



Br 



JX^P^ 



where P is some Amotion of X and x. 
Consequently we have 

/(Z) - {/(^) + (-^V'(^) + • • • + ^^P/"-M*) 



(X-as)* 



] = o. (23) 



Now, let a be substituted for a? in every term in the pre* 
ceding, with the exception of P, and let F(z) represent the re« 
suiting expression, we shaU have 

j'(.)-/(iO-{/(«)+^^/(^)+...+-^^^'pj (24) 

in which P has the same value as before. 

Again, the right-hand side in this equation vanishes when 
z^X; .-. F(X) = o. 

Also, from (23), the right-hand side vanishes when z = x; 
.'. F{x) = o- 

Accordingly, since the ftinction F (2) vanishes when 2 « X, 
and also when 2: = a?, it follows from Art. 72, that its derived 
function P' {%) also vanishes for some value of z between the 
limits X and x. 

Proceeding to obtain F^ (2) by differentiation from equa- 
tion (24), it can be easily seen that the terms destroy each 
other in pairs, with the exception of the two last. Thus we 
shall have 

' [/^ - 1 •' ^ ^ \ n-i 
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Conseqaenilyy for some value ci x between x and X, we 
muBt have 

Agidn, if be a positiYe quantity less than vnity, it is 
^easily seen that the expression 

« + (X - a?) 

by assigning a suitable value to 0, can be made equid to any 
'number intermediate between x and X. 
Hence, finally, 

P=/(») {a!+0(X-«)) 

where is some quantity > o and < i. 

Consequently, the rema' 
'Series can oe represented by 



Consequently, the remainder after n terms of Taylor's 
/be r< 



-8«"^^V"M«? + «(^-«)K ins) 

Making this substitution, the equation (22) becomes 

+ ^-^^/'"" (*) + ^■^^f' {« + 0<X-«:)). (26) 

The preceding demonstration is taken, wilji some slight 
modifications, from Bertrand^is Traits de Calcul Diff<6rentiel 

(n3>- . 

Again, if ^ be substituted for X - /r, the series becomes 
/C-a,./(.,.r(.).*o..j^/.«(.) 

+^/'"'(«+<>A). (27) 

In this expression n may be any positive integer, i, 2, ^, &c. 
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If ft » ly the result becomes 

/{(t + h) =/(«) + hf(a + eh)y (28) 

when n = Zf 

fix + h) =/(^) + Ar(:r)+ J^f'(x^9h); (29) 

and so on. The student should observe that has in ^neral 
different values in each of these functions, but that they are 
all subject to the same condition, viz. > o and < i. 

It will be a useM exercise on ike preceding method, for 
the student to investigate the formulas (28) and (29) inde- 
pendently, by aid of the Lemma of Art. 72. 

The preceding investigation may be regarded as furnishing 
a cOTaplete and ngorous proof of Taylor^s Theorem, and for- 
mula (27) as representing its most general expression. 

74. Oeometeical XUnstnitiUm, — The equation 

/(X) =/(*) + (X - «)/' (« + « (X - «)) 

admits of a simple geometrical verification; for, letya/(^) 
represent a curve referred to rectangular axes, and suppose 
(a, T)t (jr?, y) to be two points Pi, P^ on it, then 

X- X X- X 

but •= — - is the tangent of the angle which the chord Pi Pg 

makes with the axis of x. Also, since the curve cuts the 
chord in the points Pi, P2, it is obvious that the tangent to the 
curve at some point between Pi and P, must be parallel to the 
chord PiPj; but by Art. 8,/'(^i) is the trigonometrical tan- 
gent of the angle which the tangent at the point {x^ yi) 
makes with the axis ofx. Hence, for some value, x^ between 
X and Xi we must have 

•^(*'>"jr:^° x-« • 

F 2 
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or, writing oti in the form a? + © {X - or), 

/(Z) =/(«) + {X-x)f{x ^d{X-^)\. 

75. 8 »o<md Form of Bemaiadtor. — The remainder after it 
terms in Taylor's Series tnay also be ^written in the ferm 

For, it is -evident that iJn 'TJiay be written in the form 

.-. /(X)=/(a:) + (X-a:)/'(^) + . ... +(^^>-) (^) 

+ (X-a?)Pi. 

Substitute z for a: as before in every term except Pi ; and the 
same reasoninsis applicable, word for word, as that employed 
in Art, 73. The value of P'(s) becomes, however, in this 
case, 

and, as F' (2) must vanish for some value of z between x and 
X, we must have, representing that value by a; + fl (X-a:), 

p^^ (^-^)^'('-^r^ fin^{^^e(x^x)} (30) 

where as before is > o and < t. 

If A be introduced instead 'of X - a?, the preceding result 
becomes 

RnJ-l^^k'/^'^Xx+en), <3i) 

which is of the required fotm. 
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Hence, Taylor's Theoreiia admits of being written in the form, 

/(«.+ A)=/(^)+^/'(*),+ ~r (f) + , . .+ -ilL/-)(;r) 

1 . * . • .* \V' " *■ 

+ r^(*-<')'^'/"'(* + ^*)- (32). 

The same remarks. are applicable to thid form** as. were; made, 
with respect to (27)* 

From these formula we see th^t the essential conditions . 
for the appli(^tion of <Taylor's Theorem to the expansion of any 
function in a series consisting of an infinite number of terms, 
are, that none of it^-d^rived functions sh^ .becpme. infinite, and f 
that the quantity 

aball become infinitely small, when, n. is taken sufficiently 
large ; as otherwise the. series does not admit of a finite limit, 

70. Zilmit of '-^— .when n Ss Indefinitelj nreati 

I . 2 . . W 

j^t Wji = , th^n -^ = — -, /. -^ becomes. smaller: 

and smaller as n increases; hence, when n is taken. sufficiently 
great, the series t^n+i, UiMr diminishes rapidly, and^ the terma 
become ultimately infinitely small. Oonseqyiently, whenever 
the n^ derived functum f^^^(xy continues to be finite for all values 
qfny however great, the remainder after n terms in Tayhr^s ex» 
pansion becomes infinitely small, and the series has a finite limit. 



* This second form is in some cases more advantageous than that in (27)., 
An example of this will he found in Art 81. 




70 
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77. Qmunl Font of MmAmuria^m Sorlas. — ^The expansion 
(27) becomes on making at « o, and substitMting x afterwards 
instead of A, 

f(x) =/(o) + ^ /'(o) + ^/"(o) + . . . + 7^f"'' (o) 

+^/-'(fl*). (33) 

Hence the remainder after n terms is represented by 

^/-> (ftr), 

where is > o and < i. 

This remainder becomes infinitely small, for any function 

/(a?), whenever — /^"> (Ox) becomes infinitely small for infi- 
nitely great values of n. 

We shall now proceed to examine the remainders in the 
different elementary expansions which were given in the 
commencement of this cnapter. 

78. Bamainder In tbe TCip a aii oi i of a*. — Our formula gives 
for Bn in this case 

— (loff a)*a**. 

Now, of* is finite, being less than a* ; and it has been proved 
in Art. 76 that - — - — - becomes infinitely small, for large 

values of n. Hence the remainder in this case vanishes when 
n is infinitely great. Accordingly, the series is a convergent 
one, and the expansion by Taylor's Theorem is always ap- 
plicable. 

79. Remainder In tbe ICap a aai ott of lin x. — In this case 



i2n « ± r- sin (Ox\ ox ±r- cos (ftr). 
In ^ ^ \n ^ 
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This value of Rn ultimately yaioishes by Art 76^ and the series 
is accordingly convergent. 

The same remarks apply to the expansion oi cos x. Ac- 
eordingly, both of these series hold for all values of or. 

So. BomaindAr Ia tba i;-»pawiloii oflog (i -f a). — ^The seiles 

iP aJ* as* jc* o 
+ + &c.^ 

1234 

when 0? is > I, is no longer convergent ; for the ratio of any 
term to the preceding one tends to theUmit-^; consequently, 
the terms uurm an Inereasuig series and become ultimateW 
infinitely great. Henee the expansion Is inapplicable in this 
case. 

Again, since/^(ic) -{- iy^^ * »» '^ — ;^ the remainder 
Rn is denoted by — I g" J f ^^^^ if ^ be positive and. 

less than unity, ^ is a proper fraction, and the value of 

Rn, evidently tends to become infinitely small for lasge values 
of ft ; accordingly the series is convergent, and the expansion 
holds in this case. 

81. Bfaotniftl Theorem for yraotloaal and. Negaihna. Tndfoea^. 
— In the es^anslon 

' I 1.2 

+ — ^ ^ ^ ^— +&CW,. 

I . 2 ... 1^ 
if «s denote die n^ term, we have 

ii«+i m - » + I 

= x^ 

u^ n 

the value of which, when n Increases indefinitely, tends to 
become - «; the series, accordingly, is convergent if a? < i^ 
but is not convergent if j? > i. 



72 
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Accordingly, the Binomial expansion does not hold when 
w is greater than unity. 

Again, as/^»>(ar) = m(w- i) . . • (w -n + i) (i + ir)"^f 
the remainder, by formula(25), is 

I . 2 . . . n 



or 



m(m- i) ... (m - fi + i) of ^ 

I . 2 . . . n (i +w)*^ 



Now, suppose a positive and less than unity, then, when 
n is very great, the expression 

»n(w-' i) . . . (w - n + i) 

I • 2 • • • ^ 



becomes indefinitely small ; also 



"»— ^i^^"^ 



is less than unity ; 



(i + ex)" 

hence, the expansion by the Binomial Theorem holds in this 
case, 

2nd. Suppose x negative and less than unity. We employ 
the form for the remainder given in Art. 75, which becomes 
in this case 

m(»»-i)...(m-n+i)^ ^^^^ 

^ I.2...(«-l) ^ 



or 



, . w (m ~ i) . . . (w - n-n) (i ~ e)'^^ar i ~ |" 

i.2...(ii*i) ii-to|* 



Also, since x < 1, ftr < fl, .•. i - Ox> 1 - 0; hence. 



i-ftr 



is a proper fraction ; «\ any integral power of it is less than 
uniiy ; hence, by the preceding^ the remainder, when m is 
suflScicnlly great, lends ultimately to vanish. 
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In general {x + y)* may be written in either of the forms 



af^l I + 



(.4.|)"orjr(i4.^)": 
now, if the index m be fractional or negative, and x> 1/, or 

y 

- a proper fraction, the Binomial expansion holds for the 

series 

(ai+y)~ = jT* ( I + ?^ ) =a?» + — a:«-^y + m(m-i ) ^_^^^ ^ ^^^ 

\ XJ I 1*2 

but does not hold for the series 

(a?+y)* «y"(i +-1 sy«+— y~-»a? -f — ^^ ■ y~"' a:' + &c. 

Since the former series is convergent, and the latter diver- 
gent, we conclude that in all cases one or other of the ex- 
pansions of the Binomial series holds ; but never both, expect 
when m is a positive integer, in which case the number of 
terms is finite. 

82. Remainder in tba Expaaakm of taxT^x. — The series 

X a^ x^ o 
tan"* x = + &c. 

I 3 S 

is evidently convergent or divergent, according as ^ < or > i. 
To find an expression for the remainder when a; < i , we have, 
making a = i, in Example 18, p. 47, 

f ^Kn |n- I . sin ( n- - n tan-' a j 
/-)(,) = (^).tan-. = (- .r ^7T^5 • 

Hence, we have, in this case, 

^ sin J — n tan'* (Ox) 
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which, when x lies between + i and - i, evidently becomes 
infinitely small as n increases^ and accordingly the series holds 
for such values of 0?. 

83. g'nw i Mton of sin*^a?. — Since the function sin'^^ is im- 
possible, unless « be < I, it is easily seen that the series ^ven 
in Art. 62 is always convergent ; for its terms are each leas 
than the corresponding terms in the geometrical progression 

« + «• + «• + &c. 

Gonseouently, the limit of the series is always less than the 
limit of the preceding progression. 

A similar mode of demonstration is applicable to the ex- 
pansion of tasr^Xf when a; < i, as well as to other analogous 
series. 

In every case, the value of 22^9 the remainder after n 
terms, furnishes us with the degree of approximation in the 
evaluation of an expansion, on taking its first n terms for its 
value. 

84. Xzpanalon by «ld of DURnrential Xqnatloiifl. — In many 
cases we are enabled to find the relation between the coeffi- 
cients in the expansion of a function of «, by aid of diffe- 
rential* equations ; and thus to find the form of the series. 

For example, let y » e*, then 

Now suppose that we have 

y = Oo + «!« + 0,4?' + . . . On^ + . . . 

then -r- - ai + 202^ + • . • na»4f * + &c. 

ax 

accordingly we have 

ax + zotx + 303^^ + ... = 00 + aiX + ih^ + &c.. 



* This method is indicated by Newton, and there eanbe little donbt that it 
was by aid of it he arrived at the expaxision of sin (m sin-* 4p), aft well as other 
series.— Vide £p, pcaterior ad Otd&nburgium, 
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hence, equating coefficients, we have 

22' 3 2.3' 

Mureover, if we make « a o, we get Oq » i, 

.'. «*=!+- + + + &C. 

I 1.2 1.2.3 

the same series as before. 
Again, let 

y -%m{m sin"*ir), 
, dy »icos (msin'^o?) 

or VI - x^ J^ ^ ^^g /^ sin-* a?). 

Hence, squaring and adding, we obtain 






dy 



from which, by differentiation, after dividing by 2 -—« we get 

(JUJB 

0-*')^-*^+'"'y-o. (34) 

Now, suppose y developed in the form 

y = ao + aix + a%^ + . . . + On^S^ + &c., 

then -il a «! + 2aa« + 3034?* + . . . + fw,i«*"* + &c., 

^ " 2^2 + 3 . 2 erjiT + . . . + n (n - i)a» «»■* + &c.^ 
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substltutliig in equation (34), and equating the coefficients of 
af^ we get 

(n + i) (n + 2) 

Again, when a? = o, we have y = o, /. Oq = o. 
Hence, we see that the series consists only of odd powers 
of a; ; a result which might have been anticipated from Art. 

59- 

To find ai ; when a? = o, cos (m sin"*^) = i , hence / ;t- J ^ ** » 
accordingly fli = w ; 



m^ 


- 1 


fli 


- 


m( 


m*- 


-I) 




2 


•3 


I 


.2 


•3 ' 




m*- 


l2 

s 


as 


- 


m(m' 


1 _ 


i) («»» 


-9). 


4. 


I . 


2 . 


3--4- 


a 

s 



.*. as = - 

afl»- 

hence, we get 

sm*(msm *ir) = -— « ^ a^ 

^ I 1.2.3 

I . 2 . 3 • 4 • 5 

This result can be also arrived at by the aid of the formula- 
given in Example 15, page 46. 

In the preceding, we nave assumed that sin-* ^ is an acute 
angle, as otherwise both it, and also sin(msin~^a;), would admit 
of an indefinite number of values. — See Art. 26. 

85. zsxpanflion of sin mz aad cos mz, — If, in (35)9 z be- 
substituted for sin'^o;, the formula becomes 

II m^ - I . , 

sm ms = w sm s { sm's 

I 1.2.3 



+ (!!^lzjH^L^)sin*.-&c| (36) 

1.2.3.4.5 ) 



* This expansion is erroneously attributed to Euler by M. Bertrand ; it was 
originally giyen by Newton. See preceding note. 
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%i a similar manner it can be proved that 

m* sin^is m' (m' - 4) . ^ o ^ v 

cosnusa I + sm*» - &c. (q7) 

1.2 I . 2 . 3 • 4 

If m be an o(M integer, the expansion for sin mz consists 
of a finite number of terms, while that for cos mz contains an 
infinite number. If m be even and integer, the number of 
terms in the series for cos mz is finite, wmle that in sin mz is 
infinite. 

The preceding series hold equally when m is a fraction. 

A more complete exposition of these important expan- 
fflons will be found in Bertrand's *' Calcul DifferentieL" 

In general, in the expansion (36), the ratio of any term 

to that which precedes it is , r-r r, sin's, which when 

^ («+l)(«+2) 

n is Yetj great, approaches to sin's. Hence, as sin z is less 
than unity, the series is converffent in all cases. Similar ob- 
servations apply to expansion (37)- 
Hhe expansion 

I 1.2 1*2.3 i*2*3*4 

*can be arrived at by a similar process. 
86. ArbogaatVi Mekbod of Derivations. 

If €* = a + 6-- + c + d + &c., 

I 1.2 1.2.3 

to find the coefficients in the expansion of ^ (u) in ascending 
powers of x — 

Let f(x) = (w), 

S C 
and suppose f{x) = -4 + — a: -1- «' + &c. 

-/(o) + f/'(o)+-^/"(o) + &c., 

i i • 2 
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then we have evidendy 

A =/(o) = 0(a). 

Also, writing u\ u'\ u"'^ &o., instead of 

du dhi cPu „ 
d^ d?' d?'^'' 

by successive differentiation of the equation /(a?) « ^ (u)^ we 
obtain 

f(x) ^tXu).u\ 

rip) = ^\u).u'' + i^%u).(u% 

+ 0»^(fi).(t*O^ 

Now, when a? = o, t^ «', w^', w'^^ • . . obviously become a, 
&, c, (f, . . . respectively ; 
Accordingly 

J5=/^(o) «f(«).^ 

O^f'ip) = f (fl).c + f Xa).6S 

D =/'''(o) = 0X«)d + 30'X«)-^ + ^'"iflW, 

-E =/»^(o) = 0X«)-« + *''(«) (4*^+ 3<^) + 6.0''X«)-*'<^ 

From the mode of formation of these terms, they are seen 
to be each deduced from the preceding one, by an analogous 
law to that by which the denved functions are deduced one 
from the other ; and, as /*^(a:),/^'(a?) . . ; are deduced from/(^) 
by successive differentiation, so in like manner J?, 67, jD, . . . 
are deduced from 0(w)by successive derivation; where, after 
differentiation, a, b, e, &c., are substituted for . 

du dhi J, 
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Ktkls process oi derivation be denoted by the letter S, then 
JB = 8^, (7=8.J?, 2) = 8.C; &c. (38) 

From the preceding, we see that in forming the term 
S.^(a), we take the derived function ^^(a), and midtiply it 
by the next letter 6, and similarly in other cases. 

Thus S.i^e, i , c^d^ . . • 

Also 8 . 0'(a)i = fX'^)e + ^%a) b\ 

This mves the same value for C as that foimd before ; D 
is derived from (7 in accordance with the same law; and so 
on. 

The preceding method is due to Arbogast ; for its complete 
discussion the student is referred to his *' Calcul des Deriva- 
tions," Strasburg, 1800. The Rules there arrived at for 
forming the successive coefficients in the simplest manner 
are given in " Galbraith's Algebra," page 342. 

As an illustration of this method, we shall apply it to find 
a few terms in the expansion of 

sm a + 6 - + c + a + &c. ) 

V I I. a I. a. 3 / 

Here ^ = sin a, J? « 8 . sin a « 6 . cos a, 
(7 = 8.6 cos a- c cos a - b^ sin a, 
D=B , C^d cos a - 36c sin a - 6' cos a^ 
E- S.D^e cosa-(46(i+3c')sina-66'ccosa+6* sin a. 

If the series a + 6^ + c + &c., consist of a finite num- 

1.2 

bcr of terms, the derivative of the last letter is zero — thus, if 

d be the last letter, 8.^ = 0, and d is regarded as a constant 

with respect to the symbol of derivation 8. 

If the expansion of (t^) be required, when u is of the 

form 

a-^ ^x + yx'^ + Sa^ + &c., 

the result can be attained from the preceding method^ b^ 
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substituting a, b, c, dj &c., instead of a, /3, i • 2 7, 1.2.3.8, 
&c., and proceeding as before. 

The student wm observe that in the expression for the 
terms Z), J?, &c., the coeMdeiUa of the derived functions 
<^^(a), i^ (a)^ &c., are completely tnd6pen(fen^o/'^«/(>rm of the 
function <p ; and are expressed in terms of the letters, b^ c, d^ 
&c., solely ; so that \i calculated once for all, they can be appUed 
to the determination of the coefficients in every particular 
case, by finding the different derived functions ^^(a), ^*'{a), 
&c., for that case, and multiplying by the respective coeffi- 
cients, determined as stated above. 
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Examples. 

, V , I du I du 
I. If u -fiax + by\ then - 3- = 7 3-- 

a dx dy 

3. Find the three first terms in the expansion of tan x. 

3. Apply the method of Art. 84, to find the expansions of sin x and cos x. 

4. Prove that 

, . sin 25 ,, . x„ sin 2a ,, . .„ sin 3a 
tan-* (a; + A) = tan-*« + A sin z . (A sin zf . + (A sm zy , &c. 

where z = cot-' x. 

5. Hence prove the expansion 

TT sin « sin 22 . sin 3« , « 

— = z-\- . C0S« + . C08*« + . C0S3« + &C. 

2 1 2 3 

Let A = — cot a = — X . &c. 

6. Prove that 

V z sin z sin 2z sin 32 

- = - + + + + &c. 

2 2 1 a 3 

_ , . . *, , 1 , cos « — 1 Z - 

Let A sin e = - i, in Example 4 ; then A + a; = — : = - tan - .*. &c. 

sins 2 

7. Prove the expansion 

«r sin 2; I sin 2z i sin 32 

- = + + f- + &c. 

2 cos a 2 cos* a 3 cos^z 

Assume A = — : , then 

sm z cos z 

a: + A = - tan z — tan {v — z); .'. tt — z = tan"i(a; + A), &c. 

Substituting in Example 4, we get the result required. 
The preceding expansions were given first by Euler. 

8. Prove the equations 

sin 9« = 9 sin a? — 120 sin^a; + 432 sin'a; - 576 sin'^ar + 256 8in%, 

cos 6aj = 32 cos^a; — 48 cos*x + 18 cos^ar - i. 

These follow from the formulae of Article 85. 

G 
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9. If m = 2, Newton's fonnula) Art. 85, gives 



sin 2x 



f . sin' a: sin^a: „ 1 

= 2 < sina; — &c. >, 

I 2 2.4 J 



verify this result by aid of the elementary equation, sin 2x = 2 sin x cos x. 

10. To find the «** power of the convergent series 

«o + «i a? + 02 a:' + &c. + Op xP + &C. 
Suppose {ao + «i a; + &c. + Op «p + &e.)** = Ao + Aix + Azx^ + &c. ; 

then, making ar = o, we get Aq = Oq**. 

Again, taking the logarithmic difierentials of both sides, and multiplying 
up, we get 

(ao 4- fli a: 4 a2 aJ^ + • . •) (-^1 + 2A2 a; + &e. + p^ApXP'^ + . . .) 

= M (ai + 2fl'2 a; + . . . + popxr^ . . .) («o** + AiX + A2X'^ •¥...+ ApXP -\- .. .), 

Hence, comparing coefficients of like powers — 

Ai Oq = nai ao* -^i«i + 2^2<'o = 2«flo" ^2 + nAi ai 
Aitti + 2^2 «i + 3-^8«o = 3«-4o"fl'3 + 2n^ifl2 -f nAzaiy &c. . . . &;c. 

whence 

n(n — 1 ) 

^1 = wflo**"' «i, -«2 = na^p^^ 02 + — ^ «o""2 «i', 

2 

^3 = « «o**"^ «3 + « (w - i) «o"^^ «i 02 + -^^ ^ oo*'-^ ai' ; &c 

1.2.3 

11. If (a; + A) + (a; - A) = (a;) (A), for all values of x and A, 

0"a: 0'^(a;) 
prove that — r-r = -777-7- = &c. = constant ; 

and also 0' (o) = o, 0'" (o) = o, &c. 

6" (x) 

12. If, in the last, TyV = «'; prove that (a?) = «« + e'^ : 

if ^-pr- = - a^ ; prove that (a;) = 2 cos {ax). 
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13. Apply the method of Art. 86, to find the first four terms in the expan- 
sion of 

(« + Ja: + oc* + dic^ + &c)»». 

I n ,(n- 1) , \ 

Ans. «» + na**'^ ox + 1 — ^^ b^ + nae \ ««-* a?* 

\ 1.2 / 

14. Prove that the expansion of . x can contain no odd powers of x. 

^ — I 

For if the sign of x he changed the function remains unaltered. 



X 



15. Hence, show that the expansion of — contains no odd powers of x 

heyond the first. 

X X X e^ -{■ I - 

Here + - = - . •- , .•. &c 

«*— I 2 2 c*— I 

X 

16. If w = prove that 

«*— I 

and hence calculate the coefficients of the fiye first terms in the expansion of u, 

X X Bi ^ B2 , J^ ^ 

e* — I 2 1*2 1.2.3.4 1.2. ..6 

prove that 

6' 30 4a 30 

These are called Bemouilli's numhers, and are of considerahle importance 
in connexion with the expansion of certain classes of functions. 

17- Prove that 

Z X B\ X2 , ^ - B2 X^ , . ^ B3 ^ , a V 

*(2«-l) + (2*-0 — ;,(26-l) + .. 



e^ + I 2 1.2 1.2.3.4 1.2. ..6 

18. Hence, prove that 



«• - I 



B2sfi B%x^ 
= BiX{2i- I) --^ (2* - I) + 1 (2« - I) - &c. 



X x^ jr* 

=c + &c. 

2 24 240 

G 2 
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1 9. Prove that 

2«jBi*« 2*^a:* 2^Bz3fi 

a? cot a: = I . — &c. 

1.2 1.2.3.4 1. 2. .6 

20. Also, tan - = Bix (22- i) + (2* -- 1) + &c. 

» 3 • 4 

21. Giycn uiu- x) — i ; find the four first terms in the expansion of u in 
terms of x, by Maclaurin's Theorem. 

-ro ^^y dy 

expand y in powers of x by the method of indeterminate coefficients. 

23. Expand, as far as a:^, the function 

log (i + sin x). 

24. Develop (i + ar)« by Maclaurin's Theorem, as far as the term contain- 
ing x^» 

25. Find, by Maclaurin's Theorem, six terms of the development of 
in ascending powers of x. 



cos X 



26. By reference to the general principles by which the convergence of 
series is ascertained, prove that the harmonic series 

I I I 1 ^ . . ^ . 

- + -H 1 1- &c., %n mnnitumj 

1234 

is infinite. 

27. Show that the series 

X X* a^ xi^ 

— + — + —+ — + ... 

jtn 2"* 7*** 4*** 

is convergent when a? < i, and divergent when x> i, for all values of m. 

28. Prove, by Taylor's Theorem, the expansion 

{x - a)»» (ar) (a: ~ a)»» <p (a) (a; - a)»"-i da L0(«)J 

"*■ i.2.(a:-a)«-« \^ ) \f(iOJ "^"^^ 



CHAPTER II. 

INDETERMINATE FORMS. 

87. Indeterminate Forms. — Algebraic expressions sometimes 
become indeterminate for particular values of the variable on 
which they depend ; thus, if the same value a when substi- 
tuted for X makes both the numerator and the denominator 

of the fraction ' ^ \ ^ vanish, then —r-i becomes of the form -, 

(x) 0(a) o 

and its value is said to be indeterminate. 

Similarly, the fraction becomes indeterminate if /(a?) and 
(^{x) both become infinite for a particular value of x. We 
proceed to show how its true value is to be found in such 
cases. By its true value we mean the limiting value which 
the fraction assumes, when x differs by an infinitely small 
amount from the particular value which renders the expres- 
sion indeterminate. 

In many cases the true values of indeterminate forms can 
be best found by ordinary algebraical and trigonometrical 
processes. 

We shall illustrate this statement by a few examples. 

Examples. 

I . The firactioD ; ; — becomes of the form - when x^c, but since 

bx^ - ibex + dc« o 

it can be written in the shape 7-7 rr, its true value in this case is -r. 

b{x- ey b 

X o 

1. The fraction becomes - when ar = o. 

V « + a; — v « — X ° 

To find its true value, multiply its numerator and denominator by the com- 
plementary surd, \/a + a; + y^a — x^ and the fraction becomes 

x(\/a\x + \/a-x) K/a-{-x + wa — x 

1 1 or ; 

2x 2 
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the true yalue of which is ^a when x = o» 

k/o* + <!« -f a?' - 4/a* — ax + se* , 
3. — ::^^=^ , when X = o ; 

y^a 1- X - y/a - X 
multiply by the two complementary surd forms, and'the fraction becomes 

zax {y/a 4- x + v a — x} 
2X {va* + ox + x* + \/o* - ar + x«} 

a (\/ a + X + y/a — x) 



or 



V^a* 4- ax + X* + \/a* - 



ox + x" 



the true yalue of which evidently is \/a, when x - o. From the preceding 
examples we infer that when an expression of a surd form becomes indeterminate, 
its true yalue can usually be determined by multiplying by the complementary 
surd form or forms. 

2X - v^5x» - o2 , I 

4- ^ when x— a. Ana, - 

a — */a* — X* I 

5« when x = o. „ — . 

X* 2a 

^ asin0--8in«f>, o_ 

6. — — — becomes - when = o. 

9 {cos 9 — cos aO) o 

To find its true value, substitute their expansions for the sines and cosines, and 
the fraction becomes 

a[9 +. .. - a9 + . . . 

""TTT e-^ «» 9* ! ' 

9 { + . . . + . . .} 

6 (a« - a) + . . . 
or ^ 

— (a* - i)- ... 
2 

divide by 9^ (a^ — i), and since all the terms after the first in the new numerator 

and denominator vanish when = o, the true value of the fraction is - in this 

3 
case. 

7. The fraction 

AqJ^ + -4ix"»-i + A^ix^'^ ■\- . , , + Am . 00 , 

-i! becomes ~- when x = 00 ; 

aQX^ + aiJC"-! -^^ , . . + On °^ 
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its truo value can, howeyer, be easily detennined, for, it is eFidently equal to 
that of 

Ai A2 

^0 + — + -zi + • • • 

"» + «+»* + ••• 

• A A 

Iforeover, ivhen a? = 00, the functions — , — : ... — ... all yanish. Hence, 

X X^ X 

the true value of the giyen fraction is that of 

ajm-n — when a; =5 oo. 

The value of this expression depends on the sign of m - ». 

(I). If »»>w, a:»»»-*» M 00, when ar =00; or the fraction is infinite in this 
case. 

A 

(2). Ifm^nj the true yalue is — . 

3. If *» < n, then »*»"» = o, when a: = 00 ; and the true value of the fraction 
is zera 

Accordingly, the proposed expression, when aj = 00, is infinite, finite, or zero, 
according as m is greater than, equal to, or less than n. 

S. To find the true value of 

Aoxa + Aixfii- . . . , 
when a; = o, 

UgXai -j- aiXHi + . . . 

where o, /3, ... are arranged in increasing order of magnitude ; as also 
«i> Pit ' • • 

As in the last, it is easily seen that the true value is zero. — , or infinite, 
according as a is greater than, equal to, or less than ai- Compare Art. 38. 

9. « = fl« sin I — ], when a? = oc. 

(1). If a < I, fl* = o when a; = oc, and therefore the true value of w is zero 
in this case. 

(2). If a > I, then a* becomes infinite along with x ; but as — is infinitely 

c c 
small at the same time, we have sin — = — . Hence, the true value 

ax a* ' 

of M is c in this case. 

10. « = V a* - a:2 cot - ^Z is of the form o x <», when a* = a. 

2 ya-vx 



88 Indeterminate Forms, 



Here u - 



's/a- — x^ 



2 ^« + 



tan 

X 



but, when a - a: is infinitely small, 

9r \a — x IT la — 

tan — -\/ = — v 

2 ^ a-\-x 2 ^a-H X 



I ■" _ — , wnen x ^ a, 

v la— X 1. V 

2 ^ a + jf * 

a? sin (sin a:) — sin^x 

I r. f* •= ^ « , when » = o. 

ar 

Substitute the ordinary expansion for sin ar, neglecting powers beyond the sixth, 
and u becomes 

I sin^a? sinSa;") / x^ x^ \* 

ar .< sin a; + > - a? - — + — 

I [3 U J V 11 jsl 

x^ 

a;S aj5 i/ «3\» *« ,' x* a?*V 

X + >-a; -^-^-xi t - — + — 

I 3 15 6V 1^3/ Is V 1 3 {5 1 

Hence, we get, on dividing by «*, the true value of the fraction to be — when . 

1 o 

X =^ O, 

Similar processes may be applied in other cases ; there are, 
however, many indeterminate forms in which such processes 
would either fail altogether, or else be very laborious. 

We now proceed to show how the Differential Calculus 
furnishes us with a general method for evaluating indetermi- 
nate forms. 

f(x) 
88. Method of the Differential Galculiis. — Suppose -j-^ to 

be a fraction which becomes of the form - when a? = a. 

o 

i. e./(a) = o, and (a) = o ; 
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substitute a + h for x, and the fraction becomes 

/(a-t-h)-f{a) 
fia^h) ^^ h 



h 

but when h is infinitely small the numerator and denominator 
in this expression become /'(a) and ^'(a), respectively ; hence, 
in this case, 

fia+h) _f{a) 
<p{a+ h) i>'{a)' 

Accordingly, ^ represents the limiting or true value of 

the fraction"^—-—. 

<p {a) 

(i). If/' (a) = o, and 0'(a) be not zero, the true value of 
— V^ is zero. 

(2). If/'(fl?) be not zero, and (p\a) = o, the true value of 

^^— flSoo. 

0(a) 
(3). If /'(a) = o, and 0'(a) = o, our new fraction "^-^ is 

still of the indeterminate form -. Applying the 
preceding process of reasoning to it, it follows that 



its true value is that of' 



*"(«)' 



If this fraction be also of the form -, we proceed to the 

o 

next derived functions. 

In general, if the first derived functions which do not 
vanish be /^"^(a) and 0^"^ («), then the true value of 

m is that 0^^^, 



po 
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1. 



Examples. 



X sin X 

u = ^■"TTT"" when x = — . 
cos j; 2 



Here 



/(a?) =0; sinj; . 

(r) =cosjP. 
. •. /' (a:) = » cos « -H sin a?. 



/ 



■(f)=- 





0'(aj) s — sina;. 


nr)=-'- 


ice 


« = - I, when a; = — . 

2 




2. 

re 


u = — -, when a? = a. 

(x-ay' 

f(x) = (^- ^«. 

(a?) — (x — a)*". 






.-. /' {x) = we**. 


/'(a) = *»«»»«». 




0'(a?) erCaJ-a)''-'. 


0'(a) is or 00, as r > or < i . 



Hence the true value of « is oo or o, according as r > or < i. 

This result can also be arrived at by writing the fraction in the form 



*-«) — 1 1 c"*** (f*^ — I 
{x - ay A*" 



0^, where h — x - a\ 



hence, expanding &^ and making A = o^ we evidently get the same result as 
before. 



a: — sin a: 



X 



'A 



when a; = o. 



Here 



/'(a:)= I — cos X, 
0' (a?) = 3a;^ 
f\x) = sin X, 
' 0"(«) = 6a?, 
/'" (a;) = cos X, 



/'(o) = o. 
0' (o) = o. 

/"(o) = o. 
0" (o) = o. 

/'"(o) = I. 
0"'(o) = 6. 



Indeterminate Forms o x oo and ^. 91 

: Hence, the tame value is 7t as can abo be immediately arrived at by substitutiiig 

X — —+ &c. instead of sin x. 
6 

4. wben ar = o. Aru, log a, 

X 

89. Form o X 00. — The expression /(a?) •^{x) becomes in- 
determinate for any value of x which makes one of its factors 
zero and the other infinite. The function in this case is easily 

reducible to the form -; for suppose /(a) = o, and (a) = co, 

then the expression can be written *^ — , which is of the re- 

0(a) 
quired form. 

Examples. 
I. Find the value of (i — a?) tan — when a; = i. This expression becomes 



cot— ar 

2 


LUC UX WUXI/U IS 




• 


2. Sec ar I x sin a; \ when 


TT 

aj = — . 

2 




This becomes 


a? sin a; 

2 


a form already 


discussed. 


cos a; 


3. Tan (a? - a) 


. log {x - a), 


when X = 


a. 


4. Cosec*/3« . log (cos aa?), 


X — 


0. 



Ans, o. 



a* 



" -,/<« 



00. Form •^. As stated before, the fraction — -- also 
becomes indeterminate for the value a; = a, if 

/(a) = 00, and (a) = co. 
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It can, however, be reduced to the form -, by writing 
it in the shape 



I 



The true value of the latter fraction, by Art. 88, is that of 



f(x\ 
Now, suppose A represents the limiting value of — — 

when ir = a, then we have 

That is, the true value of the indeterminate form ^ is found 

in the same manner as that of the form -. 

o 

In the preceding demonstration, in dividing both sides of 
our equation hj A, we have assumed that A is neither zero, 
nor infinity ; so that the proof would fail in either of these 
cases. 

It can, however, be completed as follows : — 

Suppose the real limit of — -h( to be zero, then that of 

0(a) 

f(a) + A</>(a) . , , , , , , 

- — — - IS k, where k may be any constant ; but as the 

latter fraction has a finite limit, its value by the preceding 
method is 

f (a) + k j,' (a) f^^, 
<t,'{o) f («) *' 
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theretore, -77 — = o ; 1. e. when A is zero, *— r; — is also zero, 

0'(a) . f (a) 

and «?tice «?ers«. 

fix) 
Similarly, if the true value of *^ — -r- be infinity, when x= a^ 

then V. . { is really zero, we have therefore \^\ > = o, by what 

has been just established, .*. ,. . = 00 . 

0(a) 

Accordinffly, in all cases the value of ,, * determines 

that of — — ^ for either of the indeterminate forms- or-^. 
0(a) o °° 

91. Xndetermlnate Sxpreasions of the Form [f{x) ) ^^^\ 
Let M = {/(a?) )*(^>, then log u = 0(a:)log/(^). this latter 
product is indeterminate, whenever one of its factors becomes 
zero and the other infinite, for the same value of x. 



* On referring to Art 67, the student will observe that -ttt is of the form 

■f f \ 

^ whenever —7-7- = ^, so that the process given above would not seem to assist 
o« 9 \X) ®° 

OB towards determining the true value of the fraction in this case ; however, we 

generally find a common factor, or else some simple transformation, by which 

we are enabled to exhibit our expression after differentiation in the form -. 

o 

For example, ^ ^^ is of the form ^^^ when a? = — ; here /' {x) 



log(^«-^] 



= sec 2«, 0' (x) = _ , and the fraction -rr^ is stiU of the form ^, but it 

^ ir (a;) ** 

IT 

X — — 

can be transformed into ? which is of the form ° ; the true value of the 

cos 2a; o 

latter fraction can be easily shown to be - 00 when a? = — . 

2 

In some instances an expression becomes indeterminate from an infinite value 
of x» The student can easily see, on substituting - for ar, that our rules apply 

if 

equally to this case. 
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(i). Let 0(;r) = o, and log \f{x)) « + oo; the latter re- 
quires /(.r) = 00, orf{x) => o. 
Hence, [f{x) ] ^^') becomes indeterminate, when it is of 
the form o®, or oo^. 

(2). Let 0(ar) = ± 00 and log [f{x) } = o, or f{x) = i ; this* 
gives the indeterminate forms, 

I" and r*. 

Hence, the indeterminate forms of this class are 

0°, 00°, and !*•. 

Examples. 

I . (sin xy*^ « is of the form o®, when « = o. 

rr 1 4. 1 / . X log (8U1 *) 

Hero log u — tan x log (sin x) = — ^-^-- . 

' cotaj 

The true value of this fraction is that of 

cosj; 



... t= - cos a- sin :^ or o, when x = o, 

I 



sin'* 
Hence, the value of (sin »)*"»* = cO = i, at the same time. 

2. (sinoj)**"*, when a? = — . 
^ 2 

This is of the form i 00 , but its true value is easily found to be unity. 

r 



(tana;\j^ _ 
I when a? = o. 

Here logn = 1 



, , tana? x* 

but, = I + — + &c. 

« 3 



, tana; , / J*^^ « \ a^ a. 
.-. log = log I I + — + &c. = — + &c. 

« V 3 / 3 

hence, the true value of log u is -, when ar = o, and accordingly, the value of u 
is d at the same time. 
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"{-a 



when X = o. 



Let x=', then log « = ML±fi> 



Z Z 

.•- by Art. 90, the true value of log u when 2 = 00 ia that of , or is zero. 

I -i- az 
Hence, the yalue of u is i, at the same time. 

5- I ' "*■ ~ ) ^^®^ « = 00. 

Let ^ = 1. then log «=!2i£i±fL), 

the true value of which is a when z is zera 
Hence, the true value of m is ^. 

6. - I I 'W'hen x = o. Ana. T. 









92. Complez Indeierminaie FomiB. — If an indeterminate 
form be the product of two or more expressions, each of which 
becomes indeterminate for the same value of a:, its true value 
can be determined by considering the limiting value of each of 
the expressions separately ; also when the value of any inde- 
terminate form is known, that of any power of it can be 
determined. These are evident principles, at the same time 
the student will find them of importance in the evaluation of 
indeterminate functions of complex form. We will illustrate 
their use by a few elementary applications. 

Examples. 
I. Find the value of 



— 20? Y , TT 



sm 20? j 2 



ai^ (sin x) **» «( — r-^ \ when a? = — . 

^ ^ \2S1 



The value of «« is ( — J , and that of (sin a?) **» « is unity, see p. 94. 



96 
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Again, — : becomes — : on substituting z for x. hence, its true 

2 sin 2^ 2 sin 29 ° 2 

value is - when z—o, 

2 

TV TT*** 

Accordingly, the true value of the proposed expression when a: = — is — - . 



2. 



— when a; = oo 



This fraction can be written in the form / — ^ ; the true value of — by the 



m- 



method of Art 90, is that of — ; but the value of the latter fraction is zero 



- en 
n 



when 2; = 00 ; hence, the true value of the proposed function is also zero at 
the same time. 

3. w = x» (log a;)"», when * = o, and m and n are positive. 



') 



n 



Here 



u = (x»» log x)^, 



n 



is of the form — - when «= o ; 



00 



its true value is that of 



I 

X 



n 
m 



or 



X "» 



n 

2 



Hence, the true value of the given expression is zero. 

This form is immediately reducible to the preceding, by afwuming x^ 



= ery. 



u = — , when a: = 00. 
ft*** 



Here 



«=( — )' 



.m 



n-m 



but if 6 > I, and n>my b* =00, when a; = oe. Consequently the value of « 
is of the form o*, or is zero in this case. 



H'-m 



Again, if m > w, ^ =0, when « = 00, and the true value of » is oe. 
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w = 



^ when « = o. 



Lict or = — , and this fraction is immediately reducible to the form discussed 
in the previous example. 

Ci - cos *> {log (l + «)}"• I 

6. ^ 1 ^-^—i when « = o. Ans, -. 

7. w = -i , when a; «= o. 



From Alt. 29, this is of the form - ; to find its true value, proceed by the 



method of Art. 88, and it becomes 



^' + '''1 ««(' + *) /■ 



Again, substitating for (i + x)* its limiting value «, we get 

f g-Ci +a;)log(i +jr) ^ 

e 
the true value of which is readily found to be — when a: = o. 

3 



8. 



m*— I I fasiniP— 8ina»'\»» . 

-: ^"7 ■>,whena; = 

sma? I lx(cosiP — cosa;v)J 



4(19 — T 

The true value of -: , when * = o, is log m, 

sin a? 

a sina; — sin'ff^ , 

and that of -7 :, when x = o, 

a (cos * - cos ax) 

d 
has been found in Example 6, Art. 87, to be - ; hence the true value of the given 

«3 



expression, when « = o, is ( - j log w. 



H 
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Examples. 
,7(;>--^;-;, when. = a. ^n. g?-> 



/ sin wj?\"» 



( re + sin 2a: — 6 am - ) 
I 4 + COB a? - 5 cos - I 



a? = o. n"». 



COS a:0 — cos n9 

V fl + a; — V la; \/ 2 

4. — , a; = a. . 

V fl + 3ar - 2\/ a: 3 

5. -j^-^-j-, « = -.. log^J. 

e* - e-^ - 2x I 

0. .^ ' , » ar = o. 

(<F-I)3 3 

I — sin a; + cos x v 

7. -: , a? =a — . I. 

Bin ar + cos a; — I 2 

tan a; - sin * i 

8. r-z f a: = o. -. 

sin^aj 2 

^' (a» - *')» + (a -*)»' "^ " ^ VJTT 

a;^ tan x 

10. ; rz, « = o. I. 

a sin « _ a ^ 

1 1 . -^ : > a: = — . a log a. 

log sin a; 2 ® 

12. — cot I - 1, a: = o. o. 

X \nj 

x» + 2 cos 'a; — 2 i 

X* 12 



a: = o. 8 " " 



(?)■ 



Examples, 



99 



15 



^/^ + 



COB 23? — Sin. a? 



» simx •{■ X cos X 



IT 

X — —. 

2 



An. 



v/ 



10 



3^ 



x^ sin na — W* sin xa 

16. — 7 , 

tan an — tan xa 



X = n. na-> (n cos Wfl - sin na) C08%a. 



17. 



»» tan wrc — f» tan x 



I — COB mo; nsinrr-Binna; 



aj = o. 






18. 



(2 sin a? —sin 2aj)* 
(sec « — cos 2xy^ 



ar =5 o. 



S 
»25 



19. a?»' 



20. 



(x - y){^'(a;) + 0'(y)) - ^K^) + ^^(y) 



a; = I. 



a? = y. 



I 



0"'(y) 



jElog(i +ar) 
21. J 

I — cos X 



x = o. 



2. 



22. X . 



X— O. 



00 



*3- log (I -»- ary 



x — o. 



1. 



^^ "I^ "^ (*3««-i)ar' 

log (tan 2a;) 
^' log (tan a;)' 

«» + log(i - flf) - I 

26. 7 > 

tanaf-a? 



a: = o. 



a; = o. 



ar = o. 



I. 

I 

2 



27 



2m 



(i - fw) \/i - 



fn' 



"*** ^^ cos cos 0y m = I. 



m 



I — m 



cos 30 



28. 



log (r + a; + «*) + log(i - a? -I- a;^) 



a; =5 o. 



J. 



sec X — cos X 



f ai* -\- aj' + . . . On' X 



x — o. 



a\ai , . , an. 



E 2 






*s 



a-^o^ 



Ans, o. 



24" 



«— JTC <•--»* 



I 
2 






* = ' 



54^ 



t — * -► J3IC* 



*= I, 



l-v i.-*» 



a5- 



««-* 



t — i-' ix* 



= I 



J^ 



I - X -► Ic?? ** 



X= I. 



<v^ JT - kc v» -*^ '' - sax » - I 

5'- irr^TTi) 



= a 



3S. 



39* 



40. 



*■-► sm* — 1 



lor(i 


-')^ 


••-r* 


- 2JP 


tamr- 


' or 


d ftti^ + Ar-f 



4«« 



«-«-«log f^l 



* = o. 



Ji =0. 



jr = o«. 



X = «u 



tan (g -t- y) ~ tan(a ~ ar) _ 

^** tan-> (« + «)-**»"* («-«)' '^~°* 



^3* »*-6*i + 8«-3* 



x= I. 



a 



— I. 



Examples, loi 

44. (smaf)«»», when « = o. 



45- 


e tans' 


46. 


tans 



2 



a? = — . ^fM. I. 

2 



47. Find the value of 

(a: — y)a»+ (y-fl)«*+ (a-ip)y»» fi.n-i ^^ 

•— — •— ^— ^^— ^■^-^— ^— ^-^^■^^^^— ^^— ^— __ i^ » fl *, 

(a-y)(y-«) («-*) 1 .2 

when X =^ y = a. 

Substitute a + A for Xy and a + A for y, and after some easy transformations we 
get the answer, on making A = o, and A = o. 

X + tan X — tan 7,x 7 

48. : : , x = o. -i-. 

^ 2a; + tan »- tan 30; 26 

jT + sinii; - sin2ar —7 

4.Q. . a? = o. — — , 

^^ 2x + tan a? - tan saj 52 

X sma; — tana; -i 

3 3 « = o- — . 

51. - 20 
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CHAPTER V. 

PARTIAL DIFFERENTIAL COEFFICIENTS AND DIFFERENTIATION OF 
FUNCTIONS OF TWO OR MORE VARIABLES. 

93. Partial DIffBrentiaiion. — In the preceding chapters we 
have regarded the functions under consideration as depending 
on one variable solely ; thus, such expressions as 

e^y sin hx^ x™, &c., 

have been treated as functions of x only ; the quantities a, 6, 
wi, . . . being regarded as constants. We may, however, 
conceive these quantities as also capable of change, and as 
receiving small increments ; then, if we regard x as constant, 
we can, by the methods already established, find the diflFe- 
rential coefficients of these expressions with regard to the 
quantities, a, 6, w, &c., considered as variable. 

In this point of view, e°^ is regarded as a function of a as 
well as of or, and its differential coefficient with regard to a is 

represented by — - — , or a? e^ by Art. 30 ; in the derivation 

of which X is regarded as a constant. In like manner, sin (ox 
+ by) may be considered as a function of the four quantities, 
07, y, a, b, and we can find its differential coefficient with 
respect to any one of them, the others being regarded as con-- 
stunts. Let these derived functions be denoted by 

du du du du . 1 i -. 

-7-, -r-> T-1 -^, respectively, where w stands 

dx dy da db ^ '' 

for the expression under consideration, and we have - 

— - = a cos (ax + by\ -7- = ^ cos iax + fry), 
dx ay 

— ^ X cos {ax + %), -7-/- = y cos {ax ^- by), 
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These expressions are called the par^taZ differential coefficients 
of u with respect to j?, y, a, 6, respectively. More generally, 
if 

denotes a function of three variables, x^ y, z, its differential 
coefficient when a alone is supposed to change, is called the 
partial differential coefficient or the function with respect to x ; 
and similarly for the other variables y and z. If the function 
be represented by u^ its partial differential coefficients are de- 
notea by 

du du du 
dx d\f dz^ 

and from the preceding it follows that the partial derived 
functions of any expression are formed by the same rules as 
the derived functions in the case of a single variable. 

Examples. 

I. « = (aa;« + V + ««*)"» 

du 
Here -j- = 2nax(ax* + 4y« + «8«)»-', 

<*9 



3- 

4- 



dH 


= 2nby (aaj2 + V + cz^y-^^ 


du 
dt 


= mez (o^ • 


f *y« + <J82)»-I. 


« = 


Bin • -. 

y 




du 


I 


^u - a; 


dx 


-s/y»-«* 


dy y^y^ - *« 


u = 


du 
' dx 


yxv-i, —-x»,\q 
dy 


« = 


^^ {«y), 




du 
dx 


= 2a;0(a;y)+»2y0'(a?y). 


du 


=:a»0'(zy). 


- 
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94. DifliBrentiation of a Function of Two Variables. — Let 

M = (x, y) and suppose x and y to receive the increnaents ' 
A, A, respectively, and let ^u denote the corresponding in- 
crement of Uy then 

At* = (a? + A, y + i) - (a;, y) 

= (^ + A, y + A) - (a?, y + A) + (re, y + A) -0 (or, y) 

h ^"^ A *• 

If now, h and k be supposed to become infinitely small, 
by Art. 6 we have, 

<^(x+ h, y -\- k) - 0(^, y -h k) d .<^{x,y + k) 

h dx 

^^^ »(^, y + A)-0(a;, y) ^ d.^{x,y) 

k dy 

In the limit, when h is infinitely small, (a?, y + k) be- 
comes (a?, y), and 

'^•»("''y + ^) becomes llllfli^ ; 
dx dx 

hence, we get, neglecting infinitely small quantities of the second 
order^ 

_ du ^ du J 
du = -Y- h+ -7- a:, 
dx dy 

where h and k are infinitely small. 

If dxy dy, be substituted for h and k, the preceding be- 
comes 

dw = -r- dx + -7- c?y. (i) 

dx dy ^ ^ 

In this equation du is called the total differential of w, 
where both x and y are supposed to vary. 

The student should carefully observe the different mean- 
ings given to the infinitely small quantity du in this equation. 
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In the expression — (&, du stands for the infinitely small 
change in u arising from the increment dx in rr, y being re- 
garded as constant. Similarly in — dy, du stands for the infi- 
nitely small change arising from the increment dy in y, x 
being regarded as constant. If these partial increments be re- 
presented by dxUf dyU, the preceding result may be written in 
the form 

du = djU + dyU. 

That is, the total increment in a function of two variables is 
found by adding its partial increments, arising from the diJ0Fe- 
rentials of each of the variables, taken separately. 



Examples. 

I. Let X = r cos 0, in which r and are considered yariables, to find the total 
differential of se. 



Here 


dx ^ dx . ^ 
-- = cos 9, -— = - r Bin 0. 
ar dd 




Hence 


dx = coa9dr - r sin dO. 




2. 
Here 


«3 y» 
w = -5 + 7-.. 

du 2X du 2y 
dx^'a^' dy~ m' 

2X , ay , 
.-. du = -r-dx-^—dy. 




3- 


«=0|-|: let- = «, then « 
du dudt \y J 


= 5»(z), 




dx~ dz dx" y ' 






du^dudz "■'^^'(yj 






ay dz dy y2 > 






.^iu = *'(*^ «"*'-'''«' 
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95. IMffBrentlation of a Fimeiion of three or more Va- 

riablM.-^Suppose 

w = ^ («, y, «), 

and let A, k, I represent the infinitely small inorements in x, 
y, z, respectively ; then 

Aw = ^(o? -f A, y + i, 2 + /) - (a:, y, %) 

h ^ 

+ ^ k + -^ /, 

which becomes in the limit, by the same argument as before, 
when dxy dy^ dz, are substituted for A, A, I; 

J du , du ^ du . . 

du = -T-dx-^ -j-dy + -y-*dz. V 2) 

cw? ay az 

Or, the infinitely small increment in u is the sum of its 
infinitely small increments arising from the variation of each 
variable considered separately. 

A similar process of reasoning can be easily extended 
to a function of any number of vanables ; hence, in general, 
if w be a function of n variables, «i, a;j, ots, . . . «» ; 

du - du . du . , . 

du = ^r- dxi + -7- 0X3 + . . . + ■^— aa?„. (q) 

dxi dx2 dXn 

96. If 

u =/(v, w) 

where v, w, are both Junctions of a?, then, from Art. 94, it is 
easily seen that 

du _ df(v, w) dv df(vy w) dw 
dx dv dx dw dx' 

This result is usually written in the form 

du du dv du dw , . 

dx dv dx div dx' 
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In general, if 

^ = (yi' 3^2, .. • yn)y 

lere t/u y2» • • • Vm we each functions of x, we have 

du __ du dyx du dy^ du dt/n , 

dx dyi dx dyt dx ' ' ' dyn dx* 

Also, if ^1, yiy &c., ^119 be at the same time functions of 
>ther variable «, we have 

du _ du dyi du dy^ « du dyn 

dz dyi dz dy^ dz ' dyn dz ' 

1 so on. 

EXAJCPLES. 

I. Ijet «« = 0(-2f, T) 

du du dX du dT 

^ di^dX''d^^dY'~d^' 

du _ du dX du dT 
di~"dX''d^^dY'1^' 

dX dX ^ dY . dY ,. 

dx dy ^ dx dy 

_ du du\ , du 

Hence — = a — + a — . 

dx dX^ dY' 

dy" dX'^ If' 
1. More generally let 

lere X = ax ■\- by + ezy 

T=a'x-\- b'y -f (^z, 
Z=a" x-i- b"i/ + c"z. 
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When these suhstitutions are made, u becomes a function of Xy y, £, and we 
haye 



du du , ^*^ II ^^ 
di^'^dX^'* rfr"^" dZ' 



du , du ,. du ,,. du 

« J _L J» A. Iff 

rfy dX dY dZ' 

du du , du „ du 
dz dX ^ dY dJ^ 

97. Defiuution of an Implicit Funotion. — Suppose that ^, 
instead of being given explicitly as a function of a, is deter- 
mined by an equation of the form 

/(ir,2/) = o, 

then y is said to be an implicit function of x ; for its value, or 
values, are given implicitly when that of x is known. 

98. Differentiation of an Implicit Function. — Let k denote 
the increment of y corresponding to the increment h in a?, 
and denote /(^,y) by u. 

Then, since the equation /(a;,y) = o is supposed to hold 
for all values of a and the corresponding values of y, we must 
have 

f(x + A, y + i) = o. 

Hence du = o, and accordingly, by Art. 94, we have, when 
h and k are infinitely small, 

du du _ 

-7- A + -3- « = o ; 
dx dy 

du 

, dy k dx 

hence —- = - = -.--. (^\ 

dx h du_ yy^ 

dy 

This result enables us to determine the differential co- 
efficient of y with respect to x whenever the form of the 
equation/ (a?, y) = o is given. 

In the case of implicit functions we may regard a? as being 
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a function of y, ory a function of ir, whichever we please — 
in the former case y is treated as the independent variable, 
and, in the latter, x : when y is taken as the independent 
variable, we have 

du 
da: dy ^ I 
dy du dy 

dx dx 

This is the extension of the result given in Art. 20, and might 
have been established in the same manner : 



Examples. 

I. a^s + y* - yixy = <?, to find ^. 

dx 



Here — = 3(«' - «y), ^ = 3(y* - ««?) 

dy ^cfl— ay 
' ' dx ax — y^' 






du mx^^^ du my* 



dx a"» ' dy b^ 



X 



1 ^y _ (xY-'fbY 

logy - y log a: = o. -J^ = - l^L2El^ll\ 

ax X \x log y — X I 



99. If w = (a?, y), where x and y are connected by the 
equation /(or, y) = o, to find the total difierential of u with 
respect to a; ; y being regarded as a function of x. 

Here, by Art. 96, we get 

du dji dtj) dy 
dx dx dy dx' 



no 
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Also from Art. 98, 



Hence 



du 
dx 



df df dy 
dx ^ dy dx 

d^ df^_^ ^ 
dx ' dy dx ' dy 

dy 



( 



This result can also be written in the following detern 
nant form 



du 
dx 



dj, 
dx' 


d^ 
dy 


df 
dx' 


df 
dy 



w 

dy 



More generally, let w = {x, y, 2), where ^, y, 2, are co 
nected by two equations 

/i (iP, y, s) = o, /a {x, y, z) = o, 
then, as in the preceding case, we have 



and also 



du ^ dtjt dtp dy d(f> dz 

dx dx dy dx dz </r' 

<(/i ^ <A ^ ^ fife _ 

dx dy dx dz dx~ ' 



d/t dft dy d/t dz 
iix dy dx dz dx 



= o 



JSuler^s Theorem of Homogeneom Functions, 



III 



Hence, we get 








d^ d^ difk 
dx dy dz 






dfx dfi dfi 
dx^ dy^ dz 






df df^ df^ 




du 


dx^ dy^ dz 




da?" 


dfi df\ 
dy^ dz 

df2 df^ 
dy^ dz 





This result admits of easy generalization. 

lOO. SSvler's Theorem of Bomogeneoue Fimctloiui. 



If 



u = AalPyi + BxTP'yi' + Cxif" y[^" + &c. 



where p + j' = p' + j' = jt)'' + j'' = &c. 

to prove that 



w, 



du du 
dx ^ dy 



du 



(8) 



(9) 



Here ^ :7" = Ap^y^ + -Bp' stP^ y^' + &c. 

MM? 

du M -^ A 

y — = AqalPy^ -f Bq'xP'y^' + &c. 

du du . , 
.-. ^j^-^Vj = A{p+q)xPy^-\-B(p'-¥q')TP'y^' -^ &c. 

= nAafPy^ + tiBxP^ y^' -i- &c. = nu. 

Hence, if m be any homogeneous expression of the n^^ de- 
gree in X and y, not involving fractions, we have 

du du 
dx dy 
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Again, suppose u to be a homogeneous function of a frac- 

tional form, represented by — ; where 0i, ^3 are homogeneous 

expressions of the n"* and m^ degrees, respectively, in x and 
y, then from the equation 

(pi 



we have 



and 



accordingly we get 



d0i d<l)2 

dx (0,)» ' 

du t" a^ - <t>^ -g^ 
dy (i>^y 



but, by the preceding, 

dcbi d<bi dd)2 d<bi 

hence ^- + y ^ = ^»i»2-^0i», 

= (w - m) — = (n - w) M : 

which proves the theorem for homogeneous expressions of 
a fractional form. 
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In the case of three variables, ^, y, z, 
suppose tt = -^^y's'*, then we have 

^** ^ « ^ • du . du . 

du du du ., . 

and the same method of proof can be extended to any homo- 
geneous function of three or more variables. 

Hence if w be a homogeneous function of the n'* degree 
in Xj y, s, we have 

du du du ^ ^ 

x-r-^ y -^-■{- z-T- = nu. (10) 

dx ^ dy dx ^ ^ 

It may be observed that the preceding result holds also if 
n be e^Jractional or negative number, as can be easily seen. A 
more general proof will be found in a subsequent chapter, 
along with the extension of the theorem to differentiations of 
a higher order. 

Examples. 
Yexity Euler's Theorem in the following cases by direct differentiation : — 

«* + y' du du Ku 

^' «= / . u ; prove ir— + y— = —. 

. (* + y)* dx "^ dy 2 



*• + axh/ + by^ du du 



*• **= -.^ . .,... » " a;— +y — =u. 



sfl — ffl du du 

«• + y*^ dx dy 






du .du 
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loi. Theorem. — If U- tio + tii + ti2 + • • • + ti„, 

where Uq is a constant, and tii, t/j, . . . Un, are homogeneoi 
functions of ^, y, s, &c., of the ist, 2nd, . . . w** degrees, ret 
pectively, then 

dU dU dU 
^Ix ^'^dv'^^l^ +...=wi+2w, + 3W3+. . . + WM«. (11) 

For, by Euler's Theorem, we have 

dUr dUr dUr » 

dx ^ dy dz 

since Ur is homogeneous of the r** degree in the variables. 
Cor. If tr = o, then 

dU ' dU dU , » , X 

^'di'^^'dy'^^Tz ••• = -{**"-» + 2Wn-2 + . . .+nMo). (12) 

This follows on subtracting 

nt^o + wwi + . . . + ntt„ = o 

from the preceding result. 

102. Remarks on Euler's Theorem. — In the application of 
Euler's Theorem the student should be careful to see that 
the functions to which it is applied are really homogeneous 
expressions. For instance, at first sight the expression 

sin'M -7 — - J might appear to be a homogeneous function in x 

and y ; but if the function be expanded, it is easily seen that 
the terms thus obtained are of diflferent degrees, and, conse- 
quently, Euler s Theorem cannot be directly applied to it. 

X "h V 

If, however, the equation be written in the form -r — ^= sinti, 

•ci + yi 

we shall have, by Euler's formula, 

dsinu d sin u sin u 

X — ; — + y — -^ — = , 

dx ^ dy 2 



3! 
■2 
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or 



cos 



/ du du\ sm u 
^ ^'- ^ dy 2 



dx 



x-¥y 



du du ^ tan u i 

If, however, the degrees in the numerator and the deno- 
minator be the same, the function is of the degree zero, and 
in all such cases we have 

du du 
dx dy 

■f 'Jl*\ » 1/i\ iU + t/ K — 

For example, sin"M -r — ^1, tan"^ ^, e ^, &c., may be 

treated as homogeneous expressions whose degree of homo- 
geneity is zero. The same remark applies to all expressions 

which are reducible to the form ( - )• 

103. If X -r cos Oy y = rsin 0, 

to prove tbat xdy - ydx » i^dd. 

In Ex. I, Art. 94, we found 

dx = cos Qdr - r sin OdOy 
dy «= sin Odr + r cos Odd, 
xdy = r cos sin Odr + r' cos*0c?ff 
ydx = r cos sin 0rfr - r^ sin' OrfO 
•*. xdy - ydii? = r' dO, 



(13) 



nmilarly 
Hence 



104. lix and ^ have the same values as in the last, to 
prove that 

{dxy + {dyf = {dry + r« ((ffl)«. (14) 

Square and add the expressions for dx^ dy^ found above, 
and the required result follows immediately. 

The two preceding formulae are of importance in the 
theory of plane curves. ^P 

I 2 
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105. If fi = OKC* + 6y* + ^^' + 2rfy2 + 2ex2 + 2/ay, 

to find the condition among the constants that the same values cf 
a?, y, z should satisfy the three equations 



= o, 



du 
dz 



Here 



du ^ du 

da~ ^ dy 

du M 

-y- = ^ax + 2/y + ^ez = o, 

ox 



= o. 



= 2/35 + ihy + ^d% = o, 



dy 

du , 

-=- = lex + 2dy + 2CS = o. 

dz 



Hence, eliminating a?, y, 2 between these three equation^ 
the required condition is 

ahc - ad^ -he^ - cf^-¥ 2def^ o ; 
or, in the determinant form, 



a 


f 


e 


f 


b 


d 


e 


d 


e 



= o. 



The preceding determinant is called the discriminant of the 
quadratic expression, and is an invariant of the function; 
it also expresses the condition that the conic represented by 
the equation u = o should break up into two right lines. 
(Salmon's Conies, Art. 76). 

The foregoing result can be verified easily from the latter 
point of view ; for, suppose the quadratic expression, u, to be 
the product of two linear factors, X and Y; 



or 



w = zr, 



where X= la + my •¥ nz^ T ^l'x-\- m'y + n% 
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then ^ = x^+r^ = /'x+/r 

ax ax dx 

du dT .^dX ,^ ^ ^ 

•^ = X -7- + r -T- = m^A + mT 
dy dy dy 

du ^dT ^ ^dY ,^^ ^ 
dz dz dz 

Here the expressions at the right-hand side become zero for 
the values of a?, y, z^ which satisfy the equations X = o, 1^=0, 
or ^ + my + nz = o, Vx + m'y + w^z = o. 

Hence, in this case, 

du du du 

dx ^ dy ^ dz 

are also satisfied simultaneously by the same values. 

We shall now proceed to illustrate the principles of partial 
differentiation by applying them to a few elementary ques- 
tions in plane and spherical triangles. In such cases we may 
regard any three* of the parts, a, h, c, A, B, C, as being inde- 
pendent variables, and each of the others as a function of the 
three so chosen. 

106. Squatloii connecting^ the Variations of the three Sides 
nd one Ang^le. — If two sides a, h and the contained angle C, 
in a plane triangle receive indefinitely small increments, to 
find the corresponding increment in the third side c» 

We have c* = a* + 6* ~ 2ah cos C 

.'. cdc = {a-b cos C)da + {b-a cos C) db + ab sin CdC^ 

but a = Jcos C + ccos-B, J = acos C+ccos^. 

Hence, dividing by c, and substituting c sin B for b sin C, 
we get 

dc = cos Bda + cos Adb + a sin BdC. (15) 

Otherwise thus, geometrically. 



* The case of the tliree angles of a plane triangle is excepted, as the^ are 
only equiyalent to two independent data. 
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By equation (2), Art. 95, we have 

dc = -=-da + -r^db-^ -77,dC. 
da do dV 

dc 
Now, in the determination of— we must regard b and C as 

constants ; accordingly, let us sup- 
pose the side CB or a to receive a 
small increment, £B^ or Aa, as in the 
figure. Join AB' and draw B^I) per- 
pendicular to AB^ produced if neces- 
sary ; then, by Art. 37, AB^ = AD 
when BB^ is infinitely small, neglect- 
ing infinitely small quantities of the 
second order. Fig- 3- 

H^ence 

AC = AB' -AB = AD-AB ^ BD, 

dc ,. , «Ac BD ^ 

.-. -7-= limit of — = Tr=-, = cos J?. 
da Aa BB' 

dc , 

Similarly, — = cos A ; which results agree with those arrived 

at before by differentiation. 

dc 
Again, to find ---^. Suppose the angle C to receive a 

small increment A (7, represented by 
BOB' in the accompanying figure, 
take CB' = CB, join AB\ and draw 
BD perpendicular to AB\ 

fhen B 

AC = AB' -AB^ B'D (in the limit) B 

= BB' cos AB'B = BB' sin ABC (q. p.) Fig. 4. 

Also, in the limit, BB' = B'C sin BCB' = aAC. 

d<' Ac 

Hence —^ = limiting value of — ^ = a sin ^ ; 

dO AG 

the same result as that arrived at by differentiation. 
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In the preceding investigation it has been assumed that 

^ — ^D is infinitely small m comparison with BD ; or that 

AB - AD 
the fraction ^^r — vanishes in the limit. For the proof 

of this the student is referred to Art. 37. 

When the base of a plane triangle is calculated from the 

observed lengths of its sides, and the magnitude of its vertical 

angle, the result in (15) shows how the error in the computed 

▼ame of the base can be approximately found in terms of the 

small errors in observation of the sides and of the contained 

angle. 

dC , 

107. To find -r-. when a and are oonwdered Oonstant. — 

' dA 

In the preceding figure BAB' represents the change in the 
ancrle Jl, arising from the change A C in (7 ; moreover, as the 
angle A. is diminished in this case, we must denote BAB' by 
— A ul, and we have 



BB'^- 



ABaA ABaA caA 



sin AB'B 



cosB 



cos B' 



Also 



dC ^AC 
dA ~ AA 



BB'^aACy 
(in the limit) = - 



a cos B 



(16) 



This result admits of another easy proof by diflferentiation. 
For a sinB = b sin A ; 

hence, when a and b are constants, we have 

a cos BdB = b cos Ad A ; 
also, since -4 + 5 + (7 = tt, we have 

dA + dB + dC = o. 

Substitute for dB in the former its value deduced from the 
latter equation, and we get 

(a cos B + b cos A) dA = - a cos BdC ; 

or cdA = - a cos BdC, as before. 
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108. ZquAtaim oonneotiiig the Vaiiatioiis of two Sides and 
the opposite Angles. — In general, if we take the logarithmic 
differential of the equation 

asia B= bsinA, 

regarding a, 6, -4, B as variables, we get 

da dB db dA , . 

— + F>'=-7- + 7- (17) 

a tanjD tan^ 

109. Iianden^a TWmsformation. — ^The result in equation (16) 
admits of being transformed into 

dA dC 



a cos B c ^ 
but 

c = v^a* + 6* - zab cos C ; andacos J?= \/a*-6*sin'^. 

Hence we get 

dA dC 



Va^-b^ sin »J. ^/ a^ + 6* - 2a6 cos G 

If (7 be denoted by 180° - 20i, the angle at A by ^, and 
- by i, the preceding equation becomes 

d^ idf^x id(\ix 



a/ I - A;* sin '^^ " \/i + 2Acos20i+*' /(i + A)*-4Asin'0i 

2 ^^i 



where Ati = 



(i +A;) \/i - k^ sin^^i ' 



(18) 



x-v k 
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I2f 



Also, the equation afsmB ^bAaA becomes 

sin (201 - 0) = ^ sin 0. 

The result just established furnishes a proof of Landen's* 
transformation in Elliptic Functions. 

We shall next investigate some analogous formulae in 
Spherical Trigonometry. 

110. Relation oonneoting the Variations of Three Sides and 
One A*« g^^ — Differentiating the well-known relation 

cos c - cos a cos i + sin a sin 5 cos (7, 

regarding a and b as constants^ we get 



dc sin a sin b sin C 
dC sin c 



= sin a sin B. 



dc 
da 



Again, the value of ^ when b and C are constants, can 

c 



be easily determined geometrically 

as follows : — 

In the spherical triangle ABC, 
making a construction similar to that 
of Kg. 3, Art. 106, we have D 

do . Ac r^^ ^ 

-BB'= Aa, .*. -y- "limit of 



BD 




da '^ Aa BB 

(m the limit) = cos B. 



Fig. 5. 



dc 



Similarly when a and C are constants ^ 37- = cos ^. 

do 

Hence finally 

dc = cos Bda + cos Adb + sin a sin BdC. (19) 

This result can also be obtained by a process of diffe- 
rentiation. This method is left as an exercise for the student. 



* This transformation ia often attributed to Lagrange, it had however been 
prerioiuly arriyed at by Landen. (See Philosophical Transactions, 1771 and 
'7750 
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As in the corresponding case of plane triangles, we 

have assumed that AB' = AD in the limit ; i. e., that 

AB* - AD ... 

— — — is infinitely small in comparison with -^D in the 



limit. This assumption may be stated otherwise, thus 

If the angle A oi 9. right-angled spherical triangle be 

c -b 
very small, then the ratio — -^ — becomes very small at the 

same time ; where c and b have their usual significations. 

This result is easily established, for by Napier's rules we 
have 

. tan b sin b cos c 

cos A = ' = J—. — ; 

tan c cos b sm c 

I - cos A sin c cos b - cos c sin b sin {c - b) 
' ' 1 + cos A sin c cos b + cos c sin b sin (c + 6) ' 
or 

• / Lv * 2^ • / JL\ 8in{c-b) . . A 

sm (c-b) = tan* — sm (c + o). .•. . = sm (c + 6) tan — . 

2 -4 2 

tan — 
2 

But the right-hand side of this equation becomes very small 
along with A, and consequently c- b becomes at the same 
time very small in comparison with that angle. 

The formula (19) can also be written in the form 

,^ dc da db , . 

dU^ -, r— ^ - — - - -T—f- 5 ; (20) 

sm a sm B sm a tan B sm b tan A 

and the corresponding formulae for the differentials of A and 
B are obtained by an interchange of letters. 

Again, by aid of the polar triangle^ formula ( 1 9) becomes 

dC = - co^bdA- Qos adB + ^m A sin bdc. (21) 

These and the analogous formulse are of importance in 
Astronomy in determining the errors in a computed angular 
distance arising from small errors in observation. They also 
enable us to determine the most favourable positions for 
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making certain observations ; viz., those in which small errors 
in observation produce the least error in the required result. 

III. Hemarks on Partial Differentials. — The beginner 
must be careful to attach their proper significations to the 

expressions -r— , j^y &c., in each case. Thus when a and b 

dc 
are constants^ we have -77: = sin a sin j8 ; but when A and a 

dV 

are constants. 9fe have -77^= -; these are quite different 

dC tan 6 

quantities represented by the same expression -7-^, 

The reason is, that in the former case we investigate the 

ultimate ratio of the simultaneous increments of a side and 

its opposite angle, when the other two sides are considered as 

constant ; while in the latter, we investigate the similar ratio 

"when one side and its opposite angle are constant. 

Similar remarks apply in all cases of partial differentia- 
tion. 

When our formulae are applied to the case of small errors 
in the sides and angles of a triangle, it is usual to designate 
these errors by a a, A 6, AC, A -4, AjB, aC; and when 
these expressions are substituted for da^ db, &c. in our for- 
mulaB they give approximate results. 
For instance (15) becomes in this case 

Ac = AacoSjB+ Aft cos-4 + A(7sin(j5sin jB; (22) 

and similarly in other cases. 

It is easily seen that the error arising in the application of 
these formulaB to such cases is a small quantity of the second 
order ; that is, it involves the squares and products of the 
small quantities a a, a 6, ac, &c. This will also appear 
more fully from the results arrived at in a subsequent chapter. 

112. Theorem. — If the base c, and the vertical angle (7, of 
a spherical triangle be constant, formula (19) becomes 

da db 

+ ^ = o. 



cos A cos B 
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Now writing ^ instead of a, i/> instead of 6, and k for 

-; — -, this equation becomes 
sm c 

sin A sin B 



f . , sin A sin ^\ 
( since k = — : — = — — r ) 
\ sm a sin / 






\/ 1 - A;' sin *0 -/ 1 - A* sin *i/^ 

where and yfj are connected by the following* relation: — 

cose = cos cos ;// + sin sin ;// cos (7, 
or cos c = cos cos ;// + sin ^ sin ;^ v i - A* sin H. 

113. In a Spherical Triangle, to prove that 

da dh dc , . 

+ rrr-^ + 77r-?7=o (24) 



COS A COS B cos (7 



sm C 
when -^ is constant. 

sine 



Let sin (7 = A sin <?, and we get 

,^ A COS c _ sin -4 cos c _ 

aG^ = 7, flfe = -: dc. 

cos 0^ sin a cos 6^ 

substitute this value for dC in ( 1 9) and it becomes 

7 ^77 T» 7 cos c sin ^ sin J? , 

dc = cos ^fl?6 + cos Bda + 77 dc ; 

cos (7 

. ,, ^ , Z' cos c sin ^ sin 5\ _ 

cos Ado + cos Bda = \i ;^ do 

\ cos C I 



or 

\ c 

cos A cos B 



cos (7 
since sin A sin S cos c = cos (7 + cos A cos J?. 



0^; 



• This mode of establishing the connexion between Elliptic Functions by 
aidof Spherinnl Trigonometry is due to Lagrange. 
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•* da db dc 

Hence ^ + ^ + ^ = o. 

cos A cos £ cos C 

Again, since cos A = ^/i - sin^A = V i - k^ sin^a, &c, the 
preceoing result may be written in the form 

da db dc , . 

\/i -A*sin«a '/i -k^sin^b V \-k^ sin^c 

where a, J, <?, are connected by the equation 

cos c « cos a cos 6 + sin a sin h v i - ¥ sin'^c. 
114. Theorem of Ziegendre. — We get from (24) 
cos B cos Cda + cos ^4 cos Cdb + cos .B cos Adc =* o, 
or (cos -4 - sin 5 sin (7 cos a) rfa + (cos jB - sin ^ sin C cos b) db 

+ (cos C - sin ^ sin B cos c) dc = o, 
.'. cos Ada + cos -Bfl?6 + cos Cdc = sin jB sin Cd (sin a) 
+ sin A sin CW (sin b) + sin -4 sin Bd (sin c) 
= A* { sin b^mcd (sin a) + sin a sin cc? (sin b) + sin a sin bd{^m c) ] 
= l^d (sin a sin 6 sin c) ; 

or V' I - P sin'^a da-¥ \/i-k^ sin^J (3?6 + v^ i - A* sin^c dc 

= P(3? (sin a sin 6 sin c). (26) 

This furnishes a proof of Legendre's formula for the compa- 
rison of Elliptic Functions of the second species, 

115. If w = (a? + a^ y + j30» where x, y, a, j3, are inde- 
pendeBi of t^ and of eaoh other ; to prove that 

du du ^ du , . 
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Let 




a/ --a-i- at, y' =^y + (it, 


then 




tt = {x', y% 


and 


dx' 
dx 


dy' da" dy' ^ 
'' dy^^' dt^""^ dt'^^' 



Also, since y' is independent of a?, we have 

du du dx' du . du du 
dx dx' dx dx'* dy dy'' 

-. du du dx' du dy' du du 

dt dx' dt dy' dt dx '^ dy' 

In like manner, if a?', y', z', be substituted for x-¥at,y + j3^, 
z + ytf in the equation 

W = (a? + a^, y -^ (it, 2 4 yt), 

it becomes u- (p (a?', y', z') ; 

du du dx' du dy' du dz' 
dx dx' dx dy' dx dz' dx * 

, dx' _^ dy' _ dz' 

dx * dx * dx ' 

du ^du . du du du du 
dx dx'* dy " dy'* dz ~ dz'' 

. . du ^du dx' du dy' du dz' 

S*^^ df "dx'^^ dy'~dt^dz'dr* 

r ^ dx' dy' r, dz' 

but — . = a, ~- = i3, T- = 7- 

dt dt ^* dt ^ 

TT du du ^ du du 

This result can be easily extended to any number of variables. 
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dp 



. If « = 8in-» I - ] + mh'* ( ? ), prove that du = 



V^a2-«2"*'y^-yi* 






<fM du 
dx dy 

du du 
— 4 y — 
dx dy 

without assuming Euler's Theorem. 

4. u = y^ (»y), prove that du = y»0' (ary) <te + { ^ (xy) + xyp' (xy) } dy, 

5. If y (») = ^(f')* where u and 1; are each functions of x and y, prove that 

<fM <ft^ dv du 
dx dy dx dy' 

du du 

6. Find the values of * -— + y -r-, when 

dx dy 









(«) 


u — 


axk 


+ iy» 












m 


u = 


ten- 


V»+yj 






7- 


Iftf = 


: sin a« + sin ^ + tan- 


\x 


)■ 








pTove 


that 




du = a cos axdx ■\' b 


cos ^y <fy + 


zdy - ydz 
y3 + a» ' 


8. 


Ifu 


= logyx ; 


du 

find-^ and 

dx 


du 
dy 










9- 


TfO: 


= tan"* — • 
ran ^, 















prove that (a?* + y') dB = ydic - jrrfy. 

10. Iftt = y", 

prove that du = y»-» (x«fy + yg log ydx + ay log ydz), 

11. If a + -v/oa ^ yi = ye « ' 

dy — y 

prove that ^ = 

»* \/a' — y** 
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12. In a spherical triangle, when a, ^, are constant. Prove that 

dA tanA , dC sin C 

"Tz = -, and T^ = - 



d3 tan B dB sin^cosil 

13. In a plane triangle, if the angles and sides receive small variation^ 
prove that 

cLB + 6 cos ALC= o ; a^h being constant, 

cos CLh + cos B^c = o ; a, A being constant, 

tan ^ A3 = 3A(7 ; a, B being constant 

14. The base <; of a spherical triangle is measured, and the two adjacent base 
angles A^ B are found by observation. Suppose that small errors dA, dB are 
committed in the observations of A and B ; show that the corresponding error 
in the computed value of (7 is 

— cos odB— cos hdA, 

15. If the base e and the area of a spherical triangle be given, prove that 

a b 

sin' -dB-{- sin' - dA = o. 
2 2 

16. Given the base and the vertical angle of a spherical triangle, prove that 
the variation of the perpendicular p is connected with the variations of the sides 
by the relation 

sin Odp = sin s'da + sin sdby 

« and a' being the segments into which the perpendicular divides the vertical 
angle. 

17. If the height A of a tower be found by the angle 9 which it subtends at 
a measured horizontal distance a ; prove that 

AA = : and that when -7,1s least, 9= -. 

cos«0 ' A0 ^ 4 

18. Prove the following relation between the small increments in two sides 
4Uid the opposite angles of a spherical triangle, 

da dB dA db 



+ r— ^ = I 7 + 



tan a tan B tan A tan b' 

19. If « = ^ (*• - y*), prove that 

dz dz 

dx dy~ ' 

20. If 2 = - / f - ], prove that 

dz dz 

*3" + y:J- + *=o• 
«s dy 
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21. Verify by differentiatioii the equadcm 

du du ^, /«-yV 

dx ' dy \9^yl 

22. In a iight*aiigled spherical triangle, prore that, if ^ be inTariable, 
■n ^edb^ sin %hde ; and if be invariable, tan ada — tan b db. 

23. If a be one of the equal sides of an isosceles spherical triangle, whose 
vertical angle is very small and represented by du ; prove that the quantity by 

which either base angle &lls short of a right angle is - cos a <^. 

24. If the base angles J, B of a triangle be both very small, prove that the 
£ffisrence between the sum of the sides a, b and the base <; is a very smiJl quan- 
titj of the second order. 

25. If the base of a triangle be an infinitesimal of the first order, and also 
the smgiles at the base, prove that the difference between the sum of its sides 
and its base is an infinitesimal of the third order. 

f du du 

26. If i# = e« + (cos «y)», find — and — -. 

«» dy 

27. Proye that any root of the following equation in y : — 



y«+ay=i, 



astisfies the di£ferential equation 



dhf , . rfy* , , df/* 



(^ 



dx* 



= 0. 



28. How can we ascertain whether an expression such as 

admits of being reduced to the form 

/(* + yi/^.? 

19. If IX + mF + nZ, I'X -»- m'T-\' n'Z, V'X + m"T+ n"Z, be substituted 
for s, y, s, in the Quadratic expression of Art 105 ; and if a', 6', c', d\ e\ /', be 
the respective coefficients in the new expression ; prove that 



a' / t' 
f V d* 
0' d' c' 



= 0, whenever 



a 


f 


e 


f 


b 


d 


$ 


d 


e 



= 0. 



30. If the transformation be or^Ao^ono/, i. e. if «> + y^^ «* = JT' + T' + Z^ ; 
prove that the preceding determinants are equal to one another. 



K 
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CHAPTER VI. 

SUCCESSIVE DIPFEBENTUTION OF FUNCTIONS OF TWO OR MORE 

VARIABLES. 

1 1 6. BuoodBsive Partial Differentiation. — We have in the 
preceding chapter considered the mannet of determining the 
partial diflFerential coefficients of the first order in a function 
of any number of variables. 

If w be a function of a?, y, s, &c., the expressions 

du du du 

being also functions of ^, y, 2, &c., admit of being diffe- 
rentiated in the same manner as the original function ; and 

du 
the partial differential coefficient of -7-, when x alone varies , 

is denoted by 

d^ldu\ d^u 

dx \dx) dx^ 

^s in the case of a single variable. 

Similarly the partial differential coefficient of—, when y 

alone varies, is represented by 

d fdu \ d^u 



or 



dy \dx ^' dydx ' 

and in general, - ^ - denotes that the function u is first 

ay anu 

differentiated n times in succession, supposing x alone to 

vary, and the resulting function afterwards differentiated m 

times in succession, where y alone is supposed to vary ; and 

similarly in all other cases. 

We now proceed to show that the values of these partial 

<lerived functions are independent of the order in which the 

variables are supposed to change. 
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117. ttuheak Function of X and i/y to prove that 

A.f^^\- ^ f ^^\ d^u d^u 

dy\dxj dxKdyr dydx dxdy ^ ' 

where x and y are independent of each other. 

/In 

JLet u = (a?, y\ then — represents the limiting value of 

(LX 

K 

when h is infinitely small. 

This expression being regarded as a function of y, let y 

become y + i, a? remaining constant ; then — ( — J is the 

limiting value of 

^ (ar + A, y 4- ^) - 0(a?, y ^k) - ^{x ^ h, y) ^- <^{x, y) 

hk 

when both h and k become infinitely small. 

dtii 
In like manner — is the limiting value ol 

^ (^, y + ^) - ^ (ar, y) 
k 
when k is infinitely small, 

hence ^ ( ;t- ) is the limiting value of 

^(j? + A, y + k)-(f,{x + h,y)-'(t^{x, i/-hk)+(p(x,y) 

hk 

when both A and k are infinitely small. 

Since this function is the same as the preceding for all finite 
values of h and k^ it will continue to be so in the limit ; hence 

we have ±(^] = 1 (•^\ 

dx \ dyj dy \ dxj 

K 2 
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In like manner 



for, by the preceding, 



d^u 
dx^dt/ 

dhJt 



d'u 
dydx^^ 

d^u 



dxdy dydx 



d d 


du 


d d \du 


dx' dy 


dx 


dy* dx dx 



d f dhi\_^d^ dhi 
dx \dxdy) dx dydx 

similarly in all other cases. Hence, in general^ 

dP^u dP^u 



dxPdy^ dy^ditP' 

Again in the case of functions of three or more variables, 
by similar reasoning it can be proved that 



d'^u 



d^u 



, &c. 



dzdxdy dxdydz 

Hence, we infer that the order of differentiation is in all cases 
indifferent^ provided the variables are independent of each 
other. 



1. Iftt 



o 
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verify that 



a. If 11= tan-' 



(j)- 



3. If tt = sin (a**» + *^), 



r 1 8 . Zf ti be any 



)) 



)> 



dydx 


dxdy 


d^u 
d^ds 


dxdy*' 


d*u 


dHt 



ds^dy* dy^dx*' 



of X and y, to prove that 



i(^« i) ■ IH 1} 



where x and y are independent variables. 



(2) 
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Here eaeh side on differentiation becomes 

1 19. More generally, to inrove that 

d i dv) d { dv) 

where u and v are both functions of z, and z is a function of x 

and y. 

^ d / efrA du dv dh) 

For -7- u--r \^ -7- -;- + % 

£fy\ £/^/ dy 



but 



dtf du dz dv dv dz 
dy dz dy* dx dz dx* 

d ( dv\ du dv dz dz d^v 



dy V dx) dz dz dx dy dydx ' 

and T~ 1^77") ^^ evidently the same value. 

This result could also have been deduced at once by 
assuming u in the preceding Article to be a function of ^. 

I20. Snler's Theorems of Homogeneoiui Funottons. — In 
Art. 100 it has been shown that 

du du 
where u is a homogeneous function of the n'^ degree in x and 

y- 

Moreover, as -r- and -7- are homogeneous functions of 

dx dy ° 

the degree » - 1, we have, by the same theorem^ 

d (du \ d fdu\ , . du 

d fdu\ d (du\ , . du 
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multiplying the former of these equations by a?, and the latter 
^y y> w® get, after addition, 

= (« - I ) WM. (4). 

This result can be readily extended to homogeneous func- 
tions of any number of independent variables. 

A more complete investigation of Euler's Theorems will 
be found in Chapter VIII. 

120. To find the Successive Differential Coefficients with 
respect to ^, of the Function 

where a?, y, a, /3, are independent of <, and of each other. 

By Art. 1 1 5 we have in this case, where ^ stands for the 
expression 0(a? + a<, y + J30j 

dt dx '^ dy 



Hence 



dt:" dt\dx] ^ dt\dy 



= 4 © ^ " I; (S *"' *• ■"~'^°'^ *""="> 



4\'t*i^%\<\'t<\ 



This result can also be written in the form 






i-i^i^m-{'i<\'*- '** 
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a -r- + /3 rr- j 18 supposod to be developed in the 

usual manner, and -z-?, &c,, substituted for ( ^- ) 0, &c. 

asr \ax J 

Again, to find ~. 

CLv 

\ dx " dyJ dt \ dx " dyl \ dx " dyJ 

d o rfV 
•'^■^^^)*- 

By induction from the preceding it follows that 

This expression, when expanded by the Binomial Theorem, 
gives the n'* diflFerential coefficient of the function in terms 
of its partial differential coefficients of the n'* order in (t and y. 
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Examples. 



I. If t# a sin («*y) verify the equation 
a. If fi = sin (y + ax) + (y — «*)•, 



rf*w d^u 



dxdy dyd» 



prove that 
3. If« = y«, 

prove that 



rf'w^ d^u 
dx'* rfy*' 



rf*« , , , . d^u 

= y*-i (i +a? logy) = 



4. If M = sin-* ( -T- )> Terify the equation 



dxdy *' ^ ■ ^''^ dydx 

d*u __ rf"«# 
dxdy dydx 



5. If« = 



jryz 



ax + by + ez* 
find the values of 
6. If M = (»» + y2)4, 



dxi dy* ''«2 



dzs 



prove that 

7. Ifu = («» + y»)», 
prove that 



d*u 

ds^ 



+ 2xy 



d'u 



d^u 



dxdy dy^ 



d*u dHt dhi 3 

dx* dxdy " dy^ 4 



8. If r = -4y' + s^y'a? + ^Cyx'^ + !>!»«, prove that 



tL—^ d^T^T^ ^^_ XT 
dx^ dy'^ dxdy dx dy dy* dx^ 



B, C, i), 



and show that the left-hand side of this equation vanishes when T is a perfect 
cube. 



9. If « = 



prove that 



(*« + y» + 2^)* 



d^u d^u d^u _ 
^^d^^difl"^' 



( '37 ) 



CHAPTER VII. 

. LAGRANGE'S THEOREM. 

122. Xaagrange'fl Theorem. — Suppose that we are given the 
equation 

in which a and y are independent variables, and it is required 
to expand any function of z in ascending powers of y. 

Let the function be denoted by F[z\ or by w, and, by 
Maclaurin's theorem, we have 

I \ay/o 1 . 2 \dy^jo i . 2 . . n \dy*'Jo 

where Wo» ( ;^ J > &c. represent the values of w, -^, &c., when 

zero is substituted for y, after differentiation. 

It is evident that Uo = F{x). 

To find the other terms, we get by differentiating (i) with 
respect to Xj and also with respect to y. 



dz .. .dz dz . . ,, \dz 



hence ~ = *f-)^ 

ay ax 
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Also, since t* is a function of 2, we have 

du du dz du du dz 

m 3S ■ ^m T I ■ .1 J£g> mm ■ ■ _ 

dx dz dx* dy dz dy 

hence we obtain 

du , .du , . j 

Again, denoting (2) by Z, we have, by Art. 1x8, since 
Zis 2k function of m, 

dx\ dy) dy\ dxj dy^ ""^^^ 

Hence also -7— = --^- ( ^ 

dy^ dxdy \ 

since x and y are independent variables ; 

To prove that the law here indicated is general, suppose 

d]f^ \dx) \ dxJ 




Lagrange^a TTkeorem. 
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then, since 



we have 



dy\ dxj dx\ dy) dx\ dxj 



and hence 



'df 



u fd\f 



rn+i 




(6) 



This shows that if the proposed law hold for any integer 

nj it holds for the mteger n-h 1 ; but it has been found to hold 

for n = 2 and n <= 3 ; accordingly it holds for all integral values 

of n. 

du d>u 
It remains to find the value of — * t-.5 &c., when we 

d/ dy*' 

make y - o. Since on this hypothesis Z or ^ (z) becomes 
^{x)y and -r- becomes or -P(^), it is evident from (3)^ 

(4), (5), (6), that the values of 

du d^u d^u d^*^u 
Jy d^' d^" ' ^' 

become at the same time 

.^{x) F(x),^^{4>(w)\^F{x)^y ^ [{*(;r))' Fix)j, 



Consequently formula (2) becomes 
FXz) = F(x)+^^i,{x)F(x) + -^^^ 



i>(x)\'F'{x) 



+ &c. 



JT' 



d* r 



1 .2. .. (n+ i) daf 



{^(ar)l-'F(a:) 



+ &c. 



(7) 
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This expansion is called Lagrange's Theorem. 

If it b« merely required to expand z, we get, on making 

8 = « + I ^(ar) + J^ - \<^{x)y + &c. 

123. lAplaoe'fl Theorem. — More generally, suppose that 
we are given 

«=/{a?+y^(2)|, (9) 

and that it is required to expand any function, F(z)y in ascend- 
ing powers of y. 

Let t^x+y 0(2), then z =f{t), and we have 

t = x^yf^\At)]. (10) 

Also F{z)='F[f(t)]^ and the question reduces to the ex- 
pansion of the function F[f{t)] in ascending powers ofy by 
aid of (10) ; accordingly, formula (7) becomes in this case 

F(z)^F[At)\ 'F{f(x)]^y.<^\f(x)] P[f{x)\ + &c. 



I .2. . (n+ i)daf^ 



This formula is called Laplace's Theorem, and is, as w( 
have seen, an immediate deduction from the Theorem oi 
Lagrange. These theorems evidently only hold when the 
expansions are convergent series. 
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Examples. 

1. Expand s, being given the equation 

» = « + bz\ 

ieie a? = fl, y = ^, f(z) = a', 

■d we get, from formala (8), 

« = a + ^ + S^'a* + i2iV + &c. 

Lagrange lias shown that this expansion represents the least root of the pro- 
cobic, and that the same principle holds in other cases. 

a. Qiven z = a + bz**f find the expansion of s. 

Ans. « = « + «»* + 2fMP^^ + 3n (3« - i) a*»-« + &c. 

I. a ^ I. a. 3 

3. Given £ = + y^*, find the expansion of z, 
Ans, « = « + y«* + y»^* + -^— 3^* + — =^^ — 4'*** + &c 

1.2 1.2*3 

4. s=a-f«sin7, expand {i) s, (2) sin 2. 

(I). -4««. 2-sa + tfsma+ 7- (sm*a) + ^- 1 (sm^a) + &c. 

1 .2 da ' I . 2 . 2 \^ I 

(2). ,, sin z = sina + tf sin a CDS a + t- (Bin*a cos a) + &c. 

I . 2 aa 

5. If « = a + - (j{» - i) prove that 

« = a + - ^ ^ + . — 3- + . . . 

I 2 1 ,2 da\ 2 I 

+ N- 1 + &c. 

I . 2 . . . n \£m I \ 2 I 

^ Hence prove that 



i.2...»\«a/\ 2 y 
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CHAPTER VIII. 

EXTENSION OF TAYLOR'S THEOREM TO FUNCTIONS OF TWO OR j 

MORE VARUBLES. \ 

\ 

I 

124. Sxpaaslon of ^ (a? + A, y + k). Suppose u to be a 

function of two variables x and ^, represented by the equation ' 

w = (^, y) ; then substituting a? + A for a?, we get, by Taylor's 1 

Theorem, . \ 

(a? + A, y) = (ar, y) + * "^{0 (^, y)\ + — ^ {^(^' y)) +&c- j 
Again, let y become y + A, and we get ■ 

'd ' 

^(a: + A, y + A) = 0(«, y + A) + A -^ {^(ir, y + A)} i 

+ 3-0(^,y + i) +&C. (i) 

I . 2 oa? ^ 

Also 
0(a:, y + A) =.0(.r,y) + A _ (^ (ar, y)} + -_ _ |0(aj, y)) +&c. 

, du k^ d^u 

= u + k -r-+ + &c. 

ay 1.2 ay^ 

dJ^ dx dxdy 1 . 2 c^dfy* 

1,2 dx^ ^ I .2 dx^ 1.2 fl^^^y 
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Substituting these values in (i), we get 

A(a? + /i, y 4- a;)* = w + A -— + A; >-. 

ax ay 

1 . 2 dx^ dxdy i . 2 dy^ * ^ "^ 

125. This expansion can also be arrived at otherwise as 
fellows : — Substitute x-\-at and y -v fit for x and y, respectively, 
in the expression ^(or, y), then the new function 

(a? + a«, y + fit), 

in which rr, y, a, /3, are constants with respect to t, may be 
regarded as a function of t, and represented by F(t) ; thus 

i^{x + at, y + fit)=F{t). 

The latter function F{t\ when expanded by Maclaurin's 
Theorem, becomes by Art. 77, 

F{t) « JP(o) + - F\o) + — r^(o) + . . . 

1 1*2 






(3) 



where JP(o) is the value of F(t) when ^= o, or F(o) = (or, y) 
«=u; also FXo)j F"{6)y &c., are the values of 

d^ (H o 
dV dt^'^""' 

when < = o ; where stands for (4: + «i, y + /30« 
Moreover, by Art. 115, we have 

^=a — + 13 — 
dt dx dy* 



♦ Since it is indifferent whether we first change x into ar + A, and afterwards 
change y into y + A;« or v t«0 f ^r«<i ; the expansion given above furnishes an in- 
depend^t proof of the results arrived at in Art. 117. 
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but, when ^ = o, ^(o? + a<, y + fit) becomes -P(o), and 

— becomes a -r- + 3 t- at the same time, 
dt ax ay 

Hence F'^o) - ^ "^ /3 |. 

Also, by tlie same Article, 

which, when < = o, reduces to 

^ (o) = «' ^, - 2«/3 ^^- + ^' ^. (4) 

&c. &c. &c. 



These equations may also be written in the symbolic 
form 

• • • • • 

Again, ( a — I u = a^ — , &c. since a, j3, are independent 

of X and y : and hence the general term in the expansion of 
F{t) can be at once written down by aid of the Binomial 
Theorem. 
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MS 



Sinally we have, on substituting A for a^, and h for j3^, 

. - ,. . du ^ du h^ dht ndhi 
^(x + A,y + i) = ti + A-=-+A5 — + T-z-^hk 



dx dy i .zda^ 



dxdy 



i^ dhi I I . d , d V** , ^^ ^,. , ^ 



126. XzpMudoii of ^ (x + A, y + A;, 8 + /). — A function of 
three variables, x^ y^ Zj admits of being treated in a similar 
manner, and accordingly the expression 

^ (a? + at^y + /3^, z + 7^), 

when ff is substituted for ^ (^,y, s), becomes 

+ ( 0-3-+P-T- + 7-5- I « + &c.; 

1 . 2 \ rf« dy ' <fe / 

I /, d , d J dy . 

+ A-T-+ * T- + ^-r «* + &c. 

I . 2 \ a.« ay as / 

. du , du ,du h^ dhi k^ d^u V dhi 
dx dif dz I ,2dx^ 1 »2dy^ i . zdz^ 



or 



u 



,, dhi ij d^u ,, (fw p 

+ A* -r— r- + AZ -T-TT + ** J— r + «o* 
e6r(3^y oastifs ayas 



(6) 



The general term in this expansion, and also the remainder 
after n terms can be easily written down. 

L 



146 ^laUMion of Tayipt's Theorem. 

These results admit of obvious generalization fbf any 
number of variables. 

Also, by making ar, y, s, each cypher we have 



« 



(*.«-«.^»(S).^*(l)/<^). 

+ f;^) +&C. . . . 

where T— j , f ^ ] . . • denote the values which the functtons 

du du 

-T-, — , . . . assume on making ^ ^ o, y « o, and ^ = o. 

This result may be iregaided as the extension of Mac- 
laurin's Theorem. 

127. SymboUo SxpreMdmi for preceding Resalts. — Since 



'^^*^='+(*i+*|r)-^r!i(*i^*l;J-^-" 



^i(*i^*S"-^*«' 



\n\ dx dyJ 
equation (5) may be written in the shape 

\ A d 

dx^ dy 

^ ^(«,y) = *(a: + A,y + *). (7) 

This is analogous to the form given for Taylor's Theorem 
in Art. 65, and may be deduced trom it as follows: — 

m d 

We have seen that the operation represented by « 5* 
when applied to any function is equivalent to changing x into 
a; t A throughout in the function. 

hi. 

Acfcordinglyi s^ ^{^jV) » ^(^ + A,y), siQC^ y is independent 

of 0?. 
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kt 



In like manner, the operadon e'' when applied to any 
function, changes y into y+k, 

»i hi kt 

.'. «* .^ ^{xyy) = e* ^(« + /t, y) = ^(x + h,y + k), 

ti+h- 

or e* '^ # (ir; y) - *(« + A, y + *)♦ 

assuming that the symbols k — and A ^ are combined accord- 
ing to the same laws as ordinary algebraic expressions. 

In an analogous manner we obtain the symbolic formula 

^d ^ d d 

e ^ ^(^> y> «) = ^(« + A, y + A, E + /). (8) 

128. If in the development (a), dx be substituted for A, 
and dy for £, it becomes 

K the sum of all the terms of the degree n in e£r and dy 
be denoted by (f*^, the preceding result may be written in 
the form 

^ N d6 d^6 d^6 

<^{X'\-dx,y^dy) = i^ + 'f^^^—-f— + ... 

+ — +&C. (10) 



Since efo, cfy are infinitely small quantities of the first 
order, each term in the preceding expansion is infinitely small 
m comparison with the preceding one. 

Hence, since d?^ is infinitely small in comparison with d^, 
if infinitely small quantities of the second and higher orders be 

L2 
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neglected in comparison with those of the first, in accordance ; 
wiui Art. 38, we get 

which agrees with the result in Art. 94. 

129. Suler^i Theorems of Komogeneons Fnnotions. — We 

now proceed to give a more complete proof of Euler's 
Theorems than that given in Arts. 100 and 120. 

If we substitute gx for h and gy for km the expansion (5), 
it becomes 

. ^ f du du\ 

^(a? + yo?, y + gy) = u + grf a;_ +y _ j 

! 

g^ ( ^d^u d!^u ^dhA\ ^ i 

1 . 2 V dx^ ^ dx^ ^ df) ; 

where u stands for ^(o;, y). 

But ^{x-^gx, y+sy) =^{(i + g)x, (i +y)y), 

and, if ^ (^, y) be a homogeneous function of the n'* degree 
in X ana v, it is evident that the result of substituting (i + (/)^ 
for X and (i + y) y for y in it is e(|[uivalent to multiplying 
it by (1 + gy. Hence we haye in this case, 

. 0(^ + flra?, y + ^) =(i +^)»^(^, y) = (1 +y)"ii, 



or 



/ v« ( du du\ 

(i+yru = ti + y(^^^-fy-j 



— ^+y' ) 

dxdy ^ dy^J 



g^ ( ^d^ c* c* t^^x . 



where ti is a homogeneous function of the n^ degree in x 
andy. 
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Since the preceding equation holds for all values of ^^ if 
we expand and equate like powers of ^, we obtain 

du du 
^^u dHi , d^u , . 

&c. &c. &c. 

The preceding method of demonstration admits of obvious 
extension to the case of a homo£:eneous function of three or 
more variables. ^ 

Thus, substituting ^x for hy gy for £, ^2 for /, in formula 
(6) Art 126, and proceeding as before, we get 

du du du 
,dH« ^ (Pu , dH$ dhi (Pu 

&c. &c. &c. 

These formulae are due to Euler, and are of importance 
in the general theory of curves and surfaces, as well as in other 
applications of analysis. 

The preceding method of proof is taken from Lagrange's 
M^canique Analytique^ 
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CHAPTER IX. 

MAXIMA AND MINIMA OF FUNCTIONS OF A SINGLE VARUBLE. 

130. PefJnltiim of a Mairiinnin or a Hffinfmnin. — If any function 
increase continuously as the variable on which it depends 
increases up to a certain value, and diminish for higher values 
of the variaole, then, in passing from its increasing to its de- 
creasing stage^ the fiinction attains what is called a maximum 
value. 

In like manner, if the fiinction decrease as the variable 
increases up to a certain value, and increase for higher values 
of the variable, the function passes through a minimum stage. 

Many cases of maxima and minima can be best determined 
without the aid of the Differential Calculus ; we shall com- 
mence with a few geometrical and algebraic examples of this 
class. 

131. Ctoometrloal Szample. — To find the area of the greatest 
triangle which can he inscribed in a given ellipse. Suppose the 
ellipse projected orthogonally into a circle ; then any triangle 
inscribed in the ellipse is projected into a triangle inscribed in 
the circle, and the areas of the triangles are to one another 
in the ratio of the area of the ellipse to that of the circle 
(Salmon's Conies, Art. 368). Hence the triangle in the ellipse 
is a maximum when that in the circle is a maximum ; but in 
the latter case the maximum triangle is evidently equilateral, 
and it is easily seen that its area is to that of the circle as 

v/27 to 4 TT. Hence the area of the greatest triangle in- 
scribed in the ellipse is 

306 V^ 
—J 

IT 

where a, b are its semiaxes. 

Moreover, the centre of the ellipse is evidently the point 
of intersection of the bisectors of the sides of the triangle. 
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EXAirPLEfl. 

I. PioTe that tii9 area of the greatest ellipse inscribed in a given triangle is 
(area of the triangle). 



\/a7 

2. Find the azea of the least ellipse drcnmscribed \» a given triangle* 

3. Place a chord of a g^ven length in an ellipse so that its distance from the 
centze shall be a maTimiiin. 

The lines joining its extremities to the centre must be conjugate diameters. 

4* Show that the preceding construction is impossible when the length of 

the given chord is > a y^a or < 3 v^a ; where a and b are the semiaxes of the 
eUq^ee. Prove in this case thai if the distance of the chord from the centre be 
a maTinmni or a minimTim, the chord is parallel to an axis of the curve. 

5. A chord of an ellipse passes through a given point, find when the triangle 
lioniied by joining its exbrenuties to the centre is a maximuou 

132. Algebraio Szamples of Mawfma and Mlalma. — Many 
cases of maxima and minima can be solved by ordinary 
algebra. We shall confine our attention to one simple class 
of examples. 

Let f{x) represent the function whose maximum or mi- 
nimum values are required, imd suppose u = /(x), and solve 
fot « ; then the values of u for which x changes from real to 
imaginary y are the solutions of the problem. This method is, 
in general, inapplicable when the equation in x is beyond the 
second degree. We shall illustrate the process by a few ex- 
amples : — 

Examples. 

X. To divide a number into two parts, such that their product shall be a 
Daomum* 

Let a denote the number, n one of the parts, then dr (a - x) is to bo a maxi- 
tram, by hypc^diesis. 

Here f# = «(a — »), orir^-a» + ti = 0; 

lolTmg for jr we get 






at 
accordingly, the y»W"'""' value of u is- — since greater values would make » 

unaginaiy. 
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SB 

2, To find the TnaxiTniim and fp^TiimiiTn values of the fraction 



«* + I 



Here « = -^, or «« + i = ?/., = - i- ± JOllflOCi+i^O. 

In this case we infer that the maximum and minimum values of « are - and 
— ; and the proposed fraction accordingly lies between the limits - and — 
for all real values of 47. 

133. To find the ACaxtmiim aad Hffinfmnin ▼allies of 

flw?* + 2bxy + cy^ 
a's^ + %h'xy + c'y^' 

Let u denote the proposed fraction and substitute % for 

X 

- ; when we get 

^^ a'%^^%h'%^c'' ^^^ 

ox {a - a^u)z^ + 2 (J - b^u)z + c - c^u = 0. 

Solving for z^ this gives 

(a - a^u)z + 6 - J'tt = + \/{b- b^uy - (a - a^u) {c - c'w). (2) 

There are three cases, according as the roots of the equation 

(6'» - a'c')u^ - {ac' + ca' - 2bb')u -\-b^-ac = o (3) 

are real and unequal, real and equal, or imaginary. 

(i.) Let the roots be real, and denoted by a and (3 (of 
which j3 is the greater) ; then if b^ - a'c' > o, we shall have 



(a -«'«>+ 6-6'u=± /(6^ - a'o') (w - a)( ti-/3). 
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Here, when u is less than, or equal to a, z is real ; but 
when u>a and < j3, iS becomes imaginary ; consequently, the 
lesser* root (a) is a maximum value of u ; in like manner, it 
can be easily seen that the greater root (j3) is a minimum. 

If either a^ = o, or & = o, the radical becomes 

b' \/(w-a)(tt-/3), 

and, as before, the greater root is a minimum, and the lesser, 
a maximum, value of u. 

In the preceding, the roots of the denominator are sup- 
nosed real ; if they be imaginary, i. e., if 6'* - a^& < o, we 
nave 



(a - a'u)z + 6 - 6^w « f y (aV - 6^») (w- o) (/3 - w). 

It is casiljr seen that z is imaginary for all values of u ex- 
cept those lymg between a and /3. Accordingly, the greater 
root is a maximum and the lesser, a minimum, value of u. 

(2.) When a" (if the expression under the radical sign 
is positive for all values of w, and . consequently u does not 
admit of either a maximimi or a minimum value. 

(3.) When the roots a and /3 are imaginary, the expres- 
sion imder the radical sign is necessarily positive, and u in this 
case also does not admit of a maximum or a minimum value. 

134. Qnadratio fior determining z. — Again, the value of ^ 
corresponding to a maximum or a minimum value of 11, must 
satbfy the equation 

(a - a^u)z + b - Vu ^ o. 

Substituting for u in (i) its value derived from this latter 
equation, we obtain the following quadratic in z : 

(ay - ba') z^-hz (ac' - m^ + be' - cV = o. (4) 



* In general, in seeking the Tnq.TiTmiTn or Tm'Tn'nniTn yalues of y from the 
equation, y = (x), if for all yalues of y between the limits a and j3, the cor* 
responding yalues of x are imaginary, while x is real when y = o, or 1/ = p; 
then it is evident that the lesser of the quantities, a, j3, is a maximum, and 
the greater, a minimum, value of y. This result also admits of a simple geo- 
metncal proof, by considering the curve whose equation is y = {x). 
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Tliis equation determines the values of s, which correspond 
to the maximum and minimum values of ti. It can be easily 
seen that if the roots of equation (3) are real, so also are those 
of (4) ; and vice versd. 

Tlie student will observe in the preceding investigation 
that when u attains a max. or a min. value, the corresponding 
equation in z^ obtained from (2), has equal roots. This is, aa 
will be seen more fully in the next Article, the essential crite- 
rion of a max. or a min. value, in general. 

Find the max. or min. values otuia the following cases : — 

Examples. 

»^ 4- Am 4- to 6 



r« - 0? + I a — 2« 



2. •»*-: "1 + -= » 

IS amaz. or a min., according as is a nun. or a max., 1. e. 



as — d; IS a max. or a mm. 

I — a: 

.'. x = o, or4;=:2; tha former gives a max., the latter a min. solution. 

We now proceed to a general investigation of the con- 
ditions for a maximum or minimum, by aid of the principles 
of the Differential Calculus. 

135. ConcKtioa for a Mairitnnni or BOiiiiiniitt. — If the incre- 
ment of a variable, j?, be positive, then the corresponding in* 
crement of any function, /(a;), has the same sign as that of 
/'(a?), by Art. 6 ; hence as x increases, f{x) increases or di- 
minishes, according 2Af\x) is positive otr negative. 

Consequently when f(ai) changes from an increasing to 
a decreasing state, or vice versA^ its derived function, f'{x)y 
must change its sign. Let a be a value oix corresponding 
to a maximum or a minimum value o{f(x) ; then, in the case 
of a maximum we must have for small values of A, 

f(a) >f(a + A), and /(a) > f{a - h) ; 

and, for a minimum, 

/(«) </(« + A)» and/(a) <f{a - A). 
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Accordingly, in either case the expressions 

/(an. A) -/(«), and/(a - h) ^f{a\ 

have both the same sign. 

Again, by formulae* (29) Art. 73, we have 

/(a + A) -/(a) = hf'{a) + ^J"{a + Oh) 

/(« - A) -/(a) = - hf' (a) + -^/" (o - e.A). 

Now, when A is very small, and/'^(a) finite, the second 
term in the right-hand side in each of these equations is very 
small in comparison with the first, and hence /(a + h) - /(a) 
and /(«-*)-/(«) cannot have the same signs unless 
/'{a) = o. 

Hence the values ofx which render f(x) a maximum or a 
minimum^ are in general roots of the derived equation f\x) = o. 

This result can also be arrived at from geometrical con- 
siderations ; for, let y = f{x) be the equation of a curve, 
then, at a point for which the ordinate y attains a maximum 
or a minimum value, the tangent to the curve is evidently, in 
^neral, parallel to the axis of a? ; and consequently, f^ (x) « o, 
by Art. 8. 

Moreover, if ^ be eliminated between the equations 
/(«) =s u and f'{x) = o, the roots of the resulting equation 



* In the investigation of maxima and miTiimft given above, Lagrange^t form 
of Tayloi's Theorem has been employed. For students who are unacquainted 
with this fbnn of the Theorem, it may be observed that tiie conditions for a 
wiRwwmM or minimum oan be readily established from the simpler form of 
Tayloi^B Series given in Art 53, viz., 

for when il is very small and the coefficients/' (a), /" («), &o. finite, it is evident 
that the sign of the series at ^e right-hand side depends on that of its first term, 
and hence all the results arrived at in the above and the subsequent Articles 
can be readily established. 
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in u are, in general, the maidmum and minimum valuer 

of/(«)- . .... 

This is the extension of the principle arrived at in Art» 

132. 

Again, since /'(a) «o, we have 



/(a + A) -/(«) = -*!-/"(« + ©A) 
/(a-A)-/(fl) = -^/"(a-e.A) 



(J) 



But the expressions at the left-hand side in these equations are 
both positive, for small values of A, when f^' {a) is positive ; 
and negative, when f'^{a) is negative; therefore /(a) is a 
maximum or a minimum, according as f^*{a) is negative or 
positive. 

If, however,/'^ (a) vanish along with f'{a)^ we have, by 
Art. 73, 

f(a + A) ./(a) - -^J^a) + /' f^ {a + Oh) 
/(a - A) -/(a) = -f^f" («) + ^ *' P' (« - »*)• 

I.:*. 3 1.2.3.4 

Hence it follows that /(a) is neither a maximum nor a 
minimum, unless f" {a) also vanish; but iif*" {a) = o, then 
f(a) is a max. when/'^ (a) is negative, and a minimum when 
/*^ (a) is positive. 

In general, let/^*»)(a) be the first derived fimction that 
does hot vanish ; then, if n be odd, /(a) is neither a max. nor 
a min. ; if n be even, f{a) is a max. or a min. according as 
y(n+i)(^j is negative or positive. 

Tlie student who is acquainted with the elements of the 
theory of plane curves will find no difficulty in giving the 
geometrical interpretation of the results arrived at in this and 
the subsequent Articles. 

136. Applioation to Rational Algobraio Sjqpresrions. — 
Suppose f{x) a rational function containing no fractional 
power of Xy and let the real roots oi f {x) = o arranged in 
order of magnitude be a, /3, y, &c., no two of which are sup- 
posed equal. 
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Then f'{x) = {x- a){x - ^) {x- y) . . . 

and r(«)-(o-^)(a-7) ... 

but bjr hypothesis, a ~ j3, a - 7, &c., are all positive ; hence 
f"(a) is also positive, and consequently a corresponds to a 
minimum value of /{a?). 

Again /a^)-(i3-a)(i3-7).. . 

here /3 - a is negative, and the remaining factors are positive ; 
hence /'^(j3) is negative, and/(/3) a maximum. 
Similarly, f{y) is a minimum, &c. 

137. Mamfma and miiiifina Values ooonr alternately. — We 
have seen that this principle holds in the case just considered. 

A general proof can easily be given as follows : — Suppose 
f{x) a maximum when ^ - a, and also when x^b^ where b is 
the greater ; then when rr = a + A, the function is decreasing, 
and when « = & - A, it is increasing (where A is a small incre- 
ment); but in passing from a decreasing to an increasing 
state it must pass through a minimum value ; hence between 
two maxima one minimum at least must exist. 

In like manner it can be shown that between two minima 
one maximum must exist. 

138. Case of Xqnal Hoo^. — ^Again, if the equation/^ (^3 
s o has two roots each equal to a, it must be of the form 

r (^) = (or - an (*)• 

In this case /^^ (a) = o,/'^'(a) = vfj^a)^ and accordingly, 
from Art. 135, a corresponds to neither a maximum nor a 
minimum value of the function /(a?). 

In general if /^ (x) have n roots equal to a, then 

f{x) = (x - an w. 

Here, when n is even, /(a) is neither a max. nor a min. solu- 
tion ; and when n is odd, /(a) is a max. or a min. according 
as -^ (a) is negative or positive. 

139. Case whore f^{x) = co . — ^The investigation in Art. 
135 wows that a function in general changes its sign in pass- 
ing through zero. 
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In like manner it can be shown that a function changes 
sign, in genefal, in passing through an infinite value ; i. e. if 
0(a) = 00, f»(a - A) and ^(a+ h) have in general oppomU 
signs, for small value of h. 

For, if u and - represent any function and its reciprocal, 
they have necessarily the same sign ; because iff* be positive, 
- is positive, and if negative, negaUve. 

Suppose Uiy Ua, tit three successive values of Uy and 
— , — , — the corresponding reciprocals. 

Ui Ui U3 

Then if n^ »o; by Art. 135, tii and u^ have in general 
opposite signs. 

• Ill 

Hence if — = <», — and— have also opposite signs; and 

«^2 ^^X "^^ 

we infer that the values of r? which satisfy the equation /'(«) 
= 00 may fiitnish maxima and minima values of/(jr). 

It is not considered necesaary to enter more fully into the 
discussion of this case here. 

140. We now return to the equadon 

/'(*) = («-a)Y(«), 

in wMoh n.is jBupposed to have any real value, positive, nega- 
tive, integral, or fractional. 

In this case, when x = «,/'(«) is zero, or infinity according 
as n is positive or negative. 

To determine Aether the corresponding value o{f(x) is 
^a reel maximum OF minimum, we shall investigate whether 
fXx) changes its sign or not as x passes tifirdugh a. 

When « = a + A, /(a + A) = A"^(a + A), 

V 

now, when h is infinitely small, \P(a + h) and' ^ (a - A) be- 
come each ultimately equal to ^ (a) : and therefore /'(a + A) 
and /'(a - A) have the same or opposite sighs accormtig as 
(- i)^ is positive or negative. 



Examples, 159 

(f )• If » be an even i$Ueger^ posidve or negative, f'{x) 
does not change si^ in passing through a, and accordingly 
a conesponds to neither a maxim nm nor a minimum solution. 

(2). If n be an odd integer ^ positive or negative, f (a + h) 
uAf'(a -A) have opposite signs, and a corresponds to a real 
maximum or minimum. 

(3). If n be a fraction of the form ± — , 

then (-1) ^«x ^"^ ly and a corresponds to neither a max. 
nor amin. 

(4). Kn be of tiie form ± \3Llll^ then (- i) ± ^ = (- 1) "^ 

is imaginary if p be even, but has a real value ( - i) when p 
is odd. In the former case, f* (a - h) becomes imaginary ; 
in the latter,/^(a + A) and/^ (a ~ A) have opposite signs, and 
/(ft) is a real maximum or minimum. 

Examples. 
I, /(«) ss ««• + ai« + tf. 

Here f*(x) » %(m + *) = ©, hence a; = — . 

And — 18 a max., or a min. value oiasfi-V ^bx + 0, aecording as a is ne- 
gative, cor positiye. 

a. /(*) = a«» - i5»« + 36a? + *o. 

fix) = 6(«i- 5* + 6) « 6 (« ^ a) (» - 3). 

(i). Let « ts 2 ; then/"(«) is n^ative ; 

benoe /(a) or 38 is a mazimnm. 

(2). Let « B 3 ; then /"(as) is positive; 

henoe /(3) or 37 is a minimmn. 

It is evident tiiat neither of these values is an absolute wftiimum or mini- 
mum, fbr whan » m m,/(«) =s m; and when a; » - 00, f(x) = - m ; aooordingly, 
the paraiKMed fonotioii admits of all possible values, positive or negative. 
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Again, neither + ee nor - 00 is- a proper maximum or minimum value, 'because 
for large values of x, f(x) constantly increases in one case, and constantly dimi- 
nislies in the other. 

It is easily seen that as x increases from >- 00 to + 2, f{x) increases from — 00 
to 38 ; as « increases from 2 to 3, /' (rr) diminishes from 38 to 37 ; and as x in- 
creases from 3 to 00, f(x) increases from 37 to 00. "Wlien considered geometri- 
cally, the preceding investigation shows that in the curve represented by the 
equation 

y a2a? — i5aj« + 363? + 20 

the tangent is parallel to the axis of x at the points a; = 2, ^ = 38 ; and t <= 3, 
^ = 37 ; and that the ordinate is a maximum in the former, and a minimum in 
the latter case, &c. 

3. f[x) = a + & (a; - e)h Ana. x=^e. Neither a max. nor a milt. 

4. /(«)=: ft + «(*- a)l + rf(a;-a)t. 

Substitute a + A for x, and the equation becomes 

also /(« - A) = ft + tfW + <ttJ ; 

but when h is very small AS is small in comparison with Ai, and accordingly 
ft is a minimum or a maximum value of /(^) according (lb e is positive or ne- 
gative. 

5» /(*) = 5*® + ".«* - 45«* + ^5^ ■*■ ^ox + 17. 

Ana, 'x = ± I gives neither a max. nor a min. ; x = — 2 gives a min. 

(oj — i) (af — 6) 
6. ^ . Let * — 10 = «, and the fraction becomes 



«- 10 

(z + 9)(g + 4) ., . 36 

—————— or 2 + 1 3 H . 

The maximum and minimum values are given by the equation 1-^ = 0. 

.*. z = + 6, and hence a; = 16 or 4 ; the former gives a min., the latter a max. 
value of the fraction. 

(x - 0» • 

Hence /' («) = ^^ (. + 5). 

If « = I, f(x) is neither a max. nor a min. ; if a? = • Stfi*) w • max. 

(x + 1)' 
Again, the reciprocal frmction ) i- is evidently a max. when « s - i ; 

for if we Bubstitute for «?, — i + A, and — i - A. successively, the resulting values 
are both negaiwa; and consequently the function is a tnJTnn^ nw^ in this case. 
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141. We shall now return to the fraction 
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aV + 2b^xy + cy*' 



the max. and min. values of which have been already considered 
in Art. 133. 

Write as before the equation in the form 

z^{a - a'u) •¥ 2z{J> - h'u) + (c - c'ti) = o, 



where s = -. 

y 



du 



Differentiate with respect to z^ and as -;- = o for a max. or 

dz 



a min., we have 



z (a - a^u) + (6 - h^u) = o. 



Multiply this latter equation by 2, and subtract from the 
former, when we get 

2 (6 - h'u) + (c - &u) = o. 

Hence eliminating 2 between these equations, we obtain 
(a - a'u) (c - c'u) = (b - b'u)\ 



01 



u*(aV - J'^) - w {ac' + ca' - 266') + (ac - b^) = o, 



the same equation as before. 
The quadratic, for 2, 

2* (aJ^ - ba') + z {ac' - ca') + 6c' - ch' = o, 

is obtained by eliminating u from the two preceding linear 
equations. 

This equation can also be written in a determinant form, 
as follows : — 



(*2 



a 
a' 



b 



h' 



c 



/./ 



= o. 



M 
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It may be observed that the coeflScients in (3) are in- 
variants of the quadratic expressions in the numerator and 
denominator of the proposed fraction, as is evident from the 
principle that its maximum and minimum values cannot be 
alterea by linear transformations. 

This result can also be proved as follows : — 

aX^ + 2bXY -^ cY' 
Let u = 



a'X'+ 2b'XY+&Y^' 

where X, y denote any functions of a? andy; then in seeking 
the maximum and minimum values of u we may substitute 

z for -=., when it becomes 

az^ + 2bz + c 

u — , 

aV + 2b'z + & 

and we obviously get the same maximum and minimum values 
for % whether we regard it as determined from the original 
fraction or from the equivalent fraction in z. 

Again, let X, Y be linear fimctions of x and y, 

i. e. X = ^ + my J Y= I'x -¥ m% 

then u becomes of the form 

Aa^ + 2Bxt/ + Cj/^ 
A'x^ + 2B'xy + Cy' 

where -4, jB, C, A^^ JB\ C denote the coefficients in the 
transformed expressions ; hence, since the quadratics which 
determine the max. and min. values of u must have the same 
roots in both cases, we have 

AC-B^^Xiao- 1% AC + CA' - 2JBJB^ = X(ac^ + ca^-2660» 
A'O -B^^\ (a!c' - b^). Q. E, J). 

It can be seen without difficulty that 

X = (fej' - ml'y. 



Principal Radii of Curvature for a Surface, 163 

We shall next illustrate the use of the equations (3) and (4) 
by applying them to the following question, which occurs in 
the determination of the principal radii of curvature at any 
point on a curved surface. 

142. To find the Mairiina and Mlwlma Values of 

rcos'o + 25C0S a cos j3 + ^ cos*/3, 

where cos a and cos j3 are connected by the equation 
(i + ^') cos*a + 2pq cos a cos j3 + (i + j') cos'/S = i, 

and />, q, r, «, t are independent of a and j3. 

Denoting the proposed expression by Uy and substituting 

„ cos a 

s tor ;=, we set 

cos /3 ^ 

rz^ + 28Z + t 

u = 



(i + p')«* + 2pqz + (»+?') 



The maximum and minimum values of this fraction, by the 
preceding Article, are given by the quadratic 

' tt»(i+j>2 + y>) -u[i + q^)r- 2pq8 + (i +p^)^) +r^-s'=o; (6) 
while the corresponding values of z or ^ are given by 

s* {(i '\'p^)B'-pqr] + z {(i +/>')« - (i + ?'^)''} 

+ {i>?«-(i+?0«)=o.* (7) 

The student will observe that the roots of the denominator 
in the proposed fraction are imaginary, and consequently, the 
values of the fraction lie between the roots of the quadratic (5) 
in accordance with Art. 133. 



♦ Lficroix, Dif. Cal., pp. 575, 576. 
M 2 
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143. To find the Hffawimmn and BCnimiim Sadios Vector of 
theSllipoe 

ax^ + 2bxy + cy' = i. 

(i). Suppose the axes rectangular; then 

r2=2;' + 2/^istobea maximum or a minimum. 

Let - «= 2, and we get 

y 

2'+ I 
r* = 



flS* + 2bz + c 



Hence the quadratic which determines the maximum and 
minimum distances &om the centre is 

r* (ac - 6*) - r* (fl + c) + i =0. 

The other quadratic, viz., 

ba^ - (a - c)xy - 6y* = o, 

gives the directions of the axes of the curve.* 

(2). If the axes of co-ordinates be inclined at an angle oi, 
then 

r* = a^ + y' + 2xy cos w 

S' + IZ cos 01 + I 

as* + 2bz + c ' 

and the quadratic becomes in this case 

r* (oc - 6*) -r^{a-\- c - 2b cos w) + sin^co = o 

the coefficients in which are the invariants of the foregoing 
quadratic expressions.! 

The equation which determines the directions of the axes 
of the conic can also be easily written down in this case. 

* Salmon's Conies, Art. 155. f IWd., Art 159. 
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144. To iBTesti|r*te the BKaadmimi and MlnlTnmn Values of 



X 



Substituting 2 for -, and denoting the fraction by u^ we have 

if 



u = 



flz' + 3^2* + 3C2 + d 
a'z^ + 36's* + 3c'2 + d'' 



Proceeding as in Art. 141, we find that the values oiu and z 
are given by aid of the two quadratics 

az^ + 2hz + c = {a'z^ + 26^2 + c^u 

bz^ + 2CS + d = {h'z^ + 2c's + d')u. 

Eliminating u between these equations, we get the following 
biquadratic in 2 : — 

2* {aV - ba') + iz'^ {a& - ca') + 2» {(W?' - ei'd + 3 {be' - cb') } 

+ 2z{J>d' - db') + {cd' -&d)^o. (8) 

Eliminating 2 between the same equations we obtain a 
biquadratic in m, whose roots are the maxima and minima 
values of the proposed fraction. Again, as in Art. 141, it can 
easily be shown that the coefficients in the equation in u are 
invariants of the cubics in the numerator and denominator 
of the fraction. 

145. To out the Maadmum and iwii»i«nnr^ SUipse from a 
Bight Cone whioh stands on a given cir- 
oiilar base. — Let AD represent the axis 
of the cone, and suppose BP to be the 
•axis major of the required section, 
is centre, a, b its semi-axes. Through 
and P draw LM and PH, parallel 
to BC. Then BP = 2a, b^ = iO. 
OJ/ (Euclid, Book III., p. 35); but LO 

=:?^, OM^—, .-. b' = ^,BC.PIt.^ 

2 1 4 

Hence jBP^ . PR is to be a maximum, 
or a minimum. 




Fig. 6. 
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Let L BAD = a, PBC^e, BC = c. 

Then BP = BC'^^^^ ^^"^" 



sin BPC cos (61 -a)' 

P7?- «P^^ PjBi2 _ ccos(0 + o) 
^^~^ am PRE' cos(0-a)' 

cos (0 + a) . 
•*. w = — TTTs — T IS a max. or a mm. 
cos»(e-a) 

TT d^ sin 2© - 2 sin 2 a . ^ 

^®^^® 775 = — ::::n7^ — \ — = ^^ •"• ^^^ 2© = 2 sm 2a. 

at/ cos*(t/ - a) 

Tne solution becomes impossible when 2 sin 2a > i ; i. e. if 
the vertical angle of the cone be > 30°. 

The problem admits of two solutions when a is less than 
15°, For, if Oi be the least value of d derived from the 

equation sin 2^ = 2 sin 2a ; then the value di evidently 

gives a second solution. 

Again, by differentiation, we get 

dhi 2 cos 2O . , . ^ . V 
W = cos^e-a) ' ^'^^"'^ '"^ "^ = ' "° '"> ' 

this is positive or negative, according as cos 2^ is positive or 
negative. Hence the greater value of corresponds to a 
maximum section, and the lesser to a minimum. 

In the limiting case when a = 15°, the two solutions coin- 
cide. When a > 15°, they are both impossible. 

146. The principle that when a function is a max. or a 
min., its reciprocal is at the same time a minimum or a maxi- 
mum, is of frequent use in finding such solutions. 

There are other considerations by which the determination 
of maxima and minima values is often facilitated. 

Thus, whenever t^ is a max. or a min. so also is log (u) 

except where u vanishes along with — . 
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Again, any constant may be added or subtracted, i. e. if 
f(x) be a max., so also is /(a:) + c. 

Also, if any function, u, be a maximum, so will be any 

positive power, — , of w, unless m be an odd and n an even 

number, in which case it is necessary that the max. and min. 
values should be positive. 

147. Again, if a =• f{u), then dz - f^{u)du, and con- 
sequently z is a max. or a min.; either (i) when du = o, 
i. e. when w is a max. or min. ; or (2) Yfhen/'(u) = o. 

In many questions the values of u are restricted, by the 
conditions of the problem,* to lie between given limits; ac- 
cordingly in such cases any root of/^(w) = o does not furnish 
a real max. or min. solution, unless it lies between the given 
limiting values of u. 

We shall illustrate this by one or two geometrical ex- 
amples. 

(i). In an ellipse, to find when the rectangle under a pair of 
conjugate diameters is a max, or min. Let r be any semi- 
diameter of the ellipse, then the square of the conjugate semi- 
diameter is represented by a' + J' - r*, and we have 

w = r* (a' + 6^ - r*), a max. or a min. ; 

du 

here -;- = 2 (a^ + J* - 2r') r. 

dr ' 

Accordingly the max. and min. values are, (i) that for 
which r is a max. or a min. : i. e. r =» a, or r = 6 ; and, (2) the 
solutions given by the equation 

r (a« + 6» - 2^^^) = o. 



r = o, and r = /— 



or 



The solution r = o is inadmissible since r must lie be- 
tween the limits a and h : the other solution corresponds to 



* See Cambridge Mathematical Journal, yoL iii., p. 237. 



1 68 Maxima and Minima of Functions of a Singh Variable. 

the equiconjugate diameters. It is easily seen that the solu- 
tion in (2) is the maximum, and that in (i), the minimum 
value of the rectangle in question. 

148. As another example, we shall consider the following 
problem :* — 

Oivm in a plane triangle^ two sides (a, 6), to find the maxi- 
mum or minimum value of 

A 

cos — 

2 



where A and c have the usual significations. 

Squaring the expression in question, and substituting x 
for Cy we easily find for the quantity whose max. and min, 
values are required, the following expression : 

I 26 a^ - b^ 

X a^ a^ ^ 

neglecting a constant multiplier. 

Accordingly, the solutions of the problem are — (i) the 
maximum and minimum values of a?, 1. e. a + J and a - b. 

(2). The solutions of the equation — , i. e. of 

CLOD 

2 46 3 (a^ - b^) 

— + — — ^^-^^ = o, 

x'^ a^ a?* 

or x^ + 46a: - 3 («' - 60 = o, 



whence we get x = y/'^a^ + 6^ - 26 ; 

neglecting the negative root, which is inadmissible. 

Again, if 6 > a, V^3«* + 6* - 26 is negative, and accord- 
ingly in this case the solution given by (2) is inadmissible. 



* This problem occurs in Astronomy, in finding when a planet appears 
brightest ; the orbits being supposed circular. 
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lia > 6, it remains to see whether V 3a' + 6' - ib lies 
between the limits a + b and a - h. It is easily seen that 

V^3a* + 6* - 26 is > a - J; the remaining condition requires 
a + 6 > V^a^ + 6* - 2J, 

or a + 36 > V 3a* +. 6*, 

or a2+ 6a6 + 9 6* > 3a* + J*, 

i. e. 46^ + 3a6 > a% 

•^ 16 16 4 4 

or finally b> -. 

We see accordingly thkt this gives no real solution unless 
ihe lesser of the given sides be greater than one-fourth of 
the greater. 

When this condition is fulfilled it is easily seen that the 
corresponding solution is a maximum : and that the solutions 
corresponding to a? = a + 6, and a? = a - 6, are both minima 
solutions. 

149. Maadma or Minima Values of an Zmplunt Function. — 
Suppose it be required to find the max. or min. values of y 
from the equation 

f{x, y) = o. 

Differentiating, we get 

du du dy 

dx dy dx ' 

where w represents /(ai, y). But the max. and min. values 
of ^ must satisfy the equation --^= o : accordingly the maxi- 
mum and minimum values are. got by combining* the equa- 
tions -—- = o, and u -o, 
dx 

* This result is evident also from geometrical considerations. 
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150. Maadmum or BGnimum in case of a Function of two 
dependent Variables. — ^To determine the maximum or mini- 
mum values of a function of two variables, x and y, which are 
connected by a relation of the form 

fix, y) = o. 

Let the proposed function, (a?, y) be represented by u ; 
then by Art. 99, we have 



du 


d<p 
dx 


df d<it 
dy dy 


df 
dx 


dx 




df 
dy 





But the maxima and minima values of u satisfy the equa- 
tion — - = o, hence the values of x and y derived from the 
ax 

equations /(or, y) = o and 

c?0 df d(h df 
dx dy dy dx 

furnish the solutions required. To determine whether the 
solution so determined is a maximum or a minimum it is ne- 

cessary to investigate the sign of -^. We add an example 

for illustration. 

151. Given the four sides of a quadrilateral, to find when its 
area is a maa^imum. 

Let a, b, c, d be the lengths of the sides, the angle be- 
tween a and b, \{/' that between c and d. Then ab sin <!> -\- cd 
sin t// is a max. ; also a^ + li^ - 2ab cos (j^ = c^ + d^ - 2cd cos \p, 
being each equal to the square of the diagonal. 

Hence ab cos <p-hcd cos ^ -^^ = o, for a max. or a min. 

also ab sin 6 ^ cd sin \L -t-9 

^ ^ d<p 

.-. tan ^ + tan ^ = o, or ^ + ip = 180*^. 
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Hence the quadrilateral is inscribable in a circle. 

That the solution arrived at is a maximum is evident from 
geometrical considerations ; it can also be proved to be so by 
aid of the preceding principles. 

For, substitute — r-: — ? instead of -7^, and we get 

cd sm \p a^ ° 

du ah sin (^ + \f) 
d<p sin </^ ' 

„ d^u ab cos (<b + \L) f d\L\ ^ ,., 

Hence -r-i = r-^ — ^— i + 3^ + a term which va- 

rf0' smi/» \ d<pj 

d^u 
nishes when <l> + \p= 180° ; and the value of 1-^ becomes in 

this case 



ab / 
sin ;/; \ 



I + 




which being negative, the solution is a maximum. 
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1. Prove that a tan + i cot is a minimum when tan 9 = J-. 

2. Find when 40^ — 15^' + 12* — i is a maximum or minimum. 

3. « = 7 -— -, a maximum. Am. z = \/ab, u = 

4. Find the value of x which makes 

sin X . cos X 
cos* (60° - x) 
a maximum* Arts* x ^ 300. 

5* " ^^tV^ — tV 06 a maximum, show immediately that —7-^ is a mmi- 
mum. 

^ ^. , - - - - sin' a? 

6. Fmd the value of cos x, when — is a maximum. 

V 5 —4 cos a? 

Aw* cos a? = 5 ~ V ^3 

6 • 

7. Find when is a maximum. 

V 4 + 5«* 

a;* + ax + d 

8. Apply the method of Ex. 5 to the expression -. 

ar* — aa; + 

9. What are the values of x which make the expression 

2aj* — 2ia;2 + 363? .- 20 

a maximum or a minimum ? and (2) what are the maximum and minimum 
values of the expression ? Ans, ar = i, a max. ; a; = 6, a min. 

10. u^y^ia — a?)*». An», x — » a maximum. 

m+ « 

1 1. Given the angle C of a triangle ; prove that sin*^ + sin*^ is a maximum 
and cos'^ + cos'j? a minimum, when A^ B, 

12. Find the least value of ««*• + *^-**. Aim, z^/ab. 

(a + x)(b + x) 
^' {d-x){b--xy »» Xr.±y/ab, 



Examples, 173 

14. Show that b -\- e(x- a)S, when x = a, is a miniinnTn or a maximum^ 
according as « is positive or negative. 

15. u = x sin X, Ans, x = - tan x, 

1 

16. Prove that o^ is a TnaTimnm when x = e, 

17. Tan*»aJ . tan»» (a — a?) is a maTiTmim. when tan [a - 2x) = tan a? 

18. Prove that ^ is a Tnlm'nniTn when * = ^. 

log* 

19. Given the vertical angle of a triangle and its area, find when its hase 
u a nunimum. 

20. Given one angle ^ of a right-angled spherical triangle, find when the 
difference hetween the sides which contain it is a maximum. 

de 
Here tan e cos A = tan b ; and, since e — bis & maximum, -^ = i. 

do 

Hence we find tan b = v cos A. 

This question admits of another easy solution; for as in Art. no, we have 

aja.(e— b) , A 

. ) ^, = tan« -, 

sin (tf + *) 2 ' 

consequently sin {c — b) hecomes a maximum along with sin (c + i), since A is 
constant ; and hence e; — & is a maximum when c -k- b =^ 90''. 

This prohlem occurs in Astronomy, in finding when the part of the equation 
of time which arises from the ohliquity of the ecliptic is a maximum. 

21. Prove that the prohlem, to descrihe a circle with its centre on the crr- 
ciunference of a given circle so that the length of the arc intercepted within the 
given circle shall he a maximum, is reducible to the solution of the equation 
e = cot». 

22. A perpendicular is let fall from the centre on a tangent to an ellipse, 
find when the intercept between the point of contact and the foot of the perpen- 
dicular is a max. Prove that^ = v aJ, and intercept = a — b, 

23. A semicircle is described on the axis-major of an ellipse ; draw a line 
firom one extremity of the axis so that the portion intercepted between the circle 
and the ellipse shall be a maximum. 

24. Draw two conjugate diameters of an ellipse so that the sum of the per- 
pendiculars from their extremities on the axis major shall be a maximum. 

25. Through a point on the produced diameter AB of a semicircle draw 
a secant ORR' so that the quadrilateral AJBRM' inscribed in the semicircle shall 
he a maximum. 

26. if sin 0' = A; sin yjj', and 1// + ij/' = a, where a and k are constants, prove 
that cos 1^ cos 0' is a maximum when tan'^ = tan >// tan \j/'. 
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27. Find the area of the ellipse 

in tenns of the coefficients in its equation, by the method of Art 143. 
(i) for rectangular axes. Ans, 



(2) for oblique. 



ve sin'ctf 



^ab-h* 



2S. A triangle inscribed in a given circle has its base parallel to a given line 
and its vertex at a given point, find an expression for the cosine of its vertical 
angle when the area is a maximum. 

29. Find when the base of a triangle is a minimum, being given the vertical 
angle and the ratio of one side to the difference between the other and a fixed 
line. 

• 

30. Of all spherical triangles of equal area, that of the least perimeter is 
equilateral. 

31. Let tfi + X* ^ laxu s o; determine whether the value x = o gives u a 

TnftTiTTmTn nr miTiiTTnini. AfU. Neither. 

32. Show that the maximum and minimum values of the cubic expression 

ax^ + 3*** + 3«c + d 
are the roots of the quadratic 

a'^sfl - 2Qz + A = o, 
where O = a^d — 3aJ<? + 2^', and A = a'ki' + 40^ + 4^^' - 3JV - Sabed. 

33. Through a fixed point within a given angle draw a' line so that the 
triangle formed shall be a minimum. The line is bisected in the given point. 

34. Prove in general that the chord drawn through a given point bo as to 
cut off the minimum area from a given curve is bisect^ at that point. 

35. If the portion, AB, of the tangent to a given curve intercepted by two 
fixed lines, OA, OB, be a minimum, prove that FA = IfB : where P is the 
point of contact of the tangent, and i^Tthe foot of the pei:pendicular let fall on 
the tangent from 0. 

36. The portion of the tangent to an ellipse intercepted between the axes is 
a minimTim ; find its leng<ih. jin». a -f ^. 
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CHAPTER X. 

MAXIMA AND MINIMA OF FUNCTIONS OF TWO OR MORE INDEPENDENT 

VARIABLES. 

152. Mairima and Bffirtma for two Variables. — In accordance 
with the principles established in the preceding chapter, if 
^(^9 y) ^^ & maximum for the particular values, Xq and y^y 
of the independent variables, x and y, then for all small posi- 
tive or negative values of A and i, (a?o, ^o) must be greater 
than (a?o + A) ^0 + ^) ; ^^^ for a minimum it must be less. 

Again, since x and y are independent, we may suppose 
either of them to vary, the other remaining constant; accord- 
ingly, as in Art. 135, it is necessary for a maximum or mini- 
mum value that 

du ^ du 

- = o,and- = o; (,) 

omitting the case where either of these functions becomes in- 
finite. 

I $3. lAgraage^B Condition. — We now proceed to consider 
whether the values found by this process correspond to real 
maxima or minima, or not. 

Suppose x^y yo to be values oif x and y which satisfy the 
equations 

du , du 

— = o, and — = o, 
dx ' dy ' 

d^u dj^iL d'^u 
and let A. B. C be the values which -—,, , , , -r-r assume 
' ' dx^ dxdy' dy^ 

when a?o and y^ are substituted for x andy ; then we shall have 
(,To + A, yo -^ *) - 0(iro, yo) » [Ah^+2Bhk-¥Ck^) + &c. (2) 
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But when h and k are very small, the remainder of the 
expansion becomes in general very small in comparison with 
the quantity Ah^ + 2Bkk + Ci? ; accordingly the sign of 
<p [xo + A, yo + i) - (a?o> yo) depends on that of 

Ak^ + .Bhk + Ck^ i. e. of i^^-^^y-f(^0-^\ 

A 

Now in order that this expression should be either always 
positive or always negative for all small values of h and k, it is 
necessary that AC - B^ should be a positive quantity ; as, if it 
be negative, the numerator in the preceding expression would 
be positive when A = o, and negative when Ah - Bk = o. 

Hence the condition for a real maximum or minimum is 
that AC should be greater than jB', or 

^ dy^ ^ \dxdy ) ' 

and, when this condition is satisfied, the solution is a maxi- 
mum or a minimum value of the function according as the 
sign of A is negative or positive. 

\( B^hQ> AC the solution is neither a maximum nor a 
minimum. 

The necessity of the preceding condition was first es- 
tablished by Lagrange,* by whom also the corresponding con- 
ditions in the general case of a function of any number of 
variables were first discussed. Again, if ^ = o, ^ = o, (7= o ; 
for a real maximum or minimum it is necessary that all the 
terms of the third degree in h and k in expansion (2) should 
vanish at the same time, while the quantity of the fourth 
degree in h and k should preserve the same sign for all values 
of these quantities. See Art. 135. 

The spirit of the method, as well as the processes em- 
ployed in its application, will be illustrated by the following 
examples. 

154. To find the position of the point the sum of the 
squares whose distances from n given points situated in the 
same plane shall be a minimum. 



♦ Throne des Fonctions. Deuxi^me Partie. Ch. onzi^me. 



I 
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Let the co-ordinates of the given points referred to rec- 
tangular axes be 

(«i> ^i)> («3> *»)» («3, h) . . . (any bn)y respectively ; 

{Xy y) those of the point required ; then we have 

tt = (x - a^y + (y - biY + (a: - a,)» + (y - b^Y + . . . 

+ (« - a»)' + (.V - bn)\ 
a minimum. 

du 

dtf 

J- . • • • . =wy-(6i + J, + . . . + 6„) = o. 

TT _ ai + q« -f . . . + fl n _ fci + ia + • . . + ftn 



n n 

and the point required is the centre of mean position of the n 
given points. 

From the nature of the problem it is evident that this re- 
sult corresponds to a minimum. 

This can also be established by aid of Lagrange's con- 
dition, for we have 

dx^ ' dxdy * dy^ 

In this case AC - B^ is positive, and A also positive ; and 
accordingly the result is a minimum. 

I J 5. To find the Ma'gimiiin or Mlnlmwin value of tlie ex« 



oa? + ^ + 2hxy + 2gx + 2fy + c. 
Denoting the expression by w, we have 

-— = 2 (oo? + Ay + a) = o, 
ax 

-—^ 2[hx^-by +/) = o. 
dy 

N 
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Multiplying the first equation by ar, the second by y, and sub- 
tracting their sum from the given expression, we get 

u = gx +fy + c\ 

whence, eliminating x and y between the three equations, we 
obtain 

a, h, g 



u{ab-h^)= A, 6, / 

This result may also be written in the form 

dA 



(3) 



u 



dc 



A, 



where A denotes the discriminant of the proposed expression. 



Again 



d^u d^u - d^u - 



dx' 



' dx^ 



dxdy 



Hence, if aft - A' be positive, the foregoing value of m is 
a max. or a min. according as the sign of a is negative or 
positive. 

If A* > aJ, the solution is neither a maximum nor a mini- 
mum. 

The geometrical interpretation of the preceding result is 
evident ; viz., if the co-ordinates of the centre be substituted 
for X and y in the equation of a conic, w «= o, the resulting value 
of w is a maximum or a minimum if the curve be an ellipse, but 
is neither a maximum nor a minimum for an hyperbola ; as is 
also evident from other considerations. 

156. To find the l^axlma or Minima Talues of the Fraotion 

or* + by'^ + 2hxy + 2gx + 2fy + c 
a'x^ + b'y"*^ + 2h'xy + 2gx + if'y + c'' 

Let the numerator and denominator be represented by ^1 
and 0a ; then denoting the fraction by t/, we get 

01 = W02 ... (a) 
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Differentiate with respect to x and y separately, then 



r/01 du 



d^,% d<t>\ du 



dx da ^* dx ' dy dy ^' dy ' 

but for a max. or a min. we must have 

du du 

dx ^ dy 

Hence the required solutions are given by the equations 
ax-¥ hy -¥ g == u {a'x + h^y + g^^ 

Iix ■¥ by + f= u (Ji^x + b'y + f). 

Multiplying the former by re, the latter by y, and subtracting 
the sum from the equation (a), we get 

gx ^fy \c--u [g'x-^fy + c'). 

These equations may be written 

(a - a^u)x + (A - h'u)y -^ g - g'u = o, 
(A - h'u)x + (6 - Vu)y + / -fu = o. 
(jl - g'u)x + {f'-fu)y + c - c'f* = o. 

Eliminating x and y, we get the determinant 
a - a^u h - h'u g - g'u 

h-h'u h-b'u f'f'u =0. (4) 

g - g'u / - f'u c - c'u 

The roots of this cubic equation in u are the maxima and mi- 
nima required. 

This cubic is the same as that which gives the three sys- 
tems of right lines that pass through the points of intersection 
of the comes ^1 «■ o, 0a = 0.* 



♦ Salmon's Conies, Art 370. 
N 2 
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The cubic is written by Dr. Salmon in the form 

A V + 0V + 0w + A = o, 



(S) 



where A, A^ denote the discriminants of the expression 0i and 
03, and 0, 0' are their two other invariants. 

On the proof of the property that the coefficients are 
invariants, compare Art. 141. 

The cubic reduces to a quadratic if either the numerator 
or the denominator be resolvable into linear factors ; for in 
this case either A = o, or A^ = o. 

If both the numerator and denominator be resolvable into 
factors the cubic reduces to the linear equation 

0'm + = o, 

. and has but one solution, as is evident also geometrically. 

157. To find the XlSajdma or SAinima Values of a^ -i y^ -\- x^, 

where aa"^ + hy^ + c%^ + 2hxy + zgxz + ifyz = i. 

Let w = «' + y* + «^ ; substitute re' and y' for - and -, and 

Z JS 

we have 



./a 



/a 



U = 



X'* + y* + I 



ax'^ + hy^^ + c + 2hx'y' -f 2gx^ + zfy^* 
Accordingly the cubic of formula (4) becomes in this case 

\ A, g 

A, h- u'\ f =0. 



a - tt"* 



(6) 



This is the well-known cubic* for determining the axes of 
a surface of the second degree in terms of the coefficients in 
its equation ; when expanded it becomes 

w' - (a + 6 + c) u"' + (ah ■^hc-'t ac -/* - 5^' - A')tr» 

+ (a/* + Jjf* + cA' - ahc - 2fgh) = o. 



* See Salmon's Surfaces, Art 79. 
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158. AppUoajfeton of ZAgrang^'s Oondltlon. — In applying 
this condition to the general case of Art. 1 56 we write the 
equation in the form 

ft 

from which we get, on making -7- = o, and -— « o, 

dx dy 

d}(bx d^dti d^u 



dxdi/ dxdy dxdy 

Hence 

♦■l£$-0-''i(«-'»)(»-»'«)-(*-»'.)-). 

Accordingly, the sign o£ AC - B^ is the same as that of 
the quadratic expression 

{ab - h^) - {ab' + 6a^ - 2MO m + (a'6' - A'>% (7) 

where « is a root of the cubic (4) or (5). 

If As represent the determinant in (4), the preceding 

quadratic expression may be written in the form -r— ?. 

etc 

Again, Wi, U2, th representing the roots of the cubic (4), a, 
/3 those of the quadratic (7); if Mj be a real maximum or 
minimum value of u we must have (wi - a) (Ui - j3) {a^b^ - W^) 
a positive quantity. 

Accordingly, if a'b - W'^ be positive, u^ must not lie 
between the values a! and /3. Similarly for the other roots. 
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If all the roots of the cubic lie outside the limits a and j3, 
they correspond to real maxima or minima, but any root 
which lies between a and ]3 gives no max. or min. 

In the particular case discussed in Art, 157 the roots of 
the cubic (6) are all real, stnd those of the quadratic 

I = o are interposed between the roots of the 
h, b - u'^ \ 

cubic. (See Salmon s Higher Algebra, Art. 44.) Accord- 
ingly, in this case the two extreme roots furnish real maxima 
and minima solutions, while the intermediate root gives 
neither. This agrees with what might have been anticipated 
from the properties of the Ellipsoid ; viz., the axes a anta e 
are real maximum and minimum distances from the centre to 
the surface, while the mean axis b is neither. 

It would be unsuited to the elementary nature of this 
treatise to enter into further details on the subject here. 

I {9. Maxima or SAinima of FanotionB of three Variables. — 
Next, let w = (a?, y, z), and suppose a?o, j/o, Zo to be values of 
cCj y, z which render u a maximum or a minimum ; then if 
a?, y, z be independent of each other, by the same reasoning as 
before it is obvious that Xq^ i/ot ^o niust satisfy the three 
equations 

dii du du 

dx ^ dy ' cfe 

omitting the case of infinite values. 
Accordingly we must have 

0(^0 + A, yo + K 2o + " ^^^^ yo> «o) = A -I- B + C 

■^-FkU Ghl+ mk + &c. 
where Ay B, C, F^ O, H are the values that 

rf*/i d'^H d^u (Pu d^u d^u 
dx^^ dy^^ dz^* dydz dxdz^ dxdy 

respectively assume when .To, y©, «o are substituted for a?, y, z 
in them. 
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Now in this, as in the, case of two independent variables, 
it is necessary for a real maximum or minimum value that the 
preceding quadratic function should be either always positive 
or always negative for all small real values of A, i, and L 

Substituting aZfor A and j3/for A, and suppressing the po- 
sitive factor /", the expression becomes 

Aa^ + ^j3» + C + 2Fj^ + %0a + 2Ha^. (8) 



or 



[^„. + 2„ffl±£)1 + S/3» + ,i^+ c. 



Completing the square in the first term, and multiplying by 
A^ we get 

{Aa-^Hfi + Cff^{AB^E^)^^ + 2{AF-'Gn)fi + {AC- G'). 

Moreover, since the first term is a perfect square, in order 
that the expression should preserve the same sign it is ne- 
cessary that the quadratic 

{AB - S')^' + 2{AF- CH)^+AC-G^ 

should be positive for all values of )3 : hence we must have 

ab-e:^> o, (9) 

and {AB- H^) {AC'G')> (AF - GH)\ 

or A {ABC + iFGH - AF' - BO" - CR^) > o, (10) 

i. e., A and A must have the same sign, A denoting the 
diacrirmnant of the quadratic expression (8), as before. 

Accordingly, the conditions (9) and (10) are necessary 
that aJo, yo» 2o should correspond to a real maximum or mini- 
mum value of the function u. 

When these conditions are fulfilled, if the sign of A be 
positive, the function in (8) is also positive, and the solution 
is a minimum ; if A be negative, the solution is a maximum. 

160. Majiima or Minima for any number of Variables — 
The preceding theory admits of easy extension to functions 
of any number of independent variables — the values which 
give the max. and min. in that case are got by equating 
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to zero the partial derived functions for each variable 
separately, and the quadratic function in the expansion must 

f)reserve the same sign for all values ; i. e. it must be equiva- 
ent to a number of squares, multiplied by constant coefficients, 
having each the same sign. 

The number of independent conditions to be fulfilled in the 
case of n independent variables is simply n- i, and not 2** - i 
as stated by some writers on the Differential Calculus. A 
simple and general investigation of these conditions will be 
given in a subsequent place. 

1 6 1 . To investigate the MaKiimnn or Minimum Value of the 
Sixpression 

ax^ + by^ + cs' + 2hxy + 2gxz + 2fyz + 2px + 2qy •¥2rz + d. 

Let u denote the function in question, then for its maxi- 
mum or minimum value we have 

-r- = 2(ax + hy + fl^» + «?) = o, 
ax 

^= 2{hx + by -^ fz -^ q) rr. o, 
-£ = 2(gx +fy + C2 + r) = o, 



hence, adopting the method of Art. 155, we get 

u ==^ po! + qy + rz -\- d. 
Eliminating x, y, z between these four equations, we obtain 

a h g p 



h b f q 

g f <^ ^ 
p q r d 



= u 



a h g 
h h f 

g f c 



, , . d^u ^^ 1 D 

Agam, smce — = 2a, -p^ = 20^ &c., 
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the result is neither a maximum nor a minimum, unless 



a 

h 



h 
b 



be positive, and 



a h g 
h b f 

9 f ^ 



has the same sign as a. 



llie student who is acquainted with the theory of surfaces 
of the second degree will find no difficulty in giving the 
geometrical interpretation of the preceding result. 

162. To find a point snch that the sum of the squares of 
its distanoes from n given points shall be a Minimum. — Let 
(a, 6, c), {a\ J^ c% &c. be the co-ordinates of the given 
points referred to rectangular axes ; x^y^z the co-ordinates 
of the required point ; then 

(iJ? - a)' + (y - by + (2 - cf 

is equal to the square of the distance between the points 
(a, h, c) and (a?, y, s). 
Uence 

+ &c. = 2(a? - a)» + S(y - Vf + 2(z - c)\ 

where the summation is extended to each of ^the n points. 
For the maximum or minimum value, we have 

-r- = %Mjx - a) = %vkx - 2Sa = o, 
ax ^ 

— = 2S(y - J) = iny - 2S6 = o, 

-r = 22(s - c) = ana - aSc = o, 

2a _ 26 _ 2c 
n n n 



i. e. a?05 yo> 2o are the co-ordinates of the centre of mean positi 
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of the given points. This is an extension of the result ests* 
Wished in Art. 154. 
Again 

d^u _ d^u __ <Pu _^ ^^ _ St. 

dx^ ' dy^ ' dz^ ' dxdi/ 

The expressions (10) and (11) are both positive in this case, 
and hence the solution is a minimum. 

It may be observed Mrith reference to examples of maxima 
and minima that in most cases the circumstances of the prob- 
lem indicate whether the solution is a maximum, a minimum, 
or neither, and accordingly enable us to dispense with the 
labour of investigating Lagrange*s conditions. 
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2. 



Examples. 

Find the mft-giniiim or minim nm values of 

ax -^hy -^ e 

ax-^ by ^ e 

V ** ■»■ y* + * 

3. a* + y* - «■ + «y - y*. 

(a), jr s o, If =r o, a maximum. 

(/3). x^y^ ± -| a minimum. 

(y). jp =s — y = ^ , a minimum. 

4. cc* + 6xy 'k' ds? ^ Ixz •{■ mys 

X = y = z — o, neither a maximum nor a minimum. 

5. Find the minimum value of 

7«* + 6y" + 5a« - 4* - 4y - 6a. 

(6). If u=(u^f/' —x^—sfiy^f prove that « = -, y = -, makes u a maximum. 

7. Prove that the value of the minimum found in Art. 162 is the -th part 

of the sum of the squares'of the mutual distances hetween the ft points, taken 
two and two. 

8. Find the maximum value of 

(oa + *y + ez) e - «"** - /8 V* - t"»!1. 

9. Find the values of x and y for which the expression 

(aix + hy + fi)' + (ogx + % + f2)« I- . . . + («»« + bny + Oi)* 
becomes a minimum. 
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CHAPTER XI. 

METHOD OF UNDETERMINED MULTIPLIERS APPLIED TO THE INVES- 
TIGATION OF MAXIMA AND MINIMA IN IMPLICIT FUNCTIONS. 

1 63. Method of Undetermined Multipliers. — In many cases 
of maxima and minima the variables which enter into the 
function are not independent of one another, but are con- 
nected by certain equations of condition. 

The most convenient process to adopt in such cases is 
what is styled the method of undetermined* multipliers. We 
shall illustrate this process by considering the case of a func- 
tion of four variables, which are connected by two equations 
of condition. 

Thus, let u - (p (^i, X2j aJa, ^4), 

where Xi, X2, ajj, x^ are connected by fche equations 

•^lyXli '^2i *''3» Xi) = O, Jc2\Xiy fl/2i ^3> •^4} ** 0« (1/ 

The condition for a maximum or a minimum value of u 
evidently requires the equation 

dfb , dd> . d(b ^ d(b , 

-7^ oa?! + -7^ ajTa + ■—- axi + .— dx^ = o. 

axi ax2 axz axi 

Moreover, the diflFerentials are also connected by the rela- 
tions 

dF, . dF, . dF,- dF, . 

- — dxx + -; — dXi + - — dxz + -1 — dXi - o, 

dxi dX'z dxz dxi 

dF^ ^ dFi ^ dF^ ^ dF^ ^ 

- — dxx + -^ — dc2 + -rr dxs -f dXi = o. 

dxi dXi dx^ dXi 

Multiplying the first of the two latter equations by the arbitrary 

- -| --M- I ■ I — -I — I -■ -^ 

* This method is also due to I.agrange. See M^c. Aaal., tome 1, p. 74. 
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quantity Xi, the other hy X21 and adding their sum to the pre- 
ceding equation, we get 



fdi, . dF, . dFA _ fd^ . dF, . dF,\ 
\dxi dxi dxi J \dx2 dx^ dx^ ) 

fd<i, , dF^ . dFA , fd(p . dF, , (/FA , 
\dx^ aa?3 flw?3 / \dx^ dxi 0x4 J 

As Xi, X3 are completely at our disposal, we may suppose 
them determined so as to make the coefficients of dxi and dxt 
vanish. Then we shall have 

/dtp . dFi . dF2\ ^ fd<p . dFi . ai?;\ , 
\ar3 dxz dx^J \dxi dxi dx^j 

Again, since we may regard ^3, x^ as independent variables^ 
and a?!, x^ as dependent on them in consequence of the equa- 
tions (i), it follows that the coefficients of di^^s and dxi in the 
last equation must be separately zero ; consequently we must 
have 

d<h ^ dFi . dFi 

-7^ + Xi T— + A» -7— = o. 
ax^ (IX3 aXi 

d^ \ ^ X — = 
dxi dxi dxi 

These along with equations (i), and 

d(ti dFi dFi 



+ Xi ~, — + X 



dxi dxi dxi 

ddt . dFi ^ dFi 
-y- +X1-7— +A2-r— = o. 
00^2 dx^ ax% 

are theoretically sufficient for the determination of the six 
unknown quantities, a?!, ^2, arj, a?4, Xi, X2 ; and so to furnish a 
solution of the problem in general. 

This method is especially applicable when the functions 
Fxf jFif &c., are homogeneous ; for if we multiply the preceding 
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diflFerential equations by x^ i^2» ^s» a?4» respectively, and add, 
we can often find the result with facility by aid of Exder's 
Theorem of Art. loo. 

There is no difficulty in extending the method of undeter- 
mined Multipliers to a function of n variables, Xij x^, o^, . . . 
asnj the variables being connected by m equations of condition 

-Pi = O, jPj =» o, i^3 = o, ... jPm = o, 

m being less than n ; for if we differentiate as before, and 
multiply the differentials of the equations of condition by the 
arbitrary multipliers, Ai, A2, . . . Xm respectively, by the same 
method of reasoning as that given above we shall have the 
n following equations, 

dij, dFi . dFm 

dXi ax\ <JiX\ 

d^ . dF, . dF^ 

IZ2 "*" ^^ 'IZT + • • • + A«, -3— - o. 
' aar ax^ ax^ 

diff . dFi . dF„ _ 

— — + Ai —z — + . . . + Am — — O. 
dXn dZn dXn 

These, combined with the m equations of condition, are theo- 
retically sufficient for the determination of the m + n unknown 
quantities 

•Ti, .Tj, . . . iPn» Ai, A2« . . . Am* 



Examples. 

« 

I. To find the area of the maxiinum triangle inscribed in a given circle. 
Let 22 denote the radius of the circle, A, £, C the angles of an inscribed 
triangle, u its area ; then 

u = — = = 2 J2^ sin ^ sin ^ sin CI 

Also -4 + ^ + C e 1800, .•. dA-\-dJi + dC= o, 

and sin C^sln B cos AdA -t- sin ^ sin (7 cos BiB + sin ^ sin B cos OdC o, 

whence sin A sia B cos Cs sin A sin C cos ^ = sin B sin Ccos A*^\; 
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and consequently tan A s tan B = tan (7; hence A = B^ C=^ 600 ; 

and therefore the triangle is equilateraL 

2. Find a point snch that the sum of the squares of the perpendiculars drawn 
from it to the sides of a given triangle shall he a minimum. 

Let X, jf, Zf denote the perpendiculars : a, b, c, the sides of the triangle, then 

u = a^'^ff* + z^iato'beti minimum, 

also oo; + ^ + M = douhle the area of a triangle = 2^ (suppose). 

. •. scdx + yrfy + zdz = o, tzdx + bdy + «fo = o, 

.'. x = \a, t/ = \b,s^\e; multiplying these equations hy x, t/, z, respectiyely , 
and adding, we ohtain 

ax-\-by + at== X(fl« + *« + <^), or X = - — . 

2Aa 2Ab lAe 

which determine the position of the point. The minimum sum is ohviously 

4A« 
•a* + b* + c^' 

3. Similarly, to find a point such that the sum of the squares of its distances 
from fourgiyen planes shall be a minimum. Suppose A^ By C, J) to represent 
the areas of the faces of the tetrahedron formed by the four planes ; a;, y, e, w, 
the perpendiculars on these feuses respectiyely ; then, as in the preceding example, 
we have 

Ax 4* ^y + Cz + Dw = three times the Yolume of the tetrahedron = 3 F (suppose), 
and « = a:' + y* + ^ + «>*, a minimum. 

. • . xdx -I- jfdy + zdz + wdw = o, 
Adx + Bdy + OiW + Ddw = o, 
hence » = X^, y =■ \B, z = X(7, tr s \J) • 



and proceeding as before we get m = 



-4« + ^ + (7» + -D* 



4. To proYC that of all rectangular parallelepipeds of the same volume the 
cube has Ihe least sur&ce. 

Let X, y, z represent the lengths of the edges of the parallelepiped ; then, if 
A denote ike given yolume, we have 

xf/z = A, and xy -^ xz + yz a, minimum. 
. • . yzdx + xzdy + xydz = o, 
(y ■*■ z) dx + (x + z)dy •\- (x + y) dz = o, 
hence yz = \{y-\- «), x« = X (« + «), xy = X{x + y); 

from which it appears immediately that x = y = z. 



ig2 



Method of Undetermined Multipliers. 



1 64. To find tlM Mairima and Kfiwhna Values of 

asf + hy^ + cz* + ihxfy + igxz + ifyz^ 

where the variables are connected by the equations 

Lx + My + Nz = o, and ic* + y* + s* = i. 

In this case we get the following equations : 

ax -^thy \ gz -^^ XJu + \'^ = o 
Jix-k-by +fz + Ai-Jf + Aay •= o 
gx -^fy -^ cz -\- AiiV+ Xjz =0. 

Multiply the first by «, the second by y, the third by r, and 
add; then 



Hence 



u + Aa = o, or A2 = - w. 

{a-u) X •\-hy + gz + \iL = o 

hx-¥ {b - u)y +fz + Ai-3f = o 
gx ^-fy + {c -v)z-\- \iN = o 



Xa? H- JTy + JVl? 



= o 



eliminating Xy y, 2, and Ai, we get the determinant equation 



a- w, 



K g, L 

b-u, f, M 

/, c-u, N 

M, N, o 



= o. 



(2) 



The roots of this quadratic determine the maximum and mi- 
nimum values of u. 

' The preceding result enables us to determine the principal 
radii of curvature at a given point on any surface. See 
** Salmon's Surfaces," Art. 289. 



JBispressionfar Measure of Curvature. 
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Again, the term independent of u in this determinant is 
evidently 

Oy hj fff L 

A, *, /, M 

and the coefficient of w* is Z' + -Sf ' + iV*. Accordingly, the 
product of the roots of the quadratic (2) is equal to the 
fraction whose numerator is the latter determinant and de- 
nominator, L^ + IP + iV*. From this can be immediately 
deduced an expression for the measure of curvature* at any 
point on a surface. 



* Salmon's Surfaces, Art 400. 
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k* 



4; + «J ...+a«« 



Examples. 

1. Find the minimixm yalue of 

J^ + «» + ,-+... + a?„«, 

where d;i,^ . . . Xm are subject to the condition 

«i«i + fla^i + . . . + OnSCn = Ar. Ana. 

2. Find die maximum yalue of 

where the variables are subjeet to the condition 

ax + bp + ez = k. 

6 

3. If tan - tan ^ = m find when sinO — msin^isa maximum. 

2 2 

4. Find the maximum value of (x + z) (y 4- 1) (« 4- i) where (fllnK^ — A. 

{log{J«iO}» 



ulfM. 



27 . log a . log b . log c 



5. Find the volume of the greatest rectangular parallelepiped inseiibed in 
the ellipsoid whose equation is 

9^ V* ifl ^ %abe 

»» ^ ^ lyi 

6, Find the max. or the min. values of u being given that 

u = «■«« + jy + c'*', «• + y8 + «« = I, and ^d? + my + mc s o. 
Proceeding by the method of Art. 164, we get 

a'« + X« + f«/ = o, i«y + Xy + /iw = o, c«z -I- X« + ftM = o. 
Again, multiplying by «, y, z, respectively, and adding, we get X s > m, 

.*. (« — a^)x = fil, (U'-lf^)y = fAnif (« - c*) « = /in. 
Hence the required values of m are the roots of the quadratic 



+ Ti + : = o- 



u - a* u ^ b^ u - e* 
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* af* y* *• 
7. Given t + ^ + :i *= '» ^^^ fe + my + we = o, find when «• + y« + «« is a 

m a xifmiTn or mininmm. Proceeding as in the last example, we get the quad- 
ratio 

«*/• *2fn« <?>«* 

■I- 7- + = O. 



This question can be at once reduced to the last by substituting in our equations 
Wj bffy and esj instead of x, y, s. 

S. Insdibe in a given circle a triangle, having two of its sides in a given 
ratio, and such that the sum of the third side and the pexpendicular on it from 
the opposite angle shall be a maximum. 

9. Divide the quadrant of a circle into three parts such that the sum of 
the products of the sines of every two shall be a max. or a min. ; and determine 
which it is. 

10. Of all polygons of a given number of sides circumscribed to a circle the 
regular polygon is of minimum area ? For, let 0i, ^, . . . 0w be the external 
angles ik the polygon, then its area can be easily seen to be 



r«ftan^ + tan^+.. .+ tan^l 



whera ^1 + ^ • • • + 0» = 27r. 

Henco ^1 = ^ = ^3 = • • • = ^w 

11. Of all polygons of a given number of sides circumscribed to any closed 
oval curve which has no singular pointsp that which has the minimum area 
touches the curve at the middle point of each of the sides. 

12. Given the ratio sin ^: sin 1^ and the angle B, find when the ratio 
sin (^ + 0) : sin (^ + 0) is a maximum or a minimum. 

13. Required the dimensions of an open cylindrical vessel of given capacity 
■0 that the smallest possible quantity of metal shall be employed in its construc- 
tion, the thickness of the base and sides being given. 

Ans, Its altitude must be equal to the radius of its base. 

14. Show how to determine the maximum and minimum values oix^ 4 y' ■{ e' 
subject to the conditions 

(a;» + y» + «»)» = a^x* 4 42y« + c*«» 
fe 4 wy 4- n2 = o. 

15. Of all triangular pyramids having a given triangle for base, and a given 
altitude above that base, find that of least surface. 

2 
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CHAPTER XII. 



ON TANGENTS AND NORMALS TO CURVES, 

165. Equation of the Tang^ent. — If (07, y\ {xu ^1)9 be the CO- 
orcUnates of any two points, P, Q, taken on a curve, and if 
(X, T) be any point on the line which joins P and Q; then 
die equation of the line PQ is 

X\ — X 

If now the point Q be taken 
infinitely near to P, the line PQ 
becomes the tangent at the point 
P, and, as in Art. 8, we have for 
its equation 

r-, = (z-.)| (,) 

where X, T are the co-ordinates of any point on the line, and 
or, y those of its point of contact. 

If the equation of the curve be of the form/(^, y) = o, 
and if /(a?, y) be denoted by w, we have from Art. 98, 






du 


dy 


dx 


dx 


" du' 




dy 



and hence the equation of the tangent becomes 



,— . du du 



(2) 
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The points on the curve at which the tangents are par- 

du 
allel to the axis of x must satisfy the equation — = o ; they 

are accordingly given by the intersection of the curve, «* = o, 

du _ 

with the curve whose equation is ^ = o» The y co-ordinates 

at such points are evidently in general either maxima or 
minima. 

Similar remarks apply to the points at which the tangents 
are parallel to the axis of y. 

To find the tangents parallel to the line, y = mx + n. The 
points of contact must evidently satisfy 

du du 

-7- + w-^- = o. 
ax dy 

The points of intersection of the curve represented by this 
equation with the given curve are the points of contact of the 
system of parallel tangents in question. 

The results in this Article evidently apply to oblique as 
well as to rectangular axes. 



Examples. 
I. To find the equation of the tangent to the ellipse 

«» "*" *2 "■ '• 

_ au 2x du 2y 

Here -— = — , — - = -^, 

ax a* ay o^ 

and the required equation is 

xX yY a;> //» 
a^ h^ a^ 0^ 

1. To find the equation of the tangent to the oux'vw 
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Taking the logarithmic differentials of both sidea, we get 

n m dy _^ ^ dy _ ny 

X y dx * " dx mx' 

and the equation of the tangent hecomes 

nX mY 

— H = m + w. 

X y 

If we make X = o, and F= o, separately, we get — : — x and y for 

n m 

the lengths of the intercepts made by the tangent on the axes of x and y, res- 

pectiyely. This result furnishes an easy geometrical method of drawing the 

tangent at any point on a curve of this class. 

If m = I, « = I, the preceding equation represents a hyperbola ; if m = 2, 
and n — — i, it represents a parabola. 

3. Find the equation of the tangent at any point on the cunre 

"« + !;;-'• '^^' + —7 — = '• 

4. If two curves, whose eq^uations are denoted by t# = o, «' = o, intersect in 
a point (x, y), and if a> be their angle oi intersection : prove that 

du du' du' du 

dx dif dx du 

~ du du* du du* '' 

dx dx dy dy 

5. Hence if the curves intersect at right angles we must have 

du du' du du 
dx dx dy dy 

6. Apply this to find the condition that the curves 



X* y2 X2 yi 



should intersect at right angles. 
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166. lUiiuiti0B of Normal. — Since the normal at any point 
on a carve is perpendicular to the tangent, its equation, when 
the co-ordinate axes are rectangular, is 



or 



du du 

dy dx 



(3) 



Examples. 



I. Find th6 equation of the nonnal at any point (s, y) on the ellipse 



+ F='- 



Ant, — — = a> - ^. 

X y 



3. Find the equation of the normal at any point on the curye 



y*" = a**» 



Am, nYy '\- mXx = ny« + mx^. 



167. SuMaageni and Subnomial. — In the accompaQjdng 
figure, let PT represent the tan- y 
gent at the point P, PN the 
normal; OM^ PM the co-ordi- 
nates of P ; then the lines TM 
and MN are called the subtan^ 
gent and subnormal correspond* O 
ing to the point P. ^^^' ^• 

To find the expressions for their lengths, let = Z PTM^ 




then 



PM dy 



MN , dy 

-r-—- = tan (L = -7-, 
PM ^ dx 



dy 
dx 
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The lengths of PT and PN are sometimes called the 
lengths of the tangent and the normal at P : it is easily seen 
that 



^*-»j-(ij- ''■= 



w-dl. 



dx 



Examples. 

1. To find the length of the subnormal in the ellipse 

TT dy }? 

Here y 3- = - -: « ; 

the negatiye sign signifies that MNia measured from M in the negative direc- 
tion along the axis of x, i. e. the point N lies between M and the centre \ as 
is also evident from the shape of &e curve. 

2. Prove that the subtangent in the logarithmic curve, y » a*, is of constant 
length. 

3. Prove that the subnormal in the piEurabola, y' ^px, is equal to -. 

2 

4« Find the length of the part of the normal to the catenary 

X X 



V''-[^-'"'), 



intercepted by the axis of x. Am, - . 

5. Find at what point the subtangent to the curve whose equation is 

xy* = a^(a — a:), 
is a minimum, 

168. Perpendicular on the Tan^rent. — Let p be the length 
of the perpendicular from the origin on the tangent at any 
point on the curve 

F{x, y)^Cy 

then the equation of the tangent may be written 

X cos cu + F sin (u « /?, 
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where m is the angle which the perpendicular makes with the 
axis of X. 

Denoting F{x^ y) by tf, and comparing this form of the 
equation with that in (2)> 

du du du du 

T- -7- ^T + y T- 

dx dy cw? ay X / \ 

we £cet ■ = ; ^ = -^ = A (suppose). 

° cos 01 sm a» p \ jtit • 



Hence 



"Xdx) \dyj 



du du 



and r d^ dy _ ^^^ 



j/du^ (duV 



Cor. If F(x, y) be a homogeneous expression of the n'* 
degree in x and y, then by Euler's formula, Art. 100, we have 



du du 
dx dy 



^ — + y 3- = wti = nc, 



and the expression for the length of the perpendicular be- 
comes 



nc 



du^ /du\ 
Jx) "^ \dy) 

169. In the ourve 




iffn <i.ffi 



— + r- = I 



to prove tliftt 



pm-i = {a cos w)"*-^ + (J) sin ai)»»^. 
By Ex. 3, Art. i6j, the equation of the tangent is 
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a"* b^ 

comparing this with the form 

Xcos (u + J^sin cu = p, 

cos 01 

we get s 



1 



or 



fa cos w Y*"* ^ 



pm-i 




smcii 


ym-l 


a'*' 


P 


6"*' 


/J sin 


(ii 


r « 


y 



Hence, substituting in the equation of the curves we obtain 
the result required. 

170. I1OC118 of foot of perpendioular In the same our^ro. — 

Let Jt, y be the co-ordinates of the point in question, and 

X Y 

we have evidently, cos cu =— , sinw =— ; substituting these 

values for cos cu and sin ai in (5), it becomes 



tn tn tn 



(Z» + F*)"»-* = (aX)^-"^ + (b Y)'^\ 

since p' = X* + Y\ 

171. Another form of equation to tangent. — If the equation 
of a curve of the n'* detjree be written in the form 

0(^> y) = «*n + Wfi-i + Wfi-a + • • • + th + Ui + Uo- O9 

where Un denotes the homogeneous part of the n** degree in 
the equation, u„., that of the (n - 0'*> &^'y ^^^^ by Cor, 
Art. 10 1, we have 

dx ay ^ 
Hence the equation of the tangent in Art. 165 becomes 
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X— + F-^ + Un.x + 2\in.2 + . . . + WWo = o, (6) 

ax dy ' \ / 

an equation of the (n - i)** degree in x and y. 

172. ITumber of Taagents fkwni aa external point. — To find 
the number of tangents which can be drawn to a curve of the 
»** de^ee from a point (a, j3), we substitute a for X, and /3 
for Fin (6), and it becomes 

o — +]3^ + Wii.i + 2Wii-3 + . . . + nwo = o. (7) 

This represents a curve of the (n - i)** degree in x and y, 
and the pomts of its intersection with the given curve are the 
points of contact of all the tangents which can be drawn from 
the point (a, /3) to the curve. Moreover, as two curves of 
the degrees n and n- 1 intersect in general in n{n- i) 

{)oints, real or imaginary ("Salmon's Comes," Art. 214), itfol- 
ows that there can in general be n(n - i) real or imaginary 
tangents drawn from an external point to a curve of uie n^^ 
degree. 

If the curve be of the second degree, equation (7) becomes 

an equation of the first degree, which evidently represents 
the polar of (a, /3) with respect to the conic. 
In the curve of the third degree 

tt, + 1/, + Wi + Wo ■= o, 
equation (7) becomes 

a -r- + iS ^ + tta + 2Wi + -^Wo = O, 

dx ^ dy J » 

which represents a conic that passes through the points of 
contact of the tangents to the curve from the point (a, jS). 

This conic is called the polar conic of the point. For the 
origin it becomes 

W.2 + 2Mi + 3W0 = O. 



204 On Tangents and Normals to Curves. 

173. Kumber of Kormals whioli pass throug^h a given point. 

' — If a normal pass through the point (a, j3), we must have 
from (3), 

This represents a curve of the n* degree which intersects the 
given curve in general in n* points, real or imaginary, the 
normals at which all pass through the point (a, j3). 
For example, the points on the ellipse 



r>2 afl 



at which the normals pass through a given point (a, /3) are 
determined by the intersection of the ellipse with the hyper- 
bola 

xy{a^ - b") = a^ay - H^fix. 

For the modification in the results of this and the pre- 
ceding article arising from the existence of singular points on 
the curve, the student is referred to Salmon's " Higher Plane 
Curves," Arts. 81 and 119. 

1 74. Direotion of the Tangent. — If the length of the arc ot 
a curve, measured from a fixed point A, on it, be denoted by 
«, then an infinitely small portion of it is represented by ds. 
Again, if (^^ represent the angle QPL (fig. 7), we have 

, PL . . , QL 

^^^ * " FQ' ^'"^ * PQ ' 

but in the limit, PL = rf^, QL = di/, and PQ = ds, and also ^' 
becomes PTX, or 0. 
Hence 

dx . dtj 

cos^ = -, 8in^=-; (8) 

squaring and adding, we get 
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175. Polar Go-ordinates. — ^TLe position of any point in a 
plane is determined when its distance from a fixed point 
called a poky and the angle which that distance makes with a 
fixed line, are known ; uiese are called the polar co-ordinates 
of the point, and are usually denoted by the letters r and 0. 
The fixed line is called the prime vector ^ and r is called the 
radius vector of the point. 

The equation of a curve referred to polar co-ordinates is 
generally written in one or other of the wrms, 

r=/(fl),orJ'(r, fl) = o, 

according as r is given explicitly or implicitly in terms of 0. 
Also if be positive when measured 'above the prime vector, 
it must be regarded as negative when measured below it. 

176. Angle between Tangent and Xladliw Vector. — Let Obe 

the pole, P and Q two near points on the 

curve, PJf a perpendicular on OQ, OP 

= r, POX = 6, and yf^ the angle between 

the tangent and radius vector. 

PM PM 

Then tan OQP = ^, sin OQP = ^ 

QM Ph 

cos OQP = tyd • ^^* ^ *^® V^t when ^ 

Q and P coincide, the angle OQP be- Fig. 9. 

comes equal to i/^, and* 




or 



Also 



QM dr 


PM rdd ^ . 

-=77: = —7-, at the same t 

PQ ds 


; dr 

COS ^ « ^, 


. , rdd ^ . rd0 
Bm\L= —r, tan ^ = -—- 
^ ds dr 



frdOy fdr\ 



I. 



(10) 



(") 



These results can be easily established from Art. 38. 
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These results are of imporfcence in the general theory of 
curves. 

177. Application to the Xaog^aiitliniio Spiral. — The curve 
whose equation is r = a* is called the logarithmic spiral. In 
this curve we have 

, , rdO I 

*^^^ = ^=l^a 

Accordingly the angle between the radius vector and the 
tangent is constant. On account of this property the curve 
is also called the equiangular spiral. 

178. Polar Subtangent and Sabnormal. — Let ON^ be drawn 
perpendicular to PT, the tangent at P, g 
and OT perpendicular to OPj meeting *" 
the tangent m T, and the normal in 8. 
The lines OTand O/S are called the polar 
subtangent and subnormal, for the point 
P. To find their values, we have 

Or= OP tan OPT=rtan^^t '''"^^ 



OS = OP tan OPS = r cot;/.- 



dr " 

dr -) 
dO' I 



Also if t^ = -, OT 
r 



dO I 
du J 



> 




179. Sxpresaion for Perpendionlar on Tan^^ent. — As be- 
fore, let p = OiV, then 

. , r^dO 
p^rsinrp^—, 



hence 



ds^ dr^ + T^dO^ dr* 



or 



jt>» r*de^ r*de* 

I , fdu\ 



7^rffl» 



+ ^. 



(13) 



The equations in polar co-ordinates of the tangent and 
the normal at any point on a curve, can be found without 
difficulty : they have, however, been omitted here as they are 
_Q^|||le or no practical advantage. 
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Examples. 

I. To find the length of the peipendioiilar from a focus on the tangent to an 
ellipse. 



The focal equation of the curre is 

r as ^ 7, 

1 —eOOflO 



I — e oos 



, or M = 



«(.-^)' 



hence 



du emB 



d9 a(i-««)' 



I __!+#■- atfCOsO I / a« \ 

2. Frore that the pokr subnormal is constant in the cunre r » 00. 



180. lirrer«e Onrvea. — If on any radius vector OPy drawn 
from a fixed origin a point, P^ be taken, such that the 
rectangle OP . OP^ is constant, the point P^ is called the in- 
verse of die point P; and if P describe any curve, P^ de- 
scribes another curve called the inverse of the former. 

The polar equation of the inverse is obtained immediately 

from that of the original curve by 

i' . 
substituting — instead of r in its 

equation ; where ** is equal to the 
constant OP . OP. 

Again, let P, Q be two points, 
and P\ Of the inverse points ; then 
since OP . 0P'= OQ . 0Q\ the four 
points P, Q, Off P, lie on a circle, 
and hence the triangles OQP and q 
OP^Q^ are equiangular. 




Fig. II. 



PQ OP OP .OQ OP . OQ 
•*• P'Q' ^00!^ OQ.OQ" k^ ' 



(14) 



Again, if P, Q be infinitely near points, denoting the 
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lengths of the corresponding elements of the curve and its 
inverse by da and d8\ the preceding result becomes 



^2 



ds^r^ds'. (15) 

181. Direction of the Taagrent to the Inverse Curve. — Let 

the points P, Q belong to one curve, and P^, Ql to its inverse ; 
then when P and Q coincide, the lines PQ, T'Q! become the 
tangents at the inverse points P and V ; again, since the 
an^e 8PF' = the angle SQ'Q, it follows that the tangents at 
P and P' form an isosceles triangle with the line PP', 

By aid of this property the tangent at any point on a 
curve can be drawn, whenever that at the corresponding point 
of the inverse curve is known. 

182. Equation to the Inverse of a given Curve. — Suppose 
the curve referred to rectangular axes drawn through the 
pole 0, and that x and y are the co-ordinates of a pomt, P, 
on the curve, X and Y those of the inverse point, P' ; then 

£^ OP _ OP . OP _ A» • 1 1 y A;» 

X " OP " OP'' ~ X» + r^' smiuaxly y^ X^+T^ 

hence the equation of the inverse is got by substituting 

and ^ 



• 



x^ -\- y^ /p2 + y» 

instead o(x and y, in the equation of the original curve. 

Again, let the equation of the original curve, as in Art. 
171, be 

Wfi + Wft.1 + Un.9 + . . . + Wi + tio = o. 

When — 5 and , ^ , are substituted for x and Vi w* 

becomes evidently ^. 

Accordingly the equation of inverse curve is 

A»»Wn + k^'^un.i (a?» + y^) + k^-^un.2 («* + y*)* + . . . 

+ tto («' + y*)* = o. (16) 
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For instance, the equation of a coni6 is of the form 

W3 + Wi + Wo = o ; 
hence that of its inverse with respect to the origin is 
¥ui + hhii (ai^ + f) + Wo (x^ + fy = o, 

which represents a curve of the fourth degree of the class 
called " bicircular quarries." 

If the origin be on the conic, the absolute term Uq va- 
nishes, and the inverse is the curve of the third degree repre- 
sented by 

k'^th + «i (a:' + y*) = o. 

This curve is called a ** circular cubic." 

If the focus be the origin of inversion, the inverse is a 
curve called the Lima9on 01 Pascal. The form of this curve 
will be given in a subsequent chapter. 

183. Pedal Curves. — If from any point as origin a per- 

I)endicular be drawn to the tangent to a given curve, the 
ocus of the foot of the perpendicular is called the pedal of the 
curve with respect to the assumed origin. 

In like manner, if perpendiculars be drawn to the tan- 
gents to the pedal, we get a new curve called the second pedal 
of the original: and so on. With respect to its pedal, the ori- 
ginal curve is styled the first negative pedal, &c. 

184. Tangent at any point to the Pedal of a given Curve. — 
Let ON", ON^ be the perpen- 
diculars from the origin 
on the tangents drawn at two 
points P and Q on the given 
curve, and Tthe intersection of 
these tangents, join NN^ ; then 
since the angles ONT and 
ON'T are right angles, the 
quadrilateral ON'NT is in- 
scribable in a circle, 

r.L ON'N^L OTN. 
p 
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In the limit when' P and Q coincide, Z OTN ^ L OPN, 
and NN' becomes the tangent to the locus of N ; hence the 
latter tangent makes the same angle with ON that the tan- 
gent at P makes with OP. This property enables us to draw 
the tangent at any point N on the peaal locus in question. 

Again, \i p' represent the perpendicular on the tangent at 
2Vto the first pedal, from similar triangles we evidently have 

P . 

Hence if the equation of a curve be given in the form 

r =f(p)f that of its first pedal is of the form — , =f{p)* in 

which p and p^ are respectively analogous to r and p in the 
original curve. In like manner the equation of the next pedal 
can be determined, and so on. 

185. Xleciprooal Polars. — If on the perpendicular ON a 
point P^ be taken, such that OP^ . ON is constant (k^ sup- 
pose), the point P' is evidently the pole of the line PN with 
respect to the circle of radius k and centre ; and if all the 
tangents to the curve be taken, the locus of their poles is a 
new curve. We shall denote these curves by the letters A 
and jB, respectively. Again, by elementary geometry, the 
point of intersection of any two lines is the pole of the line 
joining the poles ofthd lines.* Now if the lines be taken 
as two infinitely near tangents to the curve A, the line join- 
ing their poles becomes a tangent to £ ; accordingly the tan- 
gent to the curve B has its pole on the curve A. Hence A 
is the locus of the poles of the tangents to B. 

In consequence of this reciprocal relation, the curves A 
and B are called reciprocal polara of each other with respect 
to the circle whose radius is i. 

Since to every tangent to a curve corresponds a point on 
its reciprocal polar, it follows that to a number of points in 
directum on one curve correspond a number of tangents to 
its reciprocal polar, which pass through a common point. 

. Again, it is evident that the reciprocal polar to any curve 
is the mverse to its pedal with respect to the origin. 

We have seen in Art. 172 that the greatest number of tan - 



Townsend's " Modern Geometry,** voL L, p. 219. 
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gents from a point to a curve of the n* degree in n(ri - i ) ; 
hence the greatest number of points in which its reciprocal 
polar can be cut by a line is n (n - i), or the degree of the 
reciprocal polar is n(n - i ). For the modification in this re- 
sult arising from singular points in the original curve, as well 
as for the complete discussion of reciprocalpolars, the student 
is referred to Salmon's " Higher PI. Curves." 

As an example of reciprocal polars we shall take the curve 
considered in Arts. 169, 170. 

If r denote the racHus vector of the reciprocal polar cor- 
responding to the perpendicular p in the proposed curve, we 
have 

Substituting this value for p in equation (5), we get 



m 



(7) 



m »» 



• = (a cos w)"*"* + (6 sin cu) "" , 



2m m m 

or jfe«-i = [axy^ + (byY^\ 

which is the equation of the required reciprocal polar. 

The theory of reciprocal polars indicated above admits of 
easy generalization. Thus, if we take the poles with respect 
to any conic section ( U) of all the tangents to a given curve 
A9 we shall get a new curve B ; and it can be easily seen as 
before that the poles of the tangents to B are situated on the 
curve A. Hence the curves are said to be reciprocal polars, 
with respect to the conic U, 

It may be added that if two curves have a common pointj 
their reciprocal polars have a common tangent ; and if the 
curves touch, their reciprocal polars also touch. 

For illustrations of the great importance of this "principle 
of duality," and of reciprocal polars as a method of investiga- 
tion, the student is referred to Salmon's Conies, ch. xv. 

186. Theorem. — If the polar equation of a curve be 

to prove that (17) 

P 2 
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Taking the logarithmic diflFerentials of the given equation 

dv cos TnQ 

we get -TT. = -; 7; = cot wfl, or cot ^L = cot mO, 

rau sin mu 

hence xp = mO, and sin xp = sin mO, also r smxp =p; 

/. p = r sin mO = — . 

The same result can be readily arrived at for the curve 

Moreover, the preceding results evidently hold for all 
values of m, whether postog or negative, integral 01 fractional ; 
accordingly, if the sign of m be changed, the equation of the 
curve becomes 

but by the preceding we have in this case 

7*"»»+i = a'^p, or pr"*"* = a***. 

The student will find no difiSculty in giving an independent 
proof of the latter result. 

From Art. 181, it is evident that the curves r^ = a"* cos mO 
and r^ cos mO = a^ are inverse to each other with respect to a 
circle of radius a. 

Examples. 
I. The equation of a parabola referred to its focus as pole is 

r (i + cos0) = 20, 

to find the relation between r and^. 

g 

Here r* cos - = ai, and consequently^' = ar, 

2 

m elementary property of the curve. 
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1. The «qiuitioii r'axiO — ifl lepneeata an equilateral hTperboU, hence 
prove thai pr = a', 

3. The nqnation r* = a> cca 36 lepreeects a Leumiscate of Benionlli; find 
the equation connecting }i and r in this case. Aiu. r* = a*p. 



It is erident that the caidioid is the inverse of a parabola with reapect te 
ita focQB ; and the Lemniacate that of an equilateral hyperbola with reapect to 
its centre. Accordingly to can easily draw the taDgenti at aoy point on either 
ofthesecurreaby aid of the Theorem of Art. 181. 

187. Xsprewlon fbr PJV. — To find the value of the inter- 
cept between the point of con- 
tact P and the foot iV of the 
perpendicular from the origin 
on the tangent at P. 

Let p =0N. m=L NOA, 
PN= i,then lNTIT = I NON' 
- A «, also SN' = TS sin STW, 

.: T8= . t^„, \ botinthe 
sin NON' 



limit when PQ is infinitely small, -; — JjKfj' 
T8 becomes PN or t. 

dp 




'-^- o») 



dm dill 

On reference to the last figure we have 

ds ,. . ^PT+ TQ dt ,. . f.QN' - 

-r- = limit of -, -r- = ""Hit of - 

du> Au> oit> a 

but PT+ TQ- QN' + PN'TN- TN', 
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hence -j- = limit oi = limit of 

ds ^ dt , 

dti) dtt) 

This result Is of importance in the Integral Calculus in 

connexion with the rectijfication of curves. 

dt) 
If -7- be substituted for t, the preceding formula becomes 
d(o 10 

ds d?p , V 

This shape of the result is of use in connexion with cur- 
vature, as will be seen in a subsequent chapter. 

189. Curves Symmetrical with respect to a Idne, and 
Centres of Curves. — It may be observed here that if the 
equation of a curve be unaltered when y is changed into - y, 
then to every value of x correspond equal and opposite values 
of y, and, when the co-ordinate axes are rectangular, the curve 
is symmetrical with respect to the axis of x. 

In like manner, a curve is symmetrical with respect to 
the axis of y if its equation remain unaltered when the sign 
of X is changed. 

Again, if when then the change x and y into - x and - y the 
equation of a curve remains unaltered, ^y^ij right line drawn 
through the origin and terminated by the curve is divided 
into equal parts at the origin. This takes place for a curve 
of an even degree, when the sum of the exponents of x and 
y in each term is even ; and for a curve of an odd degree 
when the like sum is odd. Such a point is caUed the centre* 
of the curve. For instance, in conies when the equation is of 
the form 

ar^ + 2hxy + hy^ *= <?, 



* For a general meaning of the word ** centre" as applied to curves of 
higher degrees, see Chasles "Aper<^ Historique," p. 233, note. 
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the origin is a centre. Also if the equation of a cubic* be re- 
ducible to the form 

t/3 + Ml » o, 

the origin is a centre, and every line drawn through it is bi- 
sected at that point. 

Thus we see that when a cubic has a centre, that point 
lies on the curve. This property holds for all curves of an 
odd degree. 

It should be observed that curves of higher degrees than 
the second cannot generally have a centre, for it is evidently 
impossible by transformation of co-ordinates to eliminate the 
requisite number of terms from the equation of the curve. 
For instance, to seek whether a cubic has a centre, we sub- 
stitute X + a for a;, and ]r + /3 for y, in its equation, and 
equate to zero the coefficients of X*, XY and Y^^ as well as 
the absolute term, in the new equation ; as we have but two 
arbitrary constants (a and j3) to satisfy four equations, there 
will be two equations of condition among its constants, in 
order that the cubic should have a centre. The number of 
conditions is obviously greater for curves of higher degrees. 

* This name has been given to cnryes of the third degree hj Br. Salmon, in 
his " Higlier Plane Coryes,** and has been generally adopted by subsequent 
writers on the subject 
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ExiJfPLES. 

1. Find the lengths of the subtangent and subnormal at any point of the curve 

v> 
y« r= c^-^x. Ana, na?, — . 

nx 

2. Find the subtangent to the curve 

nx 

3. Find the equation of the tangent to the curve 

mX nT 

ggm = (^nun. Ana, = m - «. 

X y 

4. Show that the points of contact of tangents from an external point to the 
curve 

are situated on a hyperbola. 

;. In the same curve prove that the portion of the tangent intercepted be- 
tween the axes is divided at its point of contact into segments which are to each 
other in a constant ratio. 

6. Find the equation of the tangent at any point to the hypocycloid, iri + y* 
= oi ; and prove that the portion of the tangent intercepted between the axed 
is of constant length. 

7. In the curve a;*» -«- y» = a», find the length of the perpendicular drawn 
from the origin to the tangent at any point, and find also .the intercept made by 
the axes on the tangent 

8. Find the length of the normal at any point in the catenary 

y- Aec -^ e « J. Ana, ^-, 

9. Find an expression for the polar subtangent to the curve 

r (e^ + r^) = a. 

10. The co-ordinates of any point in the cycloid satisfy the equations 

« = o (0 - sin 0), y = a (i - cos By, 
prove that the auglo which the tangent at the point makes with the axi0 of y 

u 
IS - . 

2 
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Here -/^ = -— = cot -. 

oa;* ox 2 

11. Proye that the locus of the foot of the perpendicular from the pole on 
the tangent to an equiangular spiral is the same curve turned through an angle. 

12. Prove that the reciprocal polar, with respect to the origin, of an equi- 
angular spiral, is another spiral equal to the origmal one. 

13. An equiangular spiral touches two given lines at two fixed points, prove 
that the locus of its pole is a circle. 

14. If two curves intersect at any angle, prove that their inverse curves in- 
tersect at an equal anglel 

15. Find the equation of the inverse of a conic, the focus being the pole of 
inversion. 

16. Apply Art. 167, to prove that the equation of the inverse of an ellipse 
with respect to any origin is of the form 

2ap = OFi . pi + OF2 . p2t 

where Fi and F2 are the foci, and p, pi, pa represent the distances of any point 
on the curve from the points 0,fi and /a respectively; where /i and /a are the 
points inverse to the foci, JPi and ^a* 

17. The equation of a Cartesian oval is of the form 

r-\-kr' = af 

where r and r' are the distances of any point on the curve from two fixed points, 
and a, k are constants. Prove that the equation of its inverse with respect to 
any origin is of flie form 

api + jSpa + ypz = o> 

where pi, pa, pa are the distances from any point on the curve from three fixed 
points, and a, j3, y are constants. 

18. In general prove that the inverse of the curve 

api + /3pa + yp3 ■= o 

with respect to any origin, is another curve whose equation is of similar form. 

19. In the cardioid, r = a (i + cos d), prove geometrically, and also analy- 
tically, that the angle between the radius vector and the normal at any point 
. 

18 -. 

2 

20. Find in terms of 0, the angle which the radius vector makes with the 
normal at any point on the curve 

r^ = am cos mO. 
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21. Find the equation of the reciprocal polar of the curre 

rt cos - = a*. 
3 

with respect to the origin. 

22. Find the equation of the reciprocal polar to the curve 

r« cos m0 = a"». Ana, rm- » cos = <p»»^«. 

m — 1 



23. In the ellipse —+- = 1, ifa;=«8in0 



prove that 3- = ay/i - ^ sin*^* 

24. If ds be the element of the arc of the inverse of an ellipse with respect 
to its centre, prove that 

,„ a V^.i — ^ sin** , , a* — 6* 

ds = ffl-^ : d6, where n = — rr— . 

6» I + « sin*^ ^' 4* 

25. If w be the angle which the normal at any point on the ellipse 

- + ^ = I, makes with the axis-major, prove that 
or It 

J' dfa 



a (I - ^ sin'oiji* 



26. Express the differential of an elliptic arc in terms of the semi-axis major, 
fi, of the confocal hyperbola which passes through the point 



/a«- a* 



27. A Cartesian Oval is the locus of a point, P, such that its distances, PM, 
PM\ from Uie circumferences of two given circles are to each t)ther in a constant 
ratio ; prove geometrically that the tangents to the oval at P, and to the circles 
fit M and M* meet in the same point. 

28. In the curve, f«>» = a^ cosm9, prove that 

d9 M 



dO *»-! ' 

(cos m6) 



m 
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29. If the co-ordinates of eyery point on a curve satisfy the equations 

a; = <; sin 20 (i + cos 20), y = <; cos 20 (i — cos 20), 

proTe that the tangent at any point makes the angle with the axis of x. 

30. If the radius vector, OP, drawn from the origin to any point P on a 
curve be produced to Pi, until PPi be a constant length ; prove that the normal 
at Pi to the locus of Pi, the normal at P to the ori^nal curve, and the perpen- 
dicular at the origin to the line OP, all pass through the same point. 

This follows immediately from the value of the polar subnormal given in 
Art 178. 

31. If a constant length measured frt)m the curve be taken on the normals 
along a given curve, prove that these lines are also normals to the new carve 
which is the locus of their eztiemities. 

33. An angle of constant magnitude moves in such a manner that its sides 
constantly touch a given plane curve ; prove that the normal to the curve de- 
scribed by its vertex, P, is got by^ joining P to the centre of the circle passing 
through F and the points in which the sides of the moveable angle touch the 
given curve. 

33. IfF{x, y) = o be the equation to any plane curve, and the angle be- 
tween the p^endicular from the origin on uie tangent and the radius vector to 
the point of contact, prove that 

dF dF 
y — — X — 
dx dy 
tan = ■' 

^ dF dF 

X — +y — 

dx dy 

34. Show that the first positive pedal of the curve r"* cos in0 = a*" is the 
curve 

*** «. ♦» 
— in 

r»-«»cos s tfi •• 

I —m 

35. Show that the first negative pedal of r» cos m0 = a"* is 

<i» ^^ tn 

fi-Mw COS ■ = d\*m 

36. Prove that the polar reciprocal of the first positive pedal (Bernoulli's 
Lemniscate) of an equilateral hyperbola, with regard to the equilateral hyper- 
bola, is the first negative pedal. 

37. The equation of an ellipse of Cassini is rr « aby where r and r' are the 
distances of any point P, on the curve from two fixed points, A and B. If be 
the middle point otAB, and FN the normal at P, prove that L AFO = L BFN. 
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CHAPTER XIII. 

ASYMPTOTES. 

T 90. Intersection of a Curve and a Right Iiine. — Before enter' 
ing on the subject of this chapter it will be necessary to 
consider briefly the general question of the intersection of a 
right line with a curve of the n^^ degree. 

Let the equation of the right line be y = a*^ + v, and sub- 
stitute fix -h V instead of y in the equation of the curve ; then 
the roots of the resulting equation in a represent the abscissae 
of the points of section of the line and curve. 

Moreover, as this equation is always of the w** degree, it 
follows that everi/ right line meets a curve of the n^ degree in n 
points^ real or imaginary^ and cannot meet it in more. 

If two roots in the resulting equation be equal, two of the 
points of section become coincident, and the line becomes a 
tangent to the curve. 

Again, suppose the equation of the curve written in the 
form of Art. 171, viz. : 

then, since Un is a homogeneous function of the n* degree 
in X and y, it can be written in the form x^f^ ( ) 5 similarly 

Wn.i = ^""/iff ) ^n-2 = ^*"Vs(|\ &C. 

And accordingly, the equation of the curve maybe written, 
Substituting ju + - for -, in this it becomes 



ir X 
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Or, expanding by Taylor's Theorem, 



V* 



(I . 2 

+ /2(/l)) +&C. = 0. (2) 

The roots of this equation determine the points of section in 
question. 

We add a few obvious conclusions from the results arrived 
at above : — 

1°. Every line must intersect a curve of an odd degree in 
at least one real point ; for every equation of an odd degree 
has one real root. 

2°. A tangent to a curve of the n'* degree cannot meet it 
in more than (n - 2) points besides its point of contact. 

3°. Every tangent to a curve of an odd degree must meet 
it in one other real point, besides its point of contact. 

4®. Every tangent to a curve of the third degree meets 
the curve in one other real point. 

191. Definition of an Asymptote. — An asymptote is a 
tangent to a curve in the limiting position when its point of 
contact is situated at an infinite distance. 

1°. No asymptote to a curve of the n^^ degree can meet it 
in more than (n - 2) points distinct from that at infinity. 

2°. Each asymptote to a curve of the third degree inter- 
sects the curve in one point besides that at infinity. 

192. Method of finding the Asymptotes to a Curve of the 
n'* Degree. — If one of the points of section of the line y-pLX-\- v 
with the curve be at an infinite distance, one root of equa- 
tion (2) must be infinite, and accordingly we have in that* 
case 

fo (/i) = 0. (3) 



♦ This can be easily established by aid of the reciprocal equation ; for if we 

substitute - for a; in equation (2), the resulting equation in z will have one root 

z 

zero when its absolute term vanishes, i e. when/o(/A) = o ; it has two roots 
zero when we have in addition vfa (/li) +/i(f*) = o ; and so on. 
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Again, If two of the roots be infinite, we have in addition 

v/o' ill) + /i Cm) = o. (4) 

Accordingly, when the values of ji and v are determined 
so as to satisfy the two preceding equations, the correspond- 
ing line 

meets the curve in two points in infinity, and consequently 
is an asymptote. (Salmon's " Conies," Art. 1 54.) 

Hence, if ^1 be a root of the equation /o(ju) = o, the line 

is in general an asymptote to the curve. 

If/i(Ac) = o a^d foifx) = o have a common root (jxi sup- 
pose), the corresponding asymptote in general passes through 
the origin and is represented by the equation 

In this case Un and Un-\ evidently have a common factor. 

The exceptional case when/o'(^) vanishes at the same 
time will be considered in a subsequent Article. 

To each root of fo(fi) = o corresponds an asymptote, and 
accordingly, evert/ curve of the vf" degree has in general n 
asymptotes^ real or imaginary. 

From the preceding it follows that every line parallel to 
an asymptote meets the curve in one point at infinity. This 
also is immediately apparent from the geometrical property 
that a system of parallel lines may be considered as meeting 
in the same point at infinity — a principle introduced by De- 
sargues in the beginning of the seventeenth century, and 
which must be regarded as one of the first important steps in 
the progress of modern geometry. 

Cor. No line parallel to an asymptote can meet a curve 
of the n'* degree in more than (n - i) points besides that at 
infinity. 

Since every equation of an odd degree has one real root, 
it follows that a curve of an odd degree has one real asymp- 
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tote, at least, and has accordingly an infinite branch or 
branches. Hence no curve of an odd degree can be a closed 
curve. 

For instance, no curve of the third degree can be a finite 
or closed curve. 

The equation /© (/i) = o when multiplied by x^ becomes 
«n = o ; consequently the n right lines, real or imaginary, 
represented by this equation are, in general, parallel to the 
asymptotes of the curve under consideration. 

In the preceding investigation we have not considered 
the case in which a root of/o(/4) = o either vanishes or is in- 
finite ; i. e. where the asymptotes are parallel to either co- 
ordinate axis. This case will be treated of separately in a 
subsequent Article. 

If all the roots of/© (m) = o be imaginary the curve has no 
real asymptote, and consists of one or more closed branches. 



ExAlfPLES. 

To find the asymptotes to the fbllowmg curves : — 

1. y* = aar* + «*. 

Substituting fiX ^v for y, and equating to zero the coe€5lcients of x^ and x* 
separately in the resulting equation, we obtain 

jLiS — I = o, and 3/i*v = a, 

•••/* = *» »' = ^; 

hence the curve has but one real asymptote, yiz., 

a 
y = a? + -. 

3 

2. y* — aj* + 2<M:2y = i«j;«. 

Here the equations for determining the asymptotes are 

/i* - I = o, and 4n^v + 20/1 = o ; 

accordingly, the two real asymptotes are 

a a 

v = z- , and y + a; + - = o. 
2 2 

3. x» + 3a;V - xy* - 3y8 + a^ - 2a:y + 3y« + 4a; + 5 = o. 

« 3 I 5 

An8,y-\-- = -, y = aj+, y\x--. 
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T93. Case in wUoh Uf^-o represents the n Assrmptoies. — 

If the equation of the curve contain no terms of the (n — i)'* 
degree, that is, if it be of the form 

Un + Un-z + Un-z + &C. . . . + t^i + Mo = O, 

the equations for determining the asymptotes become 

Adi) = o, and vfo\ii) = o. 

The latter equation gives 1/ =- o, unless fo{fi) vanishes along 
with/o (fi), i. e, unless /o(ju) has equal roots. 

Hence, in curves whose equations are of the above form 
the n right lines represented by the equation «^n = o are the 
n asymptotes, unless two of these lines are coincident. 

rhis exceptional case will be considered in A rt . 196. 

The simplest example of the preceding is that of the hy- 
perbola 

ax^ + 2hxy + by'^ = c, 

in which the terms of the second degree represent the asymp- 
totes (" Salmon's Conies," Art. 195). 

EXOIFLES. 

Find the asymptotes to the curves 

1. xy^ - a?*y = a* (« + y) + b\ Ans, a? = o, y = o, » - y = o. 

2. Ans, y* - a;' = a^x. Ans. There is but one real asymptote, viz., y - » = o. 

3. ar* — y* M al^xy + i*y*. Ana, a? + y = o, a? — y = o. 

194. Asymptotes parallel io the Co-ordinate Axes. — Sup- 
pose the equation of the curve arranged according to powers 
of X, thus 

a^pc^ + {uiy + J)a?'*'* + &c. = o ; 

then if Oo = o and aiy + 6 = o, or y = , two of the roots of 

the equation in x become infinite ; and consequently the line 
Ciy + 6 = o is an asymptote. 
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ff . • 

In other words, whenever the highest power of x is want- 
ing in the equation of a curve, the coefficient of the next 
highest power equated to zero represents an asymptote 
parallel to the axis of x. 

If flo =s o and 6 = 0, the axis of x is itself an asymptote. 

If aJ" and a^^ be both wanting, the coefficient of a;""* repre- 
sents a pair of asymptotes, real or imaginary, parallel to the 
axis of X ; and so on. 

In like manner, the asymptotes parallel to the axis of y 
can be determined. 

Examples. 

Find the asymptotes in the following curves 

1. y*« — ay* = x* — oaf + b\ An», « = o, y = a:+o, y4-a? + a = o. 

2. y («•- ^bx + 2**) = ar' - ^ax* + a\ «= *, «= 2*, y + 3a = a; + 3ft. 

3. »*y« = fl*(a?* + y*). a; = + o, y =+ «. 

4. flf*y« = a* (or* -y*). y+a = o, y-« = o. 

5. y*a — y«x = «'. The only real asymptote is, r -^^3L 

19^. Parabolio Branches. — Suppose /o (/i) = o has equal 
roots, then/o' (jUi) vanishes along with/o(ju), and the cor- 
responding value of V found from (5) becomes infinite, unless 
,A (/i) vanish at the same time. 

Accordingly, the corresponding asymptote is, in general, 
situated altogether at infinity. 

The ordinary parabola, whose equation is of the form 

(ax + fiyY = bs -{-my + n., 

furnishes the simplest example of this principle, having the 
line at infinity for an asymptote. (See " Salmon's Conies," 
Art. 2S4-) 

Branches of this latter class belonging to a curve are 
called parabolicy while branches having a finite asymptote are 
called hyperbolic. 

196. From the preceding investigation it appears that the 
asymptotes to a curve of the n'* degree depend, in general, 
only on the terms of the n'* and the (n - i)'* degrees in its 

Q 
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equation. Consequently, all curves which have tlie same terms 
of the two highest degrees have generally the same asymptotes. 

There are however exceptions to this rule, one of which 
will be considered in the next Article. 

197. Parallel Asymptotes. — We shall now consider the 
case where /o (ju) » o has a pair of roots equal to /ii, suppose, 
and where/i (jui) = o, at the same time. 

In this case the coefficients of a:** and x^'^ in (2) both 
vanish independently of v, for the root jui ; we accordingly 
infer that all lines parallel to the line y = jjliX meet the curve 
in two points at infinity, and consequently are, in a certain 
sense, asymptotes. There are however two lines which are 
more properly called by that name ; for substituting jui for /tx 
in (2), the two first terms vanish, as already stated, and 
the coefficient of a?**"^ becomes 



V* 



•/o''(/ii) + i//(iuO+/2 0^i): 



I . 2 

hence, if v\ and vi be the roots of the quadratic 



v^ 



/o"(Mi) + v//()uO+/a(/ii) = o, (6) 



I . 2 

the lines y = fiiX + vi, and y = i^ix + V2 

are a pair of parallel asymptotes, meeting the curve in three 
points at infinity. 

If the roots of the quadratic be imaginary, the correspond- 
ing asymptotes are also imaginary. 

Again, if the term w„.i be wanting in the equation, and if 
/o (/i) = o have equal roots, the corresponding asymptotes are 
given by the quadratic 



v^ 



I . 2 



/o''(Mi)+/8(/1i) = 0. 



In order that these asymptotes should be real, it is neces- 
sar)r that/2 (mi) and/o'^(^,) should have opposite signs. 

There is no difficulty in extending the preceding investiga- 
tion to the case where/, (/i) ^=0 has three or more equd roote. 
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Examples. 

1. (« + y)* (x* -I- y* + xy) - a*y* + tfi{x-y). 

Here /o (/*)= (» + /*)* ('+/* + mO. /i 0*) = ©» /i W = - «>% 

.-. /*l = - I, /o"(Mi) = 2, /2(/il) = - fl% 

accordingly vi = «, V2 = - a, 

and the corresponding asymptotes are 

y + as — a = o, and y + « + a = o. 
The other asymptotes are evidently imaginary. 

2. a?* (a? + y)* + 2ay* (« + y) + Sa^jy + a^y = o. 

Here /o 0*) = (' + /*)% /i W = *«/** (' + m)» f2M=^a*lJt, 
.-. /ii = -i, /o"0<i)=2, /i'(A<0=2a, /2(f«i) = -8«% 
and the corresponding asymptotes are 

^y + a? — 2a = o, and y + dp -f 4a = o. 

198. If the equation to a curve of the n^ degree be of the 
form 

(y + ao: + /3) ^i + ^2 = o, 

where the highest terms containing x and y in ^, are of the 
degree w - i, and those in ^2 are of the degree w - 2, at most, 
the line 

y + a;r + /3 = o 

is an asymptote to the curve. 

For, on substituting -- ax - /3 instead of y in the equation, 
It is evident that the coefficients of a;" and a^~^ both vanish; 
hence by Art. 192, the liney + oa; + /3 = o is an asymptote. 

Conversely, it can be readily seen that if y+ aa; + p be an 
asymptote to a curve of the n'* degree its equation admits of 
being thrown into the preceding form. 

In general, if the equation to a curve of the n^ degree be 
of the form 

(y + «iir4 j3|) (t^ + ao.r + /32) • • . (3^ + a„a?4 /3„) + 02 = 0, (j) 

Q 2 
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viiere ^ ^fmsains no ten ^ag^er cm the (« - 2)^ degree, 
the fines 



are the n asyuiplotes rftfaecmre. 

This follows at once as in the case consideied at the com- 
mencement of this Article. 

For example, the asymptotes to the cmre 

:ry (x + y ^ a,) (x + y + m^)^ lir^l^jf^o 

are eridentlj the four lines 

^ = 0, y = o,ir + y + iri = o, x — y + at = o. 

If the cnnre be of the third^degree ^ is of the first, and 
accordingly the equation of such a curre, having three real 
asymptotes, may be written in the form 

(y + a,aj+/3i)(y + 02a?+^i)(y + ajar+ft) + iF+my + n = o. (8) 

Hence we infer that the three points in which the asymp- 
totes to a cubic meet the curve lie in the same right line^ viz., 

& + my + n = o. 

The student will find a short discussion of a cubic with 
throe real asymptotes in a subsequent Chapter. 

f 99. To prove that, in general, the distance of a point in any 
hrwnoh of a curve from the corresponding asymptote diminishes 
indeflnitely as its distance from the origin increases indefinitely, 

Ify -f aa? -f j3 - o be the equation of an asymptote, then, 
ttd in the preceding Article, the equation of the curve may 
be writt(3n m the forin 

(y -f cur + )3) 01 + 02.= o, 
if at least one degree lower than 0i in x and y. 
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Hence y + ax +./3 = - — , 

and the perpendicular distance of any point (xo^ t/o) on the 
curve from the line iy + o^ + j3 = o is 



— / , > or - — 



I + o^ \0iA 



where the suffix denotes that Xo and t/o &re substituted for x 
and y in the functions ^i and ^2. 

Now when Xq and yo are taken infinitely great, the value 
of the preceding fraction depends, in general, on the terms 
of the highest degree (in x and y) in 0i and 02, and since the 
degree of 02 is one lower than that of 0i, it can be easily seen 

by the method of Ex. 7, Art. 87, that the fraction — be- 

^^ 
comes in general infinitely small when x and y become infi- 
nitely great. Hence the distance of the line y + ax -h fi from 
the curve becomes infinitely small at the same time. 

It is not considered necessary to go more fully into this 
discussion here. 

The subject of parabolic and other curvilinear asymp- 
totes is omitted as being unsuited to an elementary treatise. 
Moreover, their discussion, unless in some elementary cases, 
is both indefinite and unsatisfactory, since it can be easily 
seen that if a curve has parabolic branches the number of its 
parabolic asymptotes is generally infinite. The reader who 
desires full information on this point, as well as the discussion 
of the particular parabolas called osculating, is referred to a 
paper by M. Plucker, in Liouville's Journal, vol. i., p. 229. 

200. Asymptotes in Polar Co-ordinates. — If a curve be re- 
ferred to polar co-ordinates the directions of its points at an 
infinite distance from the origin can be in general determined 
by making r = 00, or w = o in its equation, and solving the re- 
sulting equation in 0. The position of the asymptote corres- 
{)onding to any such value of d is obtained by finding the 
ength of the corresponding polar subtangent, i. e. by finding 

the value of -7- corresponding to u = o. 
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dQ 
It should be observed that .when -^ is positive, the 

asymptote lies above the corresponding radius vector, and 
when negative, behw it ; as is easily seen from Art. 178. 

If we suppose the equation of tne curve when arranged in 
powers of r to be 

r»/o(e) + 7^'^ A («) + ... + r/^i (0) +/„ {0) = o, 
the transformed equation in u is 

^fn{9) + U^-'U,{e) + . . . + l//i (9) +/o(») = 0: (9) 

consequently, the directions of the' asjrmptotes are given by 
the equation 

/o(e) = o. (10) 

Again, if we differentiate (9) with respect to 0, it is easily 
seen that the values of -^^ corresponding to t* = o are given 
by the equation 

• /. (6) ^ +/o' (fl) = o, (n) 

provided that none of the functions 

A (9), MO). . . .M9) 

become infinite for the values of© which satisfy equation (10). 

Consequently, if a be a root of the equation /o (0) = o, the 

curve has an asymptote making the angle a with the prime 

vector, and whose perpendicular distance from the origin is 

It is readily seen that the equation of the corresponding 
asymptote is 

rsin («-«) + A^> = o. 
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This method will be best explained by applying it to one 
or two elementary Examples. 



Examples. 

I . Let the curve be represented hj the equation 

r = a (sec + tan 0). 
cos 9 



Here 



u = 



a (i + sin &) ' 



when ss — we have « = o, and -;t = 

,2 ' d9 2a 

The corresponding polar subtangent is 20, and hence the line perpendicular 
to the prime victor at the distance 20 from the origin is an asymptote to the 
curve. 

Again, if 9= — , the polar subtangent » 2a; and thus we get another 

2 

asymptote, &c. 

2. r = a (sec m9 + tan mO), 

coa m9 



Here 



n s 



a (i +8inm0)' 



When = — we have « =0, and -;r = , 

2i» * dB 2a 

whence we get one asymptote. 

Again, when = — ; « = o, and — = — , which giws the position of a 

2fn du 2a 

second asymptote. 

On making = — , we get a third asymptote, and so on. 

2in 

3. Find the asymptote to the curve 

r* sin (0 - a) + ar sin {9 - 2a) + a" = o. 
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201. Asymptotic CIroles. — In some curves referred to 
polar co-ordinates, when B is infinitely great the value of r 
tends to a fixed limiting value, and accordingly the curve 
approaches more and more nearly to the circular form at the 
same time : in such a case the curve is said to have a cir- 
cular asymptote. 

For example, in the curve 

aO 
r = 



« + 



so long as is positive r is less than a, a being supposed 
positive ; but as increases with each revolution, r contmually 
increases, and tends after a large number of revolutions to 
the limit a ; hence the circle described with the origin as 
centre and radius a is asymptotic to the curve, which always 
lies inside the circle for positiveyalues of 6. Again, if we assign 
negative values to B similar remarks are applicable, and it is 
easily seen that the same circle is asymptotic to the corres- 
ponding branch of the curve ; with this difierence, that the 
asymptotic circle lies within the curve in the latter case, but 
outside it in the former. The student will find no difficulty 
in applying this method to other curves, such as 

aO ^ aff^ aCe + cosfl) 

'^ " fl -f sin fl' '^'^Q^^^a^' "^"IT^T' 
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Examples. 

Find the equations of the asymptotes to the following cuiTes :^ 

1. y (a* - a;*) = V^ (la; + e). Ana, y = o, a;+a = o, a; — a = o. 

2. ar* — a:*y» ^ ^^f^ + i* = o. a; + y = o, a: - y = o, a? = o. 

3. o^ — rrV'* + ** + ^* — »* = o- Jr- 1 = 0, x+i = o,«-y5=o, a: + y = o. 

4. (a + ar)2 (**-»*) = «V ' = o- 

5. (» + a;)2 Ci* + a;«) = ic^g^. a? = o, y=a? + a,y + ic + a = o. 

1^ 6. «Sy — 2sfiy* + a-^' = o^x* + l^y^ x = o, y = o, x - y = o. 

T. afi - 4a?y« - 3a;* + i2a;y — I2y2 + ga; + 2y + 4 = o. 

^«j. a; + y = o, a; — 2y = o, a? + ly = 3. 

8. a;2y* - «« (a: + y)* - 3a'y2 — a* = o. a: + 2a = o, a; — « = o. 

9. If the equation to a curve of the third degree be of the form 

t 

«3 + «1 + «0 = O, 

the lines represented by M3 = o are its asymptotes. 

10. If the asymptotes of a cubic be denoted by a = o, j8 = o, 7 = o, the 
equation of the curve may be written in the form 

a/37 = ^a + jB/3 + Cy, 

1 1 . In the logarithmic curve 

y = ci^. 
prove that the negative side of the axis of a; is an asymptote. 

1 2. Find the asymptotes to the curve 

r cos nQ = a. 

13. Find the asymptotes to 

r cos mQ =a coswO. 

14. Show that the curve represented by 

x^ + abx — axij — o 
has a parabolic asymptote, x'^ \ hx ■{■ h* - a\j , 
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IS' Find the circular asymptote to the curve 



r = 



00 + 6 



1 6. Find the condition that the three asymptotes of a cubic should pass 
through a common point. 

Let the equation of the curve be written in the form 
«o + 3*0* + 3% + y^ + ^«i*y + %cj^ + <^' + Zdisd'y + 3<fery* + %' == o/ 



then the condition is 

do d\ d% 

di d^ rfs = o. 

^'O ^1 c% 

This result can be. easily arrived at by substituting x + a and y + jS instead 
of X and y in the equation of the cubic, and finding the condition that the part 
of the second degree in the resulting equation should vanish. See Art. 198. 

17. When the preceding condition is satisfied show that the co-ordinates, a 
and /3, of the point of intersection of the three asymptotes are g^ven by the 
equations 

^ C\di — eod2 ^ _ cpdi — cirfp 
di/ii — rfi* dQd2 '- di* 

1 8. If from any point, 0, a right line be drawn meeting a curve of the »** 
degree in J2i, B%^ . . . Rn% and its asymptotes in n, rj, . . . r», prove that 



ORi + 0B% + . . . + ORn = Ori + Ora + . . . + Or, 



ft* 



N. B. — The terms of the n<* and (« - i)** degrees are the same for a corw 
and its asymptotes. 

19. If a right line be drawn through the point (a, 0) parallel to the MJ^j! 
tote of the cubic (x — a>' - at'hf = o, prove that the portion of the line intercepted 
by the axes is bisected by the curve. 

ao. If from the origin a right line be drawn parallel to any of the asymptoteB 
of the cubic 

y («c* + ^hsy + V + V* + */y + - *• = o» 

show that the portion of this line intercepted between the origin and the Une 
9S +/y + « = o is bisected by tiie curve. 
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CHAPTER XIV. 

MULTIPLE POINTS ON CURVES. 

1 the following elementary discussion on multiple 
of curves the method given by Dr. Salmon in his^ 
er Plane Curves" has been followed, as being the 
t and at the same time the most comprehensive me- 
r their investigation. The discussion given here is to 
jded as merely introductory to the more general in- 
don in that treatise, to which the student is referred 
. information on this as well as on the entire theory 
es. 

commence with the general equation of a curve of the 
:ee, which we shall write in the form 

■¥ boX -\- bit/ 
+ CqX^ + CiXf/ + C2y* 
+ &c. + &c. 

+ IqX^ + lix^'^i/ + &c. + 4y" = o, 

le terms are arranged according to their degrees in 
ig order. 

m written in the abbreviated form of Art. 171 the 
ig equation becomes 

Wo + Wi + ^2 + . . . + Un-i + Wn = O. 

commence with the equation in its expanded shape 
pose the axes rectangular. Transforming to pola 
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co-ordinates by substituting r cos and r sin instead of x 
and y, we get 

Oo + (^0 cos + 61 sin Q)r 

+ (co COS/0 + Ci cos sin + Ci sin *0) r* + . . . 

+ (/o cos "0 + li cos ■■*0 sin + ... + /, sin "0) f* = 0. ( i ) 

If0 be considered a constant, the n roots of this equation 
in r represent the distances &om the origin of the n points of 
intersection of the radius vector with the curve. 

If Oo = o, one of these roots is zero for all values of ; as 
is also evident since the origin lies on the curve in this case. 

A second root will vanish, if, besides Oq = o, we have 
60 cos + ^1 sin = o ; the radius vector in this case meets 
the curve in two consecutive points* at the origin, and is con- 
sequently the tangent at that point. 

The direction of this tangent is determined by the equa- 
tion 

fto cos + 61 sin = o ; 

accordingly the equation of the tangent at the origin is 

hffl + 6iy = o- 

Hence we conclude that if the absolute term be wanting 
in the equation of a ourve, it passes through the origin, and 
the linear part {ui) in its equation represents the tangent at that 
point. 

If ho - o, the axis of a; is a tangent ; if 61 = o, the axis of 
y is a tangent. 

The preceding, as also the subsequent discussion, equally 
applies to oblique as to rectangular axes, provided we sub- 
stitute mr and nr for x and y ; where 

sin(«ii-0) J sin 

7/1 = — ; i, and n = -: ; 

sm cm sm w 

w being the angle between the axes of co-ordinates. 



* Two points which are infinitely close to each other on one branch of a curve 
are said to be consecutiye points on the curve. 
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From the preceding we infer at once that the equation of 
the tangent at the origin to the curve 

x^ (a^ + y*) = a (a? - y) 

is a? - y = o, a line bisecting the internal angle between the 
co-ordinate axes. In like manner the tangent at the origin 
can in all similar cases be immediately determined. 

203. Bqnation of Taa^ent at any Point. — ^By aid of the 
preceding method the equation of the tangent at any point 
on a curve whose equation is algebraic and rational, can be 
at once found. For, transferring the origin to that point, 
the linear part of the resulting equation represents the tangent 
in question. 

Thus if/(a?, y) = o be the equation of the curve, we sub- 
stitute X + a?i for a?, and Y+ j/i lory, where (a?i, yi) is a point 
on the curve, and the equation becomes 

f{X + xu F+yi) = o; 
hence the equation of the tangent referred to the new axes is 

\dxji \ dy/x ~ 

On substituting x - Xi^ and y - y^ instead of X and Y we 
obtain the equation of the tangent referred to the original 



axes, VIZ. 



(. - .,) (I). .&-.,) (I), = o. 

This agrees with the result arrived at in Art. 165. 

204. DonUe Points. — If in the general equation of a curve 
we have Co = 0, 6© = o, 61 «= o, the coefficient of r is zero 
for all values of 0, and it follows that all lines drawn through 
the origin meet the curve in two points, coincident with the 
origin. 

The origin in this case is called a double point. 

Moreover, if be such as to satisfy the equation 

Co cos '0 + Ci cos sin + C2 sin ^0 = o. 
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the coefficient of r^ will also disappear, and three roots of 
equation ( i ) will vanish. 

As there are two values of satisfying equation (2) it 
follows that through a double point two lines can be drawn, 
each meeting the curve in three coincident points. 

The equation (2) when multiplied by r^ oecomes 

CqX^ + Ciitt/ + c^y* = o. 

Hence we infer that the lines represented by this equa- 
tion connect the double point with consecutive points on the 
curve, and are consequently tangents to the two branches of 
the curve passing through the double point. 

Accordingly when the lowest terms in the equation of a 
curve are of the second degree (ua)) the origin is a double 
point, and the equation u, » o represents the pair of tangents at 
that point. 

For example, let us consider the Lemniscate whose equa- 
tion is 

(^ + yf = «* (^' - y^)' 

On transforming to polar co-ordinates its equation becomes 

r* = aV« (cos*0 - sin^tf), or r* = a' cos 20. 

Now when = o, r = ± a, 
and if we confine our atten- 
tion to the positive values of 
T we see that as increases / 

from o to -, r diminishes ^ 
4 

from a to zero. When 0> - 

4 

and < — , r is imaginary, &c., *^" ^^ 

4 
and it is evident that the figure of the curve is as annexed 

having two branches intersecting at the origin, and that the 

tangents at that point bisect the angles between the axes ; the 

equations of these tangents are 

X -\- y = Oy and a* - y = o ; 
re sults which agree with the preceding theory. 




NodeSy Cusps, and Conjugate Points. 
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Fig- '5. 



205. Modes, Cnsps, and Conjngate Pc^ts. — ^The pair of 
lines represented by 1*3 = o will be (i) real and distinct, 
(2) coincident, or (3) imaginary, according as the roots of 
equation (2) are real and unequal, real and equal, or imagi- 
nary. 

Hence we conclude that there are three kinds of double 
points — 

(i). For real and unequal roots, the 
tangents at the double point are real 
ana distinct, and the point is called a 
node; arising from the intersection of 
two real branches of the curve, as in 
the annexed figure. 

(2). If the roots be equal, i. e. if Mj 
be a perfect square, the tangents coin- 
cide and the point is called a cusp : the two branches of the 
curve touching each other at the point. 

These points are distinguished into two classes, accordinty 
as the branches are restricted to one side of the double point, 
or extend to both sides. 

We shall style the former class single cusps, or cusps 
simply, and the latter double cmps. This class arises from 
the existence of two consecutive cusps ; see Salmon's "Higher 
Curves," Art. 31. Cusps are again 
subdivided into two species, as the two 
branches lie at opposite, or at the same 
side of the common tangent. The 
former are styled* cusps of the first 
species y the latter those of the second 
species. The distinction is exhibited in 
the annexed figures. When the curve 
extends at both sides of the double 
point, it is sometimes called a point of 
osculation ; however as the two branches 
do not in general osculate each other, we prefer to style them 
double cusps. Cusps are called points de rebroussement by 



Fig. 16. 




Fig. 17. 



* The name cusp is employed exclusively by Dr. Salmon with reference to 
this class of double point, as the other classes involve singularities of a higher 
order. 
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French writers. A more complete discussion of the different 
cUsses of cnsp» will be given in a subsequent chapter. 

(^). If the roots of Mj be imaginary, the tangents are 
imaginary, and the double point is called a conjugate or isola- 
ted point ; the co-ordinates of the points satisfy the equation of 
the curve, but the curve has no real points consecutive to this 
point, which lies altogether outside or inside the curve itself. 

It should be observed also that in some cases the origin is 
a conjugate point even when t<2 is a perfect square, as will be 
more fully explained in a subsequent chapter. 

We add a few elementary examples of these different 
classes for illustration. 



ExAlklPLEfl. 

Here the origin is a node, the tangents bisecting the angles between the axes of 
co-ordinates. 

2. ay* = z"*. 

In this case the origin is a cusp of the first species ; this curve is called the 
semi-cubical parabola. 

3. y* = 4^ (« + «). Aru, The origin is a cusp of the first species. 

4. (y— a5*V = «*. Here the origin is a cusp; also y = «<+d:i ; 

hence, when x is less than unity both values of y are positive, and consequently 
the cusp is of the second species. 

5. * («• + yO = *'. An9. The origin is a conjugate point. 

6. a' — 3a*y + y' = o. 

Ans, The two branches at the origin touch the co>ordinate axes. 

206. Double Points in General. — In order to seek the 
double points on any algebraic curve, we transform the oricrin 
to a point (.r,, t/i) on the curve ; then, if we can determine 
values of ir„ y, f or which the linear part disappears from the 
resultincr equation, the new origin {x^ y,) is a double point on 
the curve. 
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From Art. 203 it is evident that the preceding condition 
gives 



(I).- »<!).=- 



moreover since the point (xi, yi) is situated on the curve, 
we must have 

/(a?i, yi) = o. 

As we have but two variables, x^ Vu i^ order that they 
should satisfy these three equations simultaneously, a con- 
dition must evidently exist between the constants in the 
equation, viz., the condition arising from the elimination of 
d?i, yi between the three preceding equations. 

Again, if the curve has a douole point (^1, yi), when the 
origin is transferred to it the terms of the second degree in 
the resulting equation are evidently 



x" 






Accordingly the lines represented by this quadratic are 
the tangents at the double point. 

The point consequently is a node, a cusp, or a conjugate 
point, according as 

A^y j/^ ^' =' "^ n^M¥V' • 

It may be remarked here that no cubic can have more 
than one double point; for if it have two, the line joining 
them must be regarded as cutting the curve in four points, 
which is impossible. 

Again, every line drawn through a double point on a cubic 
must meet the curve in one, and out one, other point ; ex- 
cept the line be a tangent to either branch of the cubic at 
the double point, in wmch case it cannot meet the curve else- 
where, the points of section being three consecutive on one 
branch. 

In many cases the existence of double points can be seen 
immediatelv from the equation of the curve ; a few instances 
are added for the sake of illustration. 
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Examples. 

To find the position and nature of the double points in the foDoving 
euTYes : — 

I. (&c - cy)« = (r - ay. 

The point » » a, y s — , is evidently a cusp 

of the first species, at which bx — ep =o is the 
tangent, as in the accompanying figure. 



2. 




species 
3- 



Fig. i8. 



The point a? = a, y = <?, is a cusp of the first 

The point j/tso,x = — a\B& conjugate point 
4. a* + yl = «i. 

The points x = o, y = ± a ; and y = o, :r = + a, are easily seen to be eospiB. 

207. Parabolas of the Third Degree. — The following 
example* will assist the student towards seeing the distinc- 
tion, as well as the connexion, between the different kinds of 
double points. 

Let y^ ^ {x - a) (x - b) {a - c) 

be the equation of a curve, where a < b < c. 

Here y vanishes when x = a, oi x-b, otx = c; accordingly, 
if distances OA = a, OB - 5, OC = c, be taken on the axis of 
ffy the curve passes through the points A, JB, and C. 

Moreover, when a? < a, 3^ is negative, and therefore 

y is imaginaiy* 

a>a 9 adK by y^ IB positive, and therefore 

y is real. 

x>b and < c, y* is negative, and therefore 

y is imaginary. 

a>Cy y^ is positive, and therefore 

y is real; ^^ 
increases indefinitely along with x. 



5> 
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♦ Lacroix " Cal. Dif.," pp. 395-7. Salmon's " Higher Curves," Aif39. 
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Hence, since the curve is sym- 
metrical with respect to the axis of 
it evidently consists of an oval 



X, 




Fig. 19. 



lying between A and J?, and an in- 
finite branch passing through C\ as 
in the annexed Figure. It is easily 
shown that the oval is not symme- 
trical with respect to the perpen- 
dicular to AB at its middle point. 

Again, if ^ = c, the equa- 
tion becomes y^={x- a) {x - by. 

In this case, the point B co- 
incides with Cy the oval has 
joined the infinite branch, and B o 
has become a double point, as in 
the annexed Figure. Fig- 20. 

On the other hand, let ^ = a, and the equation becomes 

y» = (x-a)«(^-c); 

in this case the oval has shrunk 
into the point A, and the curve 
is of the annexed form, having 
A for a conjugate point. 

Next let a = 6 = c, and the 
equation becomes 

f = {x- ay, 





Fig. 21. 



Fig. 22. 



here the points J., J?, C, have coiiie 
together, and the curve has a cusp 
at the point Ay as in the annexed 
Figure. 

The curves considered in this Article are called parabolas 
of the third degree. 

As an additional Example we shall investigate the follow- 
ing problem : — 

208. Given the position of a double point on a cubicj and its 
three asymptotes y to Jind its equation. 

Takmg two of its asymptotes as axes of co-ordinates, and 

R 2 * 
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supposing the equation of the third to be aa; + 6y + ^ = 6, the 
equation of the cubic, by Art. 198, is of the fom 

xy{ax + bj/ -{■ c) = Ix -\- my -i- ft. 

Again, the co-ordinates of the dotible point mnst siati^fy th^ 
equations 

du du 

dx ' dy ' 

I or {2ax + by + c) y = ly (i), (ax + 2by + c) a? = «a, (2) ; 

I from which I and m can be determined when the co-otdinlates 

of the double point are given. 

To find n, we multiply the former equation by Xy and die 
latter by y, and subtract the sum frotn three tinies riie equa- 
tion of the curve, and thus we get 

copy = 2lx + 2my + jn ; 

from which n can be found. 

In the particular case where the double point is a^cusp 
its co-ordinates must satisfy the additional condition 

dhL d^u f d^u V 
d^ df ~ \dxdy I ' 

or {2ax + 2by + c)* = /^abxy^ 

and consequently the cusp must lie on the conic f epre«entefd 
by this equation. 

!p It can be easily seen that this conic* touches at tlieir 
middle points the sides of the triangle formed by the asymp- 
totes. 



* From the form of t^he eq[uation we see that the lines ^ = o, y = o ate 
tangents to the conic, and that zdtx + ihy + e = o represents the Hne joining^ the 
points of contact ; but this line is parallel to the thinl asymptote ax •\- hy -k- c = o^ 
and evidently pas^s through the middle points of the intercepts made b j this 
asymptote on tne two others. 
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The preceding theorem is due to M. Pliicker,* and is 
itated by him as f bPows : — 

" The locus of iJie cusps of a system of curves of the third 
legree, which have three ^ven lines for asymptotes, is the 
naximum ellipse iniAiribed in the triangle formed by the 
jiven asymptotes." 

The solution of this problem riven in Gregory's Examples 
i inaccurate, in consequence of me omission of the coefficients 
and m in the investigation. 

It can be easily seen that the double point is a node or 
conjugate point, according as it lies outside or inside the 
bove-mentioned ellipse. 

209. Mnltipla Points oT Higlier Orders._By following out 
le method of Art. 202, the condition for the existence of 
iuldple points of higher orders can be readily determined. 

Thus, if the lowest terms in the equation of a curve be oF 
le third degree, the origin is a triple point, and the tangents 
> the three Dranches of the curve at tne origin are given by 
le equation 1/3 = 0. 

The different kinds of triple points are distinguished, ac- 
Drding as the lines represented by 113 = o are real and dis- 
net, coincident, or one real and two imaginary. 

In general, if the lowest terms in the equation of a curve 
e of the m^ degree, the origin is a multiple point of the m^ 
»rder, &c. 

Again, a point is a triple point on a curve, provided that 
vhen the origin is transferred to it, the terms below the third 
legree disappear from the equation. The co-ordinates of a 
liple point consequently must satisfy the equations 

du du dhi dH$ cPu 

U ■■ O* ^^ ^ O. "— = O* — s = O. ~^— ^ ■■ O. "T"" =^ o. 

' dx ' dy ' dx^ ' daody ' dy^ 

Hence in general, for the existence of a triple point on a 
2urve, its coefficients must satisfy four conditions. 

The complete investigation of midtiple points is based on 
he method of trilinear co-ordinates. The discussion of curves 
rem this point of view is beyond the limits proposed in this 
lementary Treatise. 



* liouville's Journal, vol. ii., p. 14. 



24^ Multiple Points on Curves. 

We shall conclude this chapter with a few remarks on the 
multiple points of curves, whose equations are given in polar 
co-ordinates. 

2 lO. Bfnltlpla Pohits of Ourves in Polar Co-ordinates. — If & 
curve referred to- polar co-ordinates pass through the origin, 
it is evident that the direction of the tangent at that point 
is found by making r « o in its equation ; in this case, if the 
equation of the curve reduce to/(0) = o, therestdting value 
of 6 gives the direction of the tangent in question. 

If the equation / (0) = o has two real roots in 0, the origin 
is a multiple point, the tangents being determined by these 
values of 0. 

If the values of be equal, the origin is a cusp ; and so on. 

In fact, it will be observed that the multiple points on 
algebraic curves have been discussed by reducing them to 
^ar equations, so that the theory already given must apply 
to curves referred to polar, as well as to algebraic co-ordi- 
nates. 

It may be observed, however, that the order of a multiple 
point cannot, generally, be determined, unless with reference 
to Cartesian co-ordinates. 

For example, in the equation 

r = a cos*fl - b sin^ff, 

the tangents at the origin are determined by the equation 
tan = 1 /-, and the origin would seem to be only a double 

point; however, on transforming the equation to rectangular 
axes, it becomes 

(a^ + y^Y = {ax^ - by'^y ; 

from which it appears that the origin is a multiple point of 
the fourth order. 
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Examples. 

I. Determine the tangents at the origin to the curye 

y« =0^ (i - jp«). Ant. iP+y=o, a!-y = o. 

a. Skow that the cunre 

«* - sflucy + y* = o 

3uches the axes of co-ordinates at the origin. 

3. Find the nature of the origin on the curve 

«* — as^y + iy* = o. 

4. Show that the origin is a conjugate point on the curye 

ay« - «• + *«^ = o. 

v^hen a and b have the same sign ; and a node, when they haye opposite signs. 

5. Show that the origin is a conjugate point on the curye 

6. Proye that the origin is a cusp of the first species on the ourye 

(y - x^y » «3. 

7. In the curye 

(y - *«)« = *» 

show that the origin is a cusp of the first or second species, according as n is 
< or > 4. 

8. Find the numher and the nature of the singular points on the curye 

iB* + 4«J5' - 201^ + 4a3«* - 3ay +40^*0. 

9. Show that the points of intersection of tiie curye 



m^- 



with the axes are cusps of the first species. 
10. Find the double points on the curye 
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1 1. Prore that the four tangents from the origin to the curre 

«i 4 til + Us = o 

are represented by the equation 4111 vs ^ «;. 

ta. Show that to a doable point on any curve corresponde another doable 
point, of the eame kind, on the inrerse oorre with respect to any origin. 

13. ProTe that the origin in the carre 

X* - 2ax*g - «ry* + ««^ = o 

ia a cusp of the second species. 

14. Show that the caididd 

r sa (i + oosO), 

has acusp of the first species at the origin. 

15. If the origin be situated on a curve* prove that its first pedal passes 
through the origin, and has a cusp at that point 

1 6. Find the nature of the origin in the following curves :«- 

r* e 0* sin 30, r* = «" sin n©, r s= — ^ 

ou ^ c 

17. Show that the origin is a conjugate point on the curve 

at* - ajflp + «5y* + a'y* = o. 

iS. If the inverse of a conic betaken, show that the origin is a double point 
on the inverse curve ; also that the point is a conjugate point for an ellipse, a 
cusp for a parabola, and a node for a hyperbola. 

19. Show that the condition that the cubic 

shall have a double point is the same as the condition that the equation 

a«* + &«* + «*' + rf» + «*srO 
shall have equal roots. 

20. In the inverse of a curve of the n^ degree show that the origin is a 
multiple point of the n*^ order, and that fhe n tangents at that point are parallel 
to the asymptotes to the original curve. 
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CHAPTER XV. 

ENVELOPES. 

211. Mdtbodl Of finvetopes. — If we suppose a series of difierent 
values given to a in the equation 

/(^»y, a) = o, (i) 

then for each value we get a distinct curve, and the above 
equation may be regarded as representing an indefinite 
number of curves, each of which is determinea when the 
corresponding value of a is known, and varies as a varies. 

The quantity a is called a variable parameter^ and the 
equation /(^, y, a) = o is said to represent o, family of curves; 
a single determinate curve corresponding to each distinct 
value of a ; provided a enters into the equation in a rational 
form only. 

If now we regard a as varying continuously, and suppose 
the two curves 

taken, the co-ordinates of their points of intersection satisfy 
each of these equations, and therefore also satisfy the equa- 
tion 

/(^, y, a + Aa) -/(iP, y, a) 



Aa 



= o. 



Now in the limit when Aa is infinitely small, the latter 
equation becomes 

'^•/^'^'y'") = o. (2) 

da 

and accordingly the points of intersection of two infinitely 
near curves of the system satisfy each of the equations (i) 
and (2). 
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The locus of the points of ultitnate intersection for the 
entire system of curves represented by /(^, y, o) = o, is ob- 
tained Dj eliminating a between the equations ( i ) and (2). 
This locus is called the envelope of the system, and it can be 
easily seen that it is touched by every curve of the system. 

For, if we consider three consecutive curves, and suppose 
Pi to be the point of intersection of the first and second, and 
P2 that of the second and third, the line Pi P% joins two infi- 
nitely near points on the envelope as well as on the inter- 
mediate of the three curves, and hence is a tangent to each 
of these curves. 

This result appears abo firom analytical considerationSi 
thus : — The direction of the tangent at the point a?, y, to the 
curve /(a:, y, a) = o, is given by the equation 

dx dy dx ' 

in which a is considered a constant. 

Again, the equation of the tangent at the point a?, y, to the 
envelope may be regarded as of the same form, in which 
a is determined by aid of equation (2) ; consequently the 
tangent to the envelope satis Ges the equation 



lf_ ^ dy ^ fda da ^\ ^ 
Ix dy da da \dx dy dx) 



df_ 

dx 



df df dy 
dx dy dx 

«inco ^ = o, for the point on the envelope. 
da 

Consequently the values of -~ are the same for the two 

curves at their common point, and hence they have a common 
tangent at that point. 

One or two elementary examples will help to illustrate 
this theor^ 
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[le equai^n x cos a + ^ sin a = p, in which a is a yariable 
leter, represents a system of lines situated at the same' 
indicular distance p from the origin, and consequently 
aching a circle, 
liis result also follows from the preceding theory ; for we 

/(a?, y, a) = X cos a + y sin a -i? = o, 

d .fix. y. a) 

— ■ ^ — =-x smo+y coso= o, 
da 

3n eliminating a between these equations^ we get 

L agrees with the result stated above, 
gain, to find the envelope of the line 

m 
a 

^ a is a variable parameter. % 



d 



f{x,y, a)^y -ax = o, 

a 

*f(x, y, a) m jm 

da a* yx 



Ltuting this value for a, we get for the envelope 

. represents a parabola. 

2. Envelope of La^ + zMa + iV = o. Suppose i, J!f, N 

known functions of x and y, and a a parameter, then 

/(•^» y» a) = J^a* + 2ifa + i\r= o, 

-f- = 2)La + i/ = o ; 
da ^ ^ 

lingly the envelope of the curve represented by the pre- 
g expression is the curve 
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Hence, when Z, ilf, N are linear fimctions in x and y^ 
this envelope is a conic touching the lines L^ Ny and having 
Jtf for the chord of contact. 

Conversely the equation to any tangent to the conic 
iiV= Jf' can be written in the form 

La^ + 2Jfa +iV=o,* 

where a is an arbitrary parameter. 

213. Undetermined nSultipliers applied to Envelopes. — In 

many cases of envelopes, the equation of the moving curve 
is given in the form 

/(^. y, a, ^) = Ci, (3) 

where the parameters a, /3 are connected by an equation of 
the form 

* (a, /3) = c^. (4) 

In this case we mav regard /3 in (3) as a function of a 
by reason of equation {m ; hence, differentiating both equa- 
tions, the points of intersection of two consecutive curvea 
must satisfy the two foUovdng equations : 

da d^ da ' da d^ da 

Consequently ^ = J2,m 

di ^ 

If each of these fractions be equated to the undetermined 
quantity X, we get 



da da 

df _^ d^ 
d^^ d^ 



>; (s) 



♦ Salmoa's ** Conies," Art 248. 
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and the required envelope is obtained by eliminating a, /3 and 
X between these and the two given equations. 

The advantage of this method is especially found when 
the given equations are homogeneous functions in a and j3 ; 
for suppose them to be of the forms 

/(^> y, a» ^) = Ci> * («. ^) = C2, 

where the former is homogeneous of the w** degree, and the 
latter of the w**, in a and /3. Multiply the former equation 
in (5) by a, and the latter by /3, and add, then by Euler's 
theorem of Art. 100, we shall have 

fici = rwcjA, or X = — -y (6) 

mcz 

by means of which value we can generally eliminate a and (i 
from our equations. 



Examples. 

I. To find the envelope of a line of given length (a) whose extremities move 
along two fixed rectangular axes. 

Taking the given lines for axes of co-ordinates, we have the equations 

a (3 



Hence 


X 


-»". ;- 


\6, 




from which we get 




'-? 








• 
• • 


a = (a««)l, 


^ = 


(«V)*, 


and the required locus 


is represented hy 










«*-J-yl 


=nat. 





2. To find the envelope of a system of concentric and coaxal ellipses of con- 
stant area. 

hence —z = X)3, -r~ — Xa, .'. iXc = i, 
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and the required envelope is the equilateral hyperbola 

airy = e. 

3. To find the envelope of all the normals to an ellipse. 
Here we have the equations 

where a and j8 are the ooi-ordinates of any point on the ellipse. 

Hence _ = X-,^ = -X-, 

consequently X « a* — i*, and we get 

a^x - (a« - i«) a', **y = - (a» - *2) /3», 



a _l ax Y 'f' / ^y ^ Y 



substituting in the equation of the ellipse we get for the required envelope 

(flw;)i + (*y)f = (a2 - i«)i 

This equation represents the evolute of the ellipse. 

X y 
4. Find the envelope of the line - + -- = i, where a and p are connected by 

the equation 

m m m 

a»» + )3"» = c»». -4w«. ii"»*^ + y»+' = c*^. 

214. The preceding method can be readily extended to the 
general case in which the equation of the enveloping curve 
contains any number, n, of variable parameters, which are 
connected by n - i independent equations. ITie method of 
procedure is the same as that already considered in Chap- 
ter XI. on maxima and minima, ^and does not require a 
separate investigation here. 
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X c/ 

I. Prove that the envelope of the system of lines --{•— = i, where I and m 

I tn 
are connected hy the equation —+ ^ s= i,ia the parahola 

a 



(fy*(fi=- 



2. One angle of a triangle is fixed in position, find the envelope of the 
opx>08ite side when the area is given. 

3. Find the envelope of a line when the sum of the squares of the perpen- 
diculars on it from two given points is constant 

4. Find the envelope of a right line, when the rectangle under the per- 
pendiculars from two given points is constant. 

5. From a point P on the hypothenuse of a right-angled triangle, perpen- 
diculars FMf FN are drawn to the sides ; find the envelope of the Ime MN. 

6. Find the envelope of the system of circles whose diameters are the chords 
drawn parallel to the axis-minor of a given ellipse. 

7. Find the envelope of the circle 

«* + y* - 2aex + a' - i« = o, 

where a is an arbitrary parameter ; and find when the contact hetween the circle 
ai)^ the envelope is real, and when imaginary. 

(0). Show from this example that the focus of an ellipse may be regarded 
as an infinitely small circle having double contact with the ellipse, the direc- 
trix being the chord joining the pomts of contact. 

8. Show that the envelope of the system of conies 

«» y» 

- + , = I, 

a a — /I 

where a is a variable parameter, is represented by the equation 

Cx ± y/h)* + y2 = o. 

Hence show that a system of conies having the same foci may be regarded 
as inscribed in the same imaginary quadrilateraL 

9. Find the envelepe of the line 
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where the parameters a and fi are connected by the equation 



a^ Jr fi^=^ A». 



-■(!)" Hr-ij)" 



10. On any radius vector of a curve as diameter a circle is described, prove 
geometrically that the envelope of all such circles is the first pedal of the curve 
with respect to the origin. 

11. If circles be described on the focal radii vectores of a conic as diameters, 
prove that their envelope is the circle described on the axis major of the conic 
as diameter. 

12. Prove that the envelope of the circles described on the central radii of 
an ellipse as diameters is a Lemmscate. 

13. Find the envelope of semicircles described on the radii of the curve 

f* = a» cos n0, 
as diameters. 

14. If perpendiculars be drawn at each point on a curve to the radii vectores 
drawn from a given point, prove that their envelope is the reciprocal polar of 
the inverse of tiie given curve, with respect to the given point. 

15. Find the envelope of a circle whose centre moves along the circumference 
of a fixed circle, and which touches a given right line. 

16. Ellipses are described with coincident centre and axes, and having the 
sum of their semiaxes constant ; find their envelope. 

17. Find the equation of the envelope of the line X» + <My •{- y s= o, where 
the parameters are connected by the equation 

a\» + byfl + ev^ + 2//41' + 2gvK + xAX/i = a 



Am, 



a. 


n, 


9y 


9 


h, 


h 


fy 


y 


y» 


/, 


^ 


I 


*, 


Vy 


h 






o. 



18. At any point of a parabola a line is drawn making with the tangent an 
angle equal to tiie angle between the tangent and iJie ordinate at the point ; 
prove that the envelope of the line is the first negative pedal, with regard to the 

focus, of the parabola ; and hence that its equation is ri cos - = oi, the focus 

being pole. 

N. B. — This curve is the eaustie by reflexion for rays perpendicular to the 
axis of the parabola. 

19. Join the centre, 0, of an equilateral hyperbola to any point, P, on the 
curve, and at P draw a line, PQ, making with the tangent an angle equal to the 
angle between OF and the tangent Show that tiie envelope of FQ u the first 
negative pedal of the curve 

2 A. 

r* = 2a* sin - 9 sin - 9, 
3 3 

the centre being pole, and axis minor prime vector. 

N. B. — This gives the cauetic by rejlemion of the equilateral hyperbola, the 
centre being the radiant, poval. 
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CONVEXITY AND CONCAVITY. POINTS OF INFLKXION; 

215. Oomrexlty and Oonoavlty. — If the tangent be drawn at 
any point on a ciirv^, the neighbouring portion of the curve 
generally lies altogether on one side of the tangent, and is 
convex with respect to all points Ipng at the opposite side of 
that line, eatd concaye for points at the same side^ 

Thus, in the accompany- 
ing figure, the portion QPQ^ 
is convex towards all points 
lying below the tangent, and 
concave for points above. 

If the curve be referred 
to the co-ordinate axes OX 
and OYy then whenever the 
ordinates of points near to 
P on the curve are greater 
than those of the points on 
the tangent corresponding to the same abscissae, the curve is 
said to be concave towards the positive direction of Y. 

Now, suppose y = (x) to be the equation of the curve,^ 
then that of^tne tangent at a point x, y, by Art. 165, is 




Fig. 22. 



F-y = (-X:-rc) 



dx' 



Let P be the point a?, y, and MNi - ^ = iOT; QN^ = yi,. 

TN = Fi, and we have 

A' A' 

yi = ^ (a? + A) = ^ (») + ^^(x) + -^—^ ^" (a?) + -^—^ — ^"\^) + &c. 



1 .2 



V. 2 



Fi = y + A^' (a;) = (a?) + h^^ (av, 



h^ 



h^ 



.\ Vt - Fi = - — ib'' (x) + 

^* * r .2^ ^ '^ 1.2.3 



0''^ (x) + &c. 



(0 
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When h is very small, the sign of the right-hand side of 
this equation is the same in general as that of its first term, 
and accordingly the sign of yi - Fi, or of QTy is the same as 
that of 0'' (x). 

Hence, for a point above the axis of x^ the curve is convex 
towards that axis when 0^' (a?) is positive, and concave when 
negative. 

We accordingly see that the convexity or concavity at 

any point depends on the sign of ^^^ {x) or -~ , at the point 

2 1 6. Pi4nta of Inflexion. — If, however, 0'^ (x) = o at the 
point P, we shall have 

yi - ^1 = 7-4^ ♦'''(^) + —T-T-. **' (^) + &c. (2) 



1.2.3 



2.3.4 



Now, provided ^'^^ (x) be not 
zero, yi - Yi changes its sign 
with A, i. e. if MN'^MN^ h, 
and if Q lies above T, the 
corresponding point Q' lies 
below Ty and tne portions of 
the curve near to P lie at 
opposite sides of the tangent, 
as m the figure. 

Consequently the tangent 
at such a point cuts the 
curve as well as touches it, at its point of contact. Such 
points on a curve are called points of inflexion. 

Again, if 0''^ {x) as well as 0^' (x) vanish at the point P, 
we shall have 




N'M N" X 



Fig. 23. 



yi- F,= 



3 -4 



^*^ {x) + &c. 



and provided ^'^ (x) be not zero at the point, yi - Ti does 
not change sign with A, and accordingly the tangent does not 
intersect the curve at its point of contact. 

Generally, the tangent does or does not cut the curve at 
its point of contact, according as the first derived function 
which does not vanish is of an odd, or of an even order ; as 
can be easily seen by the preceding method. 
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From the foregoing discussion it follows that at a point 
of inflexion the curve changes from convex to concave with 
respect to the axis of ^, or conversely. 

On this account such points are called points of contrary 
jUxure or <A inflexion. 

217. The subject of inflexion admits also of being treated 
by the method of Art. 190. The points of intersection of the 
line y = yiiOJ + V with the curve y = (a:), are evidently deter- 
mined by the equation 

{x) = /aa? + 1;. (3) 

Suppose -4, -B, O, D, &c. 
to represent the points of 0. 
section in question, and /^ 
let a?i, 0^, ... ^n be the *^ 
roots of equation (3) ; then Fig. 24. 

the line becomes a tan- 
gent, if two of these roots are equal, i e. if ^^ {x\) = /i, where 
Xx denotes the value of ;r belonging to the point of contact. 

Again, three of the roots become equal if we have in ad- 
dition ^" (aJi) = o ; in this case the tangent meets the curve in 
three consecutive points, and evidently cuts the curve at its 
point of contact ; for in our figure the portions TA and CD 
of the curve lie at opposite sides of the cutting line, but when 
the points Ay -B, C become coincident, the portions AB and 
jBC become evanescent, and the curve is evidently cut as 
well as touched by the line. 

In like manner if ^"' {x^ also vanish the tangent must be 
regarded as cutting the curve in four consecutive points ; 
such a point is called a point of undulation. 

It may be observed that if a right line cut a continuous 
branch oil a curve in three points, Ay jB, O, as in our figure, 
the curve must change from convex to concave, or conversely, 
between the extreme points A and C, and consequently it 
must have a point of inflexion between these points ^ ana so 
on for additional points of section. 

Again, the tangent to a curve of the w'* degree at a point 
of innexion cannot intersect the curve in more than n - 3 
other points : for the point of inflexion counts for three among 
the pomts of section. For example, the tangent to a curve 
of the third degree at a point of inflexion cannot meet the 

S 2 
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curve in any other point. Consequently, if a point of in* 
flexion on a cubic be taken as origin, and the tangent at it as 
axis of x^ the equation of the curve must be of the form 

^ + y^ « o, 

where ^ represents an expression of the second and lower 
degrees in x and y. 

For, when y ^o the three roots of the resulting equation 
in X must be each zero, as the axis of ;z; meets the curve in 
three points coincident with the origin. 

The preceding equation is of the form 

1*8 + tlj + Wi = o, 

or, when written in fiill, 

^ + y (oB* + 2hxy + by^) + y (jigx + 2^ + c) « o. (4) 

Now, supposing tangents drawn from the origin to the 
curve, their points of contact, by Art. 1729 lie on the curve 

1*2 + 2^1 = o, 

i. e. on the curve 

The factor y = o corresponds to the tangent at the point of 
inflexion, and the other factor gx -vjy + c^* o passes through 
the points of contact of the three other tangents to the curve. 

Hence we infer, that from a point of inflexion on a cubic 
but three tangents can be drawn to the curve, and their three 
points of contact lie in a right line. 

It can be shown that this right line cuts harmonically 
every radius vector of the curve which passes through the 
point of inflexion. 

For, transforming equation (4) to polar co-ordinates, and 
dividing by r, it becomes of the form 

Af^-^Br + C^o. 
If r\ r' be the roots of this quadratic, we have 

1 -L = -:? 
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Now, i(p be the hannonic mean between r^ and r^', this 
gives 

2 I I jB _^ 2gr cos + 2/ sin 

Hence the equation of the locus of the extremities of the 
harmonic means is 

gx+fy + c=^o. Q.E.D. 

This theorem is due to Mackurin (De Lin. Geom. Prop. 
Gen. Sec. III. Prop. 9). 

From this property the line is called the harmonic polar of 
the point of inflexion. This line holds a fundamental place in 
the general theory of cubics.* 

218. Staslonary T^utgenta. — Since the tangent at a point 
of inflexion may be regarded as meeting the curve in tnree 
consecutive points, it follows that at such a point the tangent 
does not alter its position as its point of contact passes to the 
consecutive point, and hence the tangent in this case is called 
a stationary tangent. 

The equation g = o Mows immediately from the last 

consideration ; for when the tangent is stationary we must 

have ^ =^ o, where ^, as in Art. 167, denotes the angle which 

the tangent makes with the axis of x ; but tan ^ m ^, 

hence j^ = o, which is the same condition for a point of in- 
flexion as that before arrived at. 



* Chasles, ^* Aper9u Historique," note xx. ; Salmon's ^* Higher Curves," 
Art 170. 
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Examples. 

1 . Show that the origin is a point of inflexion on the cnnre 

2. The origin is a point of inflexion on the cubic tej + mi ~ o. P 

3. In the curve «»»»-iy = a^, 

the origin is a point of inflexion if m be greater than 2. ? 

4. In the system of curves 

flnd under what circumstances the origin is {a) a point of inflexion, (b) a cusp. 

5. Find the co-ordinates of the point of inflexion on the curve 

lb* 
x* — 3ix* ^ a'y = o. Ans. « = 3, y = -^• 

6. If a curve of an odd degree has a centre, prove that the centre is a point 
of inflexion on the curve. 

7. Prove that the origin is a point of undulation on the curve 

«1 + «4 + «6 + &C. + Wn = o. 

%. Show that the points of inflexion on curves refeired to polar co-ordinates 
are determined by aid of the equation 

d*u I 

u + -TT- = o, whore « = -. 

9. In the curve rG^ = a^ prove that there is a point of inflexion where 

= y/m{i — m). 

10. In the curve y 8 ^ sin -, prove that the points in which the curve meeU 

a 

the axis of a; are aU points of inflexion. 

11. Show geometrically that to a node on any curve corresponds a line 
touching its reciprocal pohur in two distinot points; and to a cusp, corresponds 
a point of inflexion. 
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1 2. If the origin be a point of inflexion on the curve 

t«i + «8 + W3 + ... + «» = o» 

proTe that «2 must contain wi as a factor. 

13. Show that the points of inflexion of the cubical parabola 

lie on the line 

3* + tf = 4J ; 

and hence proye that if the cubic has a node, it has no real point of inflexion ; 
but if it has a conjugate point, it has two real points of inflexion, besides that at 
infinity. 

14. Prore that the points of inflexion on the cnrre 

are determined by tlie equation 

2aB' + 6/WJ* + 3 (i** + g) « + 2pq a o. 

15. Hy^saf (ip) be the equation of a ourye, proye that the abfcissad of its 
points of inflexion satisfy the equation 

16. Show that the mft-gimmn and minimum ordinates of the curye 

y = »/(*)/" (')-{/'(»)}' 

correspond to the points of intersection of the curye y* =/(«) with the axis 

of ff. 

17. When ys =»/(') represents a eubio, prove that the biquadratic in s 
whidi determines its points of inflexion has one and but one pair of real roots. 
Prove also that the lesser of these roots correspond to no real poiat of inflexion, 
while the greater corresponds, in general, to two. 

18. Prove that the point of inflexion, besides the origin, of the cubic 

oys 4* 3i«y* + 3ca?*y + dx^ + 3«b» ■= o 

baa for its co-ordinates 

3o«tf 2abe 

* = -— , andy= — , 

where O is the same as in Example 33, p. 174. 
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CHAPTER XVII. 

fCADIUS OF CURVATURE. EVOLUTES. CONTACT. RADU OF 

CURVATURE AT A DOUBLE POINT. 

^219. Ourrafture. — Every continuous curve is regarded as 
having a determinate curvature at each point, this curvatfire 
being greater or less according as the curve deviates more or 
less rapidly from the tangent at the point. 

The total curvature of an arc of a plane curve is measured 
by the angle through which it is bent between its extremities-* 
that is, by the external angle between the tangents at these 

Joints, assuming that the arc in question has no point of in- 
exion on it. This angle is called the angk of canHngenoe of 
the arc. 

'^The curvature of a circle is evidently the same at each of 
its points. 

To compare the curvatures of 
different circles, let the arcs AJS 
and ab of two circles be of equal 
length, then the total curvatures 
of tnese arcs are measured by the 
angles between their tangents, or 
by the angles A CB and acb at their 
centres : but *^* *^- 

A^-r. * arc-4B arcoi i i 

z ACB I L acb = — TTT- • ^ = -T7^« — • 

AC <ic AC ac 

Consequently the curvatures of the two circles are to each 
other inversely as their radii; or the curvature of a circle 
varies inversely as its radius. 

Also if A^ represent any arc of a circle of radius r, and 
Afl> the angle between the tangents at its extremities, we have 

As 
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The ourvatnre of a curve at any point is found by determin- 
ing the circle which has the same curvature as that of an 
indefinitely small elementary arc of the curve taken at the 
point. 

220. BadliiB of Ourvatnre. — Let (Is denote an infinitely 
small element of a curve at a point, d^ the corresponding 

angle of contingence expressed in circular measure, then — 

evidently represents the radius of the circle which has the same 
eurvature as that of the given curve at the point. 

This radius is called uie radim of curvature for the point, 
and is usually denoted by the letter p. 

To find an expression for p, let the curve be referred to 
Tectangular axes, and suppose x and y to be the co-ordinates 
of the point in question, tnen if ^ denote the angle which the 
tangent makes with the axis ofxy we have. 



>or 



again 



tan ^ = 


dy 
dx'' 


t/.tan0 d^y 
' dx dx^' 






sec^0 


d<p dh) 
dx^ dx^' 




ds dx 


dx 
ds^ 


dip 
co« # ;i^ = cos'^ 


dhf 
dx*' 


^==^ = 


sec'0 
dJ'y 


Hi))' 




ds 


dx^ 


dx* 





^^^^^ ^ = z: = "2sr k— ^- (0 



At a point of inflexion —^ = o : accordingly the radius 

of curvature at such a point is infinite : this is otherwise 
evident since the tangent in this case meets the curve in 
three consecutive points. (Art. 216.) 

Again, as the expression ( i + ( ;7^ 1 ) ^^.s always two 

values, the one positive and the other negative, while the 
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curve can have in general but one definite circle of curvature 
at any point, it 10 necessary to determine which sign is to be 
taken. We shall adopt the positive sign, and regard p as 

being positive when -7^ is positive ; i. e. when the curve is 

convex at the point with respect to the axis of x. 

221. Other SKpreanonB for p. — It is easy to obtain other 
forms for the radius of curvature ; thus by Art. 1 74, we have 

dx . dy 

cos A = -7-, sm s: -f-. 
^ ds ds 

Hence, if the arc be regarded as the independent variable, 
we get 

d(t d^x d(b d^y 

- sm A -^ = —-, cos A -^ = — ^, 

^ ds d8^' ^ ds ds'' 

from which, if we square and add, we obtain 

Again dx » cos ^ds^ t?^ => sin ^ efe, 

hence by differentiation I substituting — for d^ ], we have 

d^x = cos ^ e;^« - sin — ^, d^y = sin ^ (?5 + cos ^ — ^. (3) 

Whence, squaring and adding we obtain 

(d^xy + [ch,y ^ (d'sy + ^\ 

p 

ds" , . 

or P - . (4) 
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Again, If the former equation in (3) be multiplied by sin 0, 
and the latter by cos ^, we obtain on subtraction, 

cos ef'y - sin ipcPx = — , or, dxcPy - dyd^x = — . 

P 9 

„ {da?-¥dy^)^ 

The independent variable is undetermined in formulas (4) 
and (5), and may be any quantity of which both x and y are 
functions. 

For example, in the motion of a particle along a curve, 
when the time is taken as the independent variable we get 
from (4) an important formula in Mechanics. 



Examples. 

1. To find the radius of curvature at any point on the parabola x^ - 4py. 

Here ^i'l"^' ^l' S= '. ' + (g]' = ^ + $= ' + J 

••^=-p • 

2. Find tiie rtidius of curyature in the catenary 

Here *? = i(J-.%'l ^ = ?^ • /> = -?^ 

Hence the radius of curvature is equal to the part of the normal intercepted 
by the aads of jt, but measured in the opposite direction (Ex. 8, p. 216}. 

3. In the cubical parabola 30*^ = a^, we have 



.-. p 



30% 
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4. To find the radius of currature in the ellipse -^ + ti « i* 

a* 0* 

Let « = a cos ^, then y obun^, and, taking ^ as the indepMdent yariablei 
we have 

Henoe bj formula (5} we obtain 

(a«Bin«^+*»coe«^)* 

^ s 

5. In the hypocydoid a^-^0 = (^, let» = a oos?^, then y = a sin'^, and 
regarding ^ as the independent variable, we have 

diT a . 3a eos'^ sin ^ i0, di/*=^ $a sin*^ cosf il^, 
whence 

(dEsB* + dff*y = 3a sin cos ^ c^, and dxd^ - df^d^x s - 9a' sin^^ cos^ d^*t 
from which we obtain 

222. OeiMral flxpreMton fbr Rftdins of Gnrvatiire. — The 

value of p becomes usually difficult of determination firom 
formula (i) whenever y is not ^ven explicitly in terms 
of Xf that is when the equation of me curve is of the form 

u -/(»» y) » o. 

We proceed to show how the equation is to be trans- 
formed in this case. Suppose . 

dx"^' dy^^' ^•"^' ^"^' ^•'^^^ 
then by Art. 98, we have 

L + Jf $ - o. 
dz 
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Again, diflTerentiating this equation with respect to Xy 
regaroKng y as a function of x in consequence of the given 
equation, and observing that 

dx^ ' dx dy d£ dx^^~~d^'^~^ di* 
we obtain 

dL dL ^ /dM dM d!f\ du ^ 

dx dy dx \dx dy dx) dx^ di^'^' ' 

A + 2B^^C%^M^=o; (6) 

dx dx^ da^ ' ^"/ 

whence, on substituting - — for -^, we obtain 

M dx 

^^ ^ ^ Jf ' - 2BLM + CZ» 
Consequently 

^ ' AM^ " 2BLM + CU' ^'^ 

Or, on replacing L, M, Ay B, C, by their values, 



i(£)--(i)r 

\ dy) dxdy dx dy dy* \dx) 



dhk 
1^ 



The result in (6) enables us to determine the second diffe- 
rential coefficient of an implicit function in general ; a process 
which is sometimes required in analysis. 

223. Gentre of Gnrvatnre Is the point of intenootion of two 
Coiuieoative Normals. — We shall next proceed to consider 
the subject from a geometrical point of view. 

As a circle whicn passes through two infinitely near points 
on a curve is^said to have contact of the first order wita the 
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curve, 80 the circle which passes throng diree mfinitety near 
points on a curve is said to have eamtaet vfiki 9eeimdonbt 
with it, and is called the circle of curvatoie, or the ateuktiig 
circle at the point. 

Again, the centre of the circle which passes throo^ three 
points, PjQt Mis the intersection of the perpendiculars drawn 
at the middle points of PQ and QR ; but when P^ Q, B 
become infinitely near points on a curve, the perpendicukis 
become normals, and me centre of the circle beeomes die 
limiting position of the intersection ofttco infinitely near normab 
to the curve. 

From this it is easily seen that we obtain — for the length 

of the radius of the circle in the limit, as before. 

224. Newton's M et hod of investigatiii^ Radii of Curratim. 

When the equation of the curve is algebraic and rational, it 
is easy to obtain an expression for its radius of curvature* at 
any point. 

For, take the origin at the 
point, and the tangent and normal for 
co-ordinate axes ; let P be a point on 
the curve near to 0, and describe a 
circle through P and touching the 
axis of a:, draw PJV perpendicular to 
OX and produce it to meet the circle 
in Q ; then we have 

ON^^PN.NQ. 
Hence, if a: and y be the co-ordinates of P, we get 




NQ^ 



ON^ a?» 



PN 



But when P is infinitely near to 0, NQ becomes 02), the 



* This method of finding the radiui of cunraturo is in d icated by Newton 
('^ Frincipia," Lib. I., Sect i., Lemma zL), and baa been adopted in a inoKe oc 
less modified form by many subsequent writers. 
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diameter of the circle of curvatxurei and if p be its radius, we 
have 

2p " limit of — when a is infinitely small. 

Again, since the axis of a is the tangent at the origiii, 
the equation of the curve by Art. 202, is of the form 

6iy = Coa?* + 2CiXt/ + Cjy* + terms of the third and higher degrees 

« Cf^ + 2Cixy + c%y^ + w, + 1*4 + &c. (9) 

On dividing by y we obtain 

61 =: Co — + 2CiX + (J2V + — + &c. 

y y 

Again, when x is infinitely small — becomes 2/>, and each* 

of the other terms at the right-hand side becomes infinitely 
small; hence 

Thus, for example, the radius of curvature at the origin 
in the curve 

6y = 2a:* + joy - 4y» + ic* 
is -, the axes being rectangular. 



tt| tti 
* We haye assumed above that the terms — , — , &c., become eyanescent 

y y 

along with x \ this can be readily established as follows :-^ 
Let ^3 = ax^ + ^a?y + yasy* + l^^ 

then — =o- + /3a;3 + ya!y + V; 

y y 

j|.2 

each of the terms after the first yanishes with x^ while the first becomes a ~ x^ 

y 

or ^apXf which also yanishes with Xy when p is fiiute. 
Similar reasoning is applicable to the terms, — , &c. 
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From the preceding it follows that when the axis oix is 
a tangent at the origin, the length of the radius of curvature- 
at that point is independent of all the coefficients except 
those 01 y and a?*. 

225. Case of Oblique Axes. — If the co-ordinate axes be 
oblique and cut at an angle co, then PQ no longer passes 
through the centre of the circle in the limit, but becomes the 
chord of the circle of curvature which makes the angle co with 
the tangent ; accordingly we have in this case 

2p sin 01 = -r=-:r= =.— , in the limit. 
FN y 

Hence, in the case of oblique axes, we have 

A sm 01 = — ^ (10) 

2(Jo ^ 

If by and Co have' opposite signs, /o is negative ; this 
indicates that the centre of curvature lies on the negative side 
of the axis of y. 

The prececung results show that the radius of curvature 
at the ongin is the same as that of the parabola, h^y = Co^^, at 
the same point ,* and also that the system of curves obtained 
by varying all the coefficients in (9), except those of y and 
x"^^ have the same osculating circle, in oblique as well as in 
rectangular co-ordinates. 

Again, as in Art. 217, the osculating circle, since it meets 
the curve in three consecutive points, cuts the curve at the 
point, in general, as well as touches it. 

If Co = o in the equation of the curve, and hx be not zero, 
the radius of curvature becomes infinite, and the origin is a 
point of inflexion. This is also evident from the form of the 
equation, since the axis oix meets the curve in this case in 
three consecutive points. 

226. In general the equation of a curve referred to any 
rectangular axes, when the origin is on the curve, may be 
written in the form 

%h^ + ih\y = CoO?' + 2(?i^ + c^'^ + ti, + &c. 
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Here h^ + Jiy = o Is the equation of the tangent at the 
origin ; and the length of the perpendicular PiVfrom the point 
{xj y) on this tangent is 



Vbo^ + h^' 



Also OP^^a^ + y\ and 0P^^2p. PN in the limit. 
Accordingly we have, when x and y are infinitely smaU, 

I _ 2PN _ %h^ + ib^y 

Cffl^ + 2Cxxy + <?2y' 1^3 ^ 



(ar» + f) \/b^ + 6i» (^^ + y'') 1/60* + 6,» 

(since the point re, y is on the curve). 

Affain, the terms contained in , ^ , &c. become eva- 
nescent in the limit, as before (see note, Art. 224). 



Hence we have 






X \x) 



But for points infinitely near the origin we have 



M + hxy = o, or 



y *. 







a; 



i.* 



Substituting this value instead of - in the preceding equation 
it becomes 

i^" (V + *iO» ■ ^"^ 

T 
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The student will find no difficulty in showing the identity 
of this result with that given in (7). 

227. Radii of Curvature of Inveme Gnrves. — It may be 
convenient to state here that if two curves be inverse to 
each other with respect to any origin, their osculating circles 
at two inverse points are also inverse to each other with re- 
spect to the sa^e origin. 

This property is evident geometrically from the conside- 
ration that a circle is determined when three points on it are 
given. 

Again, since the centres of the two inverse circles are 
in directum with the origin, we can construct the centre of 
curvature at any point on a curve when that for the corre- 
sponding point on the inverse curve is known. 

We shall next proceed to establish another expression for 
the radius of curvature which is of extensive application in 
the case of curves referred to polar co-ordinates. 

228. Radius of Curvature in 
ienuB of r and p, — Let PN and 
P(7be the tangent and normal 
at any point P on a curve, P'N* 
and P^C^ those at the infinitely 
near point P\ then C is the 
centre of curvature correspond- 
ing to the point P. Let be 
the origin. 

Join 0(7, and let 0C= 8, OP 
- r, OP'^r\ ON^p, ON'-^p^ 
CP = CP' « p ; then we have 

OC'^OP'+CP'- tOP . CP . cos OPCy 

or ga « r> + p« - 2ft?>. 

In like manner we have 

S* = r^ + p» - 2pp'. 

Subtracting we get 

r* -r 2p 




r'»~r«-2/9(p'-p),or 



p^-p r-{-r^' 
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Hence we hav« 

dr Q dr 

This formula can also be deduced immediately from Art. 
1 879 thus 

PN ^ 1 dp ^ I dp ds I dp 

cos ^ COS xf^ dia cos xp dsdto cos xp ds^ * 

but dr = cos \L ds. •'. ^ = -r- p, or o = r -7-. 

dr '^ ^ dp 

22g, Chord of Gurvatnre Hbrough tb» Origin. — Let y de- 
note half the intercept made on the line OP by the circle of 
cturvature, and we evidently have 

y^psinOPN^p^^p—. (13) 

This and the preceding formula are of importance when- 
ever we can express the equation of the curve in terms of the 
lines represented by r and p. 

Their use will be illustrated by the following elementary 
examples :— 

Examples. 

1. To find the radius of curTature at any point <m a parabola. 

Taking the focus as pole, the equation of tiie ourve in terms of r and p evi- 
dently is jp*=2«r. 

Hence p = r - = - =^-) ; also y -- p = - - an 

2. To find the radius of curvature in an ellipse. 
Taking the centre as origin the equation of the curve is 

«• + &■ — r* s= — 
p* 

dr a*b* 

3. To find .the radius of curvature in the Lemniscate. 
Here, by Ex. 3, Art. 186, we have r^ = a»jp, 

.*. 3r" -— •= a* ; hencjd p = — ; also y = -. 

■ ' •' ' T 2 • •. 
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4, To Gnd the diord of comtnrB wliich puMB throngli the origin b Qio 
cBrdioid 

r.. (It CMS). 
In UuB ewe, we hiye H - lop*. 



5. To find the radiue of cnmtnre at any point on 
Here r"'' = i^p, by Art. 1 86. 






C» 



l)r-. 



-{- 



Or' 



u** 



330. TOF 

signiGcation as in Art. 1 87, the formula of that Art. becomes 









(■4) 



In a central ellipse piorethat 

•ad hence deduce in eipnmiOD foi the radiui of anrTatnie st tnj point on the 

231. SvolntM Mid innUta*. — If the centre of curratara 
for each point on a curve be takeo, 
we get ft new curve called the emluia -p^J 
of tHe orip^nal one. Also the original 
curve when considered with reapect to 
its evolute is called an involute. 

To investigate the connexion be- 
tween these ciirvea, let P„ P„ P„ &c., 
represent a series of infinitely near 
points on a curve; C,, Cj, O3, &c., the 
corresponding centres of carvature, 
then the lines P,0„ PaC^ PjO,, &c., 
are normals to the curve, and the lines 
C.C, C,C„ CC*. &c., may be re- 
garded in the limit as consecutive fig. fj, 
eUmmtt of the evolute ; also since each 
v''*'-' — . — .jj p^Q^^ p^Q^ V^Cx, &C.1 passes through two 
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consecutiye points on the evolute, they are tangents to that 
curve in the limit. 

Again, if pi, /o,, ps, p^ &c., denote the lengths of the radii 
of curvature at the points Pi, Pa, Ps, P4, &c., we have 

pi •■ PiCi, p% «= PaCai Ps ■ PiCa, p* = P4C4, &C. 
•*• pi - (>» = PiCi - PaOa = PaCi - PaCa = CiCa, 
also pa - /t>» " CaCs, p3 - p4 = CsCa, . . . p«_| - pn- On.i Cm 

hence by addition we have 

Pi - (>» ■» CiCa + CaOa + C3C4 + . . . + Cn-i d,. 

This result still holds when the number n is increased 
indefinitely, and we infer that the lengtk of any arc of the 
evolute is eqtmly in general^ to the difference between the radii of 
curvature which correspond to its extremities. 

It is evident that the curve may be generated from its 
evolute by the motion of the extremity of a stretched thread, 
supposed to be wound round the evolute and afterwards un- 
rolled ; in this case each point on the string will describe a. 
different involute of the curve. 

The names evolute and involute are given in consequence 
of the preceding property. 

It follows also that, while a curve has but one evolute, it^ 
can have an infinite number of involutes ; for we may regards; 
each point on the stretched string as generating a separate . 
involute. 

The curves described by two different points on the mov- 
ing line are said to be parallel; each being got from the . 
other by cutting off a constant length on its. normals .measured ,. 
from the curve. 

232. Svolntes regarded as Xuvelopes. — From the preceding 
it also follows that the determination of the evolute of a curve 
is the same as the finding the envelope of aUits normals. We 
have already, in Ex. 3, Art. 213, investigated the equation of 
the evolute of an ellipse from this point of view. 

233. Svolttte of a Parabola. — We proceed. to determine. . 
the evolute of the parabola in the same manner. 
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Let the equation of the curve, be y* <= am^r, then* that of 
its normal at a point (or, y) is 



m 



or 



y^ + 2my (w - X) - im^Y = o. 




The envelope of this line, where y is regarded as an firbi- 
trary parameter, is got by eliminating y between this equa- 
tion and its derived equation 

3^* + 2m (m - X) - o. 

Accordingly, the equation of the 
required envelope is obtained by 

substituting ^ instead of y 

° 2 m- X 

in the latter equation. 

Hence we get for the reqiiired 

evolute, the semi-cubical parabola 

27wr2 = 8(X-m)^ 

The form of this evolute is exhi- 
bited in the annexed figure, where 
FiV = m = 2 VF. If P, P\ repre- 
sent the points of intersection of the ^^ ^^ 
evolute with the curve, it is easily seen that 

234. Svolnte of aa xaiipoe. — The form of the evolute of 
an elupse is exhibited in the 
accompanying figure ; the IM 

points Mj JV, M\ N^ are evi- 
dently cusps on the curve, 
and are the centres of cur- 
vature corresponding to the 
four vertices of the ellipse. 
In general, if a curve be sym- 
metrical at both sides of a 
point on it, the osculating 
circle cannot intersect the 
curve at the point ; accord- 
i/j/-'- ' " '18 of curvature 
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is a maximum or a minimum at such a point, and the corre- 
sponding point on the evolute is a cusp. 

It can be easily seen geometrically that through any point 
four real normals, or only two, can be drawn to an ellipse, 
according as the point is inside or outside the evolute. 

It may be here observed that to a point of inflexion on 
any curve corresponds plainly an asymptote to its evolute. 

235. Zivolute of an Equlangnlar 8]^al. — We shall next 
consider the equiangular or logarithmic spiral, r = a*. 

Let P and Q be two points 
on the curve, its pole, P(7, 
QC the normals at P and Q; join 
OC. Then by the fyndamental 
property of the curve (Art. 177), 
the angles OPC and OQC are 
equal, and consequently the four 
points, 0, P, Q, lie on a circle; 
hence z QOC = L QPC, but in 
the limit when P and Q are co- 
incident, the angle QPC becomes 
a right angle, and C becomes the centre of curvature belong- 
ing to the point P; hence POO also becomes a right angle, 
and the pomt (7 is immediately determined. 

Again, z OOP = l 0QP\ but, in the limit, the angle 
OQP is constant, .*. z OOP is also constant ; and since 
the line OP is a tangent to the evolute at (7, it follows 
that the tangent makes a constant angle with the radius vec- 
tor 00. From this property it follows that the evolute in 
question is another loganthmic spiral. Again, as the con- 
stant angle is the same for the curve and for its evolute, 
it follows that the latter curve is the same spiral turned 
round through a given angle. 

236. Radius of Curvature In Polar Co-ordinates. — On refe- 
rence to the figure of Art. 176 it is obvious that = + «/» ; 
where is the angle the tangent at P makes with the prime 
vector OX. 

TT ^0 dxL dd) d$ d\L 
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d^ 
. £^^_ ^ "^ d9 
p ds ds 

dr d/^T 

Again, denoting -^ and ^ 1^7 *^ a^^ ^\ ^® hfLY^ 

tan if> = -; ; and hence 

d0 r* - rr'' + 2r'^ , ds , « /^x, 
d% r* + r^» rfO ^ ' 

Hence we get p - ^, _, ^^,, ^ ^^,, > 
Or, replacing r' and r^^ by their values, 



^ 



_ (-(s 



2\« 



Y^^ 



\ \\M\) ) / / V 

p= ^;: TTr\' (»S) 






237. Gontaot of DifPerent Orders. — As already stated, the 
tangent to a curve has a contact of the first order with the 
curve at its point of contact, and the osculating circle a con- 
tact of the second order. We now proceed to distingubh 
more fully the different orders of contact between two curves. 

Suppose the curves to be represented by the equations 

y=f{x), andy = 0(a?), 

and that Xi is the abscissa of a point of their intersection, then 
we have 
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Again substituting Xi +h instead of or in both equations, 
and supposing yi and y^ the corresponding ordinates of the 
two curves, we have 

yi =/(a?i + h) =/(arO + hf {xi) + ^J" {xO + &c. 

y, = (a?i + A) = (a?i) + A^^ (xi) + ^^^ (xi) + &c. 

I • 2 

Subtracting, we get 

yi-y,=A{/'(^.)-f («0} + — {/"(^,)-f' (^i))+&c. (16) 

Now suppose /' (xi) = ^''(a?!), or that the curves have a 
common tangent at their point of intersection ; then 

1»2 I»2»2 

In this case the curves have a contact of the first order, 
and when h is small, the difference between the ordinates is 
a small quantity of the second order, and as yi - y^ does not 
change sign with h the curves do not intersect. 

If in addition f (xi) = fj^'^ (^1), then 

yi - ya = 7-^^ [r' {x,) - 0- (^0 } + &c. 
1.2.3 

in this case the difference between the ordinates is an infi- 
nitely small quantity of the third order, when h is taken an 
infinitely small of the first ; the curves are then said to have 
a contact of the second order ^ and approach infinitely nearer 
to each other at the point of contact than in the former case. 
Moreover, since yi - yi changes its sign with A, the curves 
intersect as well as touch. 

If we have in addition f" (a?i) = ^'"{x^^ the curves are 
said to have a contact of the third order ; and, in general, if 
all the derived functions up to the n'* inclusive, be the same 
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for both curves when x = Xi^ the curves have a contact of the 
n** order, and we have 

Also, if the contact be of an even order, n + i is odd, and 
consequently A**** changes its sign with A, and hence the curves 
intersect at their point of contact; for, whichever is the 
lower at one side of the point becomes the higher at the other 
side. 

If the curves have a contact of an odd order, they do not 
intersect at their point of contact. 

From the preceding discussion the following results are 
immediately deduced : — 

( I ). If two curves have a contact of the n** order, no curve 
having with either of them a contact of a lower order can 
fall between the curves near their point of contact. 

(2). Two curves which have a contact of the n** order at 
a point are infinitely closer to one another near that point 
than two curves having a contact of an order lower than 
the 71^. 

(3). If any number of curves have a contact of the second 
order at a point they have the same osculating circle at the 
point. 

238. Application to Cirde. — It can be easily verified that 
the circle which has a contact of the second order with a curve 
at a point is the same as the osculating circle determined by 
the former method. 

For, let 

(X-a)«+(F-/3)» = i? 

be the equation of a circle having contact of the second order 
at the point (a:, y) with a given curve ; then, by the preceding, 

d'U u?'U 

the values of -7^ and -t4 must be the same for the circle and 

dx dor 

for the curve, at the point in question. 

Differentiating the equation of the circle twice, and sub- 
stituting X and y for X and F, we get 

^ - a + (y - 0) J = o, 
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Hen„ ,.p.-l4M,^-..£llIi£LI.(,«) 
•^ ' a^y cry 



/. i? 



[■ * (ITT 



This agrees with]the expression for the radius of ciirvature 
found in Art. 219. 

The co-ordinates a, /3 of the centre of curvature can be 
found by aid of equations (18) ; and the equation of the evo- 
lute, by the elimination of x and t/ between these equations 
and that of the curve. 

The osculating circle cuts the curve in general, as well a^ 
touches it This follows from the preceding Article, since the 
circle has a contact of the second order at the point. 

At the points of maximum and minimum curvature the' 
osculating circle has a contact of the third order with the 
curve ; for example, at any of the four vertices of an ellipse 
the osculating circle has a contact of the third order, and 
does not cut the curve at its point of contact (Art. 234). 

239. Osculating Cupvea. — When the equation of a curve 
contains a number, », of arbitrary coefficients, we can in ge-. 
neral determine iJieir values so that the curve shall have a 
contact of the {n - i)'* order with a given curve at a given 
point ; for the n arbitrary constants can be determined so that 
the n quantities 

di/ d^y d'^'^y 

'^' d^' da^' ' ' ' d^' 

shall be the same at the point in the proposed as in the ^ven* 
curve, and thus the curves will have a contact of the (n- i)*** 
order. 
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' The curve thus determined, which has with a given curve 
a contact of the highest possible order, is called an osculating 
eurve^ as having a closer contact than any other curve of the 
same species at the point. 

For instance, as the equation of a circle contains but three 
arbitrary constants, the osculating circle has a contact of 
the second order, and cannot, in general, have contact of a 
higher order ; similarly the osculating parabola has a contact 
of the third order ; and, since the general equation of a conic 
contains five arbitrary constants, the general osculating conic 
has a contact of the/owr^A order. In general, if the greatest 
number of constants which determine a curve of a given 
species be 7^, the osculating curve of that species has a con- 
tact of the (n - i)** order. 

241. Oeometrioal BSethod. — The subject of contact admits 
also of being considered in a geometrical point of view ; thus 
two curves have a contact of the first order when they in- 
tersect in ft(;o consecutive points; of the second, if they inter- 
sect in three ; of the n**, if in n + i . For a simple investigation 
of the subject in this point of view the student is referred to 
Salmon's ** Conies," Art. 239. 

242- Curvature at a Double Poliit. — We now proceed to 
consider the method of finding the radii of curvature of the 
two branches of a curve at a double point. 

In this case the ordinary formula (8) becomes indeternu- 
nate, since 

du J du 

-- = o, and -— = o 
da: dy 

at a double point. The question admits however of being 
treated in a manner analogous to that already employed in 
Art. 224; we commence with the case of a node, 

243. RacUi of Curvature at a Kode. — Suppose the origin 
transferred to the node, and the tangents to the two branches 
of the curve taken as co-ordinate axes, oi representing the 
angle between them. • • 

By Art. 204, the equation of the curve is in this case of 
the form 

ihxy = oar^ + /3ar'y + yary' + S^*' + U4 + &c. 
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dividing by xy we obtain 

2A= a— +fla? + 7y + 8— + — + &c. 
y '^ '^ X xy 

Now, let pi and pa be the radii of curvature at the origin 
for the branches of the curve which touch the axes of ^ and y, 
respectively ; then, by Art. 225, we have 



A 



2pi sin ci> = — , and 202 sin ci> = ~, in the limit. 

y ^ 

Again, it can be readily seen, as in the note to Art. 224, 

that the terms in — , &c. become evanescent along with x and 

xy 

y, and accordingly the limiting values of — and ~ can be 

y x 

separately found, as in the Article referred to. 

Hence we obtain 



p\ = — : — , 9% = T^' — • (19) 

"^ asmcu ^ gsmcu ^ ^^ 



Also, if o == o, we get pi = 00, and the corresponding branch 
of the curve has a point of inflexion at the ongin. Similarly 

if 8 = 0, Pa =00. 

If a = o and 8 = 0, the origin is a point of inflexion on 
both branches. This appears also immediately from the con- 
sideration that in this cuse Uz contains t/a as a factor. 

If the equation of a curve when the origin is at a node 
contain no terms of the third degree, the origin is a point 
of inflexion on both branches. An example of this is seen 
in the Lemniscate, Art. 204. 
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Examples. 

1. Find the radii of curvature at the origin of the two branches of the eurre 

the axes being rectangular. Awm. -and -^ 

• e 

2. Find the radii of curvature at the origin in the curve 

tf (y* — »*) = «*. 

Tranfiforming the equation to the internal and external bisectors of the angle 
l)etween the axes, it becomes 

a y/iaxy = (x - y)' ; 

hence the radii of curvature are ay/ 2 and - a y/2, respectively. 

244« Radliof OurvatnreataCnflp. — ^The preceding metiiod 
fails when applied to a cusp, because the angle ta vanishes in 
that case. It is easy however to supply an independent in- 
vestigation: for, if we take the tangent and normal at the 
cusp for the axes of x and y, respectively, the equation of the 
curvCi by the method of Art. 204, may be written in the 
form 

y3 = cue' + (ia^y + yxy^ + Sy* + «* + &c. (20) 

Now in this, as in every case, the curvature at the origin 
depends on the form of the portion of the curve indefinitely 
near to that point ; consequently ia investigating this form 
we may neglect y*a?, y', &c. in comparison with y' ; and ic*, 
aj'y, &c. in comparison with ^. 

Accordingly, the curvature at the origin is the same, in 
general, as that of the cubic 

y^ = ax^ •¥ /Sas'y. (21) 

Solving for y we obtain 



(,-f^)u(..f.). 
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It is easily seen that the origin is in this case a cusp of 
the first species ; for, if a be positive, the quantity at the 
right-hand side becomes negative for negative values of a? 

I less than -^ j and y becomes imaginary at the same time ; 

accordingly no portion of the curve near the origin extends 
to the negative side of the axis of x. 

If a be negative, the two branches of the curve extend 
at the negative side of the axis of x. 

Moreover, since y = — a^±a; (a+ — a?j, the values of y 

corresponding to anj small value of x have opposite signs, 
and hence the cusp is of the ^r«^ species. 

Again, to find the radii of curvature, we divide the equa- 

tion (20) by y\ and substitute 2p for — as before, and thus 

if 

we g€ft 

I = 4a ~ + 2/3p ; 
a ■ 

&om which we see that p vanishes along with Xj and the radii 
of curvature are zero for both branches at the origin. < 

This result can also be arrived at by differentiation, by 
aid of formula (i). 

245. Next, suppose that the term containing a^ disap- 
pears, or a = o ; then the equation of the curve is 

y* = fix^y + yxy^ + Sy^ + a V + &c. 

and proceeding as before, the curvature at the origin is the 
same as in the curve 

yi = fix^y + aV. (22) 

The two branches of this curve are determined by the 
equation 

y^^x'± ~a//3^ + 4a\ 
2 2 

The nature of the origin depends on the sign of jS'^ + 4a\ and 
the discussion involves three cases. 
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(i). If/3' + 4a' be positive, it is evident that the curve 
extends at both sides of the origin, and that point is a doubU 
cusp (Art. 205). 

On dividing the equation (22) by y^ and substituting 2q 

for — , we get 

I = 2^/> + 4aV'- (23) 

The roots of this quadratic determine the radii of curvature 
of the two branches at the cusp. 

These branches evidently lie at the same, or at opposite 
sides of the axis of a;, according as the radii of curvature have 
the same or opposite signs : i. e. according as a' has a nega- 
tive or positive sign, 

(2). If /3' + 4a' be negative, y becomes imaginary, and the 
origin is a conjugate point. 

(3). If /j* + 40^^ = o, the equation ('22) becomes a {)erfect 
square ; we proceed to prove that in this case the origin is a 
cusp of the second species. 

To investigate the form of the curve near the origin, it 
will be necessary to take into account the terms of the fifth 
degree m x{y being regarded as of the second) : this gives 

(y - - x'Y = yxy^ + /3 Vy + a!' a? = x (yy^ + fi'x'^y + a"x^). (24) 

It will be observed that the right-hand side changes its 
sign with x ; accordingly the origin is a cusp. Also the cusp 
is of the second species, for the two roots 01 the equation iny 
plainly have the same sign, viz., that of/3: and consequently 
both Dranches of the curve at the origin lie at the same side 
of the axis of a:. 

. Moreover, as equation (23) has equal roots in this case, iht 
radii of curvature of the two branches are equal, and the branches 
have a contact of the second order. 

We conclude that when the term involving a? in equa- 
tion (20) disappears, the origin is a double cusp, a cusp of the 
second species, or a conjugate point, accordmg as j3^ + 4a' 
> = or < o. 

Moreover if a' = o, one root of the quadratic (23) is infi- 
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nite, and the other is -^. The origin in this case is a double 

cuspj and IS also a point of inflexion on one branch. Such a 
point is called a point of oscul-inflexion by Cramer. 

If j3 = o in addition to a' = o, the origin is a cusp of the 
first species, the radii of curvature being infinite for both 
branches. 

It is easy to see from other considerations that the radii of 
curvature at a cusp of the first species are always either zero 
or infinite. 

For, since the two branches of the curve in this case turn 

(Pv 
their convexities in opposite directions, — must have opp(5- 

site signs at both sides of the cusp, and consequently it must 
change its sign at that point ; but this can happen only in its 
passage through zero, or through infinity 

246. Recapitulation. — The conclusions arrived at in the 
two preceding Articles may be briefly stated as follows : — 

(i). Whenever the equation of a curve can be transformed 
into the shape y^ = aaj* + terms of the third and higher de- 
grees the origin is a cusp of the first species ; both radii of 
curvature being zero at the point. 

(2). When the coefficient of x^ vanishes* the origin is 
generally either a double cusp, a conjugate point, or a cusp 
of the second species. In the latter case the two branches of 
the curve have the same centre of curvature, and consequently 
have a contact of the second order with each other. 

(3). If the lowest terra in x (independent of y) be of the 
5'* degree, the origin is a point of oscul-inflexion. 

If, however, the coefficient of x^y also vanish, the origin 
is a cusp of the first species, and is a point of inflexion on 
both branches of the curve. 

247. €teneral Investigation of Gasps. — ^The preceding re- 



• In this case, if vi be the equation of the tangent at the cusp, the equation 
of the curve is of the form 

»i* + V\V2 + t'4 + &C. = O. 

This is also.evident from geometrical considerations. 

IT 
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suits admit of being established in a somewhat more general 
manner as follows : — 

By the method already ^ven, the equation which deter- 
mines the form of an algebraic curve near to a cusp may be 
written in the following general shape : 

y* = zAx^i/ + Bz^ + Cx^f (25) 

where 2Ax^ is the lowest term in the coefficient of y, and 
Ba^j Caf* are the lowest terms independent of y. 

By hypothesis, a, b, c are positive integers, and a> i, i>2, 
c;> 3 ; now, solving for y we obtain 



y = Aaf" ± VA^(x^ + Ba? + Cof, 

which represents two parabolasf osculating the two branches 
at the ongin. 

The discussion of the preceding form for y resolves into 
three cases, according as 2a is > = or < &. 

(i). Let 2a = 6 + A, then 

^•f ^ ft 

y^Ax '^ ±x^\/B+A^a^^ Caf''^. 

h 

(a). If S be oddy s^ becomes imaginary for negative values 

of Xf and accordingly the origin is a cusp of the 

first species in this case. 
(j3). If b be even, and B positive, y is real for all values of 

w near the origin ; accordingly that point is a doubk 

cusp, 
(y). If ft be even, and B negative, the origin Is a conjvgd^ 

point. 
(2). If 2a = 6, we have 

y = Aixf" ± a-" \/{A^-v B)^- Caf^. 



♦ This term is retained, as it is necessary in the case of a cusp of the secflnfl 

species. , . 

f The word parabola is hiere employed in its more extensive signincatioo. 
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In this case, the origin is a double cusp, or a conjugate 
point, according as -4* + -B is positive or negative. 
Again, if -4.* + 5 = o we have 

i/^o^ {A+x '' V~C) 

(a). If c - J be an odd number, the origin is a cusp of the 
second species. (/3). Ifc-& be even, the origin is a double 
cusp, or a conjugate point, according as C is positive or ne- 
gative. 

(3). 2a < S, or J = 2a + A. 

Here y = Aoif^ ± ocl^ \/a^ + Bo^ + CoT^^ 

ind the curve evidently extends at both sides of the origin, 
vhich accordingly is a double cusp. 

This methoQ of investigating curvature is capable of being 
Dodified so as to apply to the case of multiple points of a 
ligher order ; the discussion however is neither sufficiently 
elementary, nor sufficiently important, to be introduced 
lere. 

248. Pointa on Evolute oorrespondiiig to Cusps on Curve. — 
n connexion with evolutes and involutes the preceding re- 
ults lead to a few interesting conclusions. 

(i). If a curve has a cusp of the first species, its evolute 
n general passes through the cusp. In some cases, however, 
a cusp of this class corresponas an asymptote to the evo- 
ute. 

(2). To a cusp of the second species corresponds in gene- 
al a point of innexion on the evolute ; in some cases the 
)oint of inflexion lies altogether at infinity. 

(3). To a double cusp corresponds a double tangent to the 
ivolute. 

249. Equation of the Osoulating Conio. — As an additional 
Qustration of the principles involved in the preceding inves- 
igation it is proposed to discuss the question of the conic 
vhich osculates an algebraic curve at a ffiven point. Trans- 
erring the origin to the point, and taldng tk^ l^xi^'^TiX* ^"a^ 

U 2 
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axis of Xi the equation of the curve may be written in the 
form 

ay = aj* + aixy + Oiy^ + b^ + bix'^y + h^'^x + Jgy* 

+ CaflS^ 4 CiX'y + &c. + d^^ + &c. (26) 

In considering the form of the curve near the origin, as a 
first approximation we mav, as in Art. 244, neglect xy^ ^, &c. 
in comparison with y ; and o^, ^, &c. in comparison with ^ ; 
thus the equation reduces to the form 

ay « a?. (27) 

Hence the form to which every curve of finite curvature 
approximates in the limit is that of the common parabola, as 
already seen in Art. 225. 

To proceed to the next approximation, we retain terms of 
the third order (remembering that when jj is a very small 
quantity of the first order, y is][one of the second)^ and the 
equation becomes 

ay = a?' + Qixy + b^fii^. 

On substituting ay instead of x^ in the term h^^x^ the pre- 
ceding equation becomes 

ay = aj* + (ai + ioa) xy. (28) 

This represents a conic having contact of the third order 
with the proposed curve at the origin. When ai + 60a =0 *^® 
parabola ay ^ a? has a contact of the third order at the origin^ 
and accordingly so also has the osculating circle. 

In proceeding to the next and final approximation, we re- 
tain terms of the fourth order, and we get 

ay = x^ -^^ aixy + a^^ + bffii^ + bix'^y + c^^. (29) 

Moreover, from the preceding approximation we have 
^•ouBy - b^ + M'y («! + aJo)- 
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Hence, we immediately get for the equation of the conic 
laving a contact of the closest kind with the given curve, 

:y = aj* + (ai + 60a) iry + [03 + a (61 - ai6o) + o' (c© - V)] y'- (30) 

This conic, since it has the closest contact possible with 
he given curve at the origin, is the osculating conic (Art. 240) 
or Qiat point. 

In like manner the'parabola 

ay = ic8 + (ai + hoa)xy + — — y\ (31) 

4 

since it has the closest contact possible for a parabola is the 
osculating parabola at the point. 



294 Examples. 



Examples. 

1. Proye that the radius of cuirature at the vertex of a parabola is equal to 
its semi-latus rectum. 

2. Find the length of the radius of curyature at the origin in the curye 

y* + *» + a (a;» + y^) = a«y. Ant. -. 

3. Find the radius of curvature at the origin in the curve 

a^y = h^ ■\' cx^y. Am. 00. 

4. Prove that the locus of the centres of ellipses having contact of the third 
order with a given curve at a common point is a right line. 

5. Prove that the locus of the centres of equilateral hyperbolas which have 
contact of the second order with a given curve at a fixed point, is a circle, whose 
radius is half that of the circle of curvature at the point. 



6. Prove geometrically that the centre of curvature at any point on an 
is the pole of the tangent at the point with respect to the confocal hyperbola 
which passes through that point. 

7. The locus of the centres of ellipses whose axes have a given direction, and 
which have a contact of the second order with a given curve at a common point, 
is an equilatersil hyperbola passing through the point. 

8. The locus of the foci of parabolas which have a contact of the second 
order with a given curve at the same point is a circle ? 

9. Prove that the radius of curvature of the curve a"»-i y = «*» at the origin 

is zero, -, or infinity, according as »» is < = or > 2. 

2 

10. Two plane closed curves have the same evolute, what is the difference 
between their perimeters ? 

An%» 27rd, where d is the distance between the curves. 

11. Find the radius of curvature at the origin in the curve 

3y = 4aj - 15a;" - 2^^ : 

find also at what points the radius of curvature is infinite. 

12. Apply the principles of maxima and minima to find the greatest and least 
distances of a point from a given curve ; and show that the problem is solved 
by drawing the normals to 3ie curve from the given point. 

(a). Prove that the distance is a minimum, if the given point be nearer to 
the curve than the corresponding centre of curvature, and a maximum if it h^ 
further. 
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(5). If the given point be on the eyolute, show that the solution arrived at 
is neither a maximum nor a minimum, and hence show that the circle of cur- 
vature cuts as well as touches the curve at its point of contact. 

13. Find an expression for the whole length of the evolute of an ellipse. 

Ana, 4 — r— . 

14. Find the radii of curvature of the two branches of the curve 

X* '- flxy* + a^yi = o. 

2 

a 
at the origin. An», a and -• 

15. Prove that the evolute of the hypocycloid 

18 the hypocycloid 

(a + /8)i 4 (a - j3)l = 201. 

16. Find the radius of curvature at any point on the curve 

y + v/« (i - a?) = sin** ^/J. 

17. If the angle between the radius vector and the normal to a curve has a 
maximum or a minimum value, prove that y = ^ ; where y is the semi-chord of 
ciirvature which passes through the origin. 

1 8. If the co-ordinates of a point on a curve be given by the equations 

a; a sin 2O (i + cos 20), y a cos 20 (i - cos 20), 
find the radius of curvature at the point Ana, 40 sin '0. 



19. If u = -, prove that 



{' -^ [^e 



du \n 5 



^ tPu 

20. Find an expression for the radius of curvature at any point of the curve 

«» + y« =s a". 

21. In the epicycloid 

prove that p=-{c^- a*)! (r* - ««)J. 

c 



2g6 Ejomplet. 

23. If«xnd3 l« tLe co--jrdx=dtesof thepooiitoQ theerfdutecoiTespoDding 
to the pciZKt (x. f] ixix ci^rre. proTe that 

23. If p be tbe xadini of cuiiaiuie at anr point on m enrre, proye that the 

dp 
ndiiu of enmtiire at tbe c ou e^w p dmg pomt in the eTofaite is -- ; where w is 

dm 

the angle the ndiiu of c m t aluie makes with a fixed line. ; 

24. Knd the equation of the erofaite of an dl^ee by means of the eccentric 
an§^ 

25. Prore that the deteiminatian of the eqnatum of the eTolate of the 
enrre y =■ i^ rednces to the e&minatioB of jp between tiie equations 

X a^S and /J = iaB»+ 



26. In the erolnte of a parabola. Art. 234, if JOT be drawn perpendicular 
to the axis of the parabola, meeting the enrre in M, proye that P is the centre 
of cnryatore corresponding to the point M. 

27. If on the tangent at each point on a cmre, a constant length measured 
from the point of contact be taken, proye that the normal to the locus of the 
points so found passes through the centre of curyatuie of the proposed cuire. 

28. In general, if through each point of a curye a line of giyen length be 
drawn making a constant angle with the normal, the normal to the curye locus 
of the extremities of this line passes through the centre of curyature of the pro* 
posed. (Bertrand, " Dif. CaL" p. 573). 

This and the preceding theorem can be immediately established from geo- 
metoical considerations. 

29. If from the points of a curye perpendiculars be drawn to one of its tan- 
gents, and through the foot of each a line be drawn in a fixed direction, propor- 
tional to the length of the corresponding perpendicular ; the locus of the ex- 
tremity of this Ime is a curye touching Uie proposed at their common point 
Find the ratio of the radii of curyature of the curyes at this point. 

fnf 

30. Find an expression for the radius of curyature in the curye/> •= — - « 

p being perpendicular on the tangent. 

3 1 . Being giyen any curye and its osculating circle at a point, proye that 
the portion of a parallel to their common tangent intercepted between the two 
curves is a small quantity of the second order, when the distances of the point 
of contact from the two points of intersection are of the first order. 

Proye that, under the same circumstances, the intercept on a line drawn 
parallel to the common normal is a small quantity of the third order. 

32. In a curye referred to polar co-ordinates, if the origin be taken on the 
curve, and the tangent as prime vector, prove that the radius of curvature at 

r 
the origin is equal to one-half the value of - in the limit. 



33. Hence find the length of the radius of curyature at the origin in the 
curve, r = a sin n9. Ans. p = — . 
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CHAPTER XVIII. 

ON TRACING OF CURVES. 

250. Tracing Algebraic Curves. — Before concluding the dis- 
cussion of curves it seems desirable to give a brief statement 
of the mode of tracing curves from their equations. 

The usual method in the case of algebraic curves consists 
in assignin or a series of different values to one of the co-ordi- 
nates, and calculating the corresponding series of values of 
the other ; thus determining a number of definite points on 
the curve ; by drawing a curve or curves of continuous cur- 
vature through these points, we are enabled to form a tolera- 
bly accurate idea of the shape of the curve under discussion. 

In curves of degrees beyond the second, the preceding 
process generally involves the solution of equations beyond 
the second degree ; in such cases we can determine the series 
of points only approximately. 

251. The following are the principal circumstances to be 
attended to : — 

(i). Observe whether from its equation the curve is sym- 
metrical with respect to either axis ; or whether it can be 
made so by a transformation of axes. (2). Find the points 
in which the curve is met by the co-ordinate axes. (3). De- 
termine the positions of the asymptotes, if any, and at which 
side of an asymptote the corresponding branches lie. (4). De- 
termine the double points, or multiple points of higher orders, 
if any belong to the curve, and find the tangents at such 
points by the method of Art. 205. (5). The existence of 
ovals can be often found by determining for what values of 
either co-ordinate the other becomes imaginary. (6). If the 
curve has a multiple point, its tracing is usually simplified by 
taking that point as origin, and transforming to polar co-ordi- 
nates ; by assigning a series of values to we can usually 
determine the corresponding values ofr, &c. (7). The points 
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where the y ordinate is a maximum or a minimum are found 

dv 
from the equation -~ = o ; by this means the limits of the 

curve can be often assigned. (8). Determine when possible 
the points of inflexion on the curve. 

252. To trace the curve y^ = x^ (a - a) ; a being supposed 
positive. 

In this case the origin is a 
conjugate point, and the curve 
cuts the axis of a; at a distance 
OA = a. Again, when x is 
less than a, y is imaginary, 
consequently no portion of the 
curve lies to the left-hand side 
of^. 

The points of inflexion, / 
and I\ are easily determined 

trom the equation -7^ 

CvX 




= o ; the 



Fig- 3'- 



4a 



OA 



corresponding value of a? is — ; accordingly AN = 

Again, if TI be the tangent at the point of inflexion 7, it 

can readily be seen that TA = - = . 

. 9 3. 

This curve has been already considered in Art. 207, and 

is a cubical parabola having a conjugate point. 

252. Cubic with three Asymptotes. — We shall next con- 
sider the curve* 



y'^x + ey ^ ax^ -v bx^ ^- ex + d^ 



(0 



where a is supposed positive. 

The axis of yis an asymptote to the curve (Art. 194), and 
the directions of the two other asymptotes are given by the 
equation 

a»* = 0, or y - ±x Va ; 



y 



2 _ 



* This inveatigation is principally taken from Newton's ^'Enumeratio Li" 
nearum Tertii ordmis." 
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if the term bx^ be wanting, these lines are asymptotes ; if b 
be not zero, we get for the equations of the asymptotes 

y = x^a-^ — 7^» y + ^Va-^ — 7= = o- 

2va 2va 

On multiplying the equations of the three asymptotes 
together and subtracting the product from the equation of the 
curve, we get 

ey =^[ c p + a, 



this is the equation of the right line passing through the three 
points in which the cubic meets its asymptotes. (Art. 198). 
Again, if we multiply the proposed equation by x and 
solve for xy, we get 



xy 



el e^ 

= — + ax^ + bx^ + cx^ -^^ dx + - : (2) 

2 "■>/ 4 



from which a series of points can be determined on the curve 

corresponding to any assigned system of values for x; it 

also follows that all chords drawn parallel to the axis of y are 

e 
bisected by the hyperbola /py + - = o. ' 

Hence we infer that the middle points of all chords drawn 
parallel to an asymptote of the cubic lie on an hyperbola. 

The form of the curve depends on the roots of the bi- 
quadratic under the radical sign. (i). Suppose these roots 
to be all real and denoted by a, /S, y, 8, arranged in order of 
increasing magnitude, and we have 



e 



«5^ = - - ± /a (ar - a) (aJ - j3) (^ - 7) (a?- 8). 

Now when ar is < a, ^ is real ; when x> a and < /3, 2^ is 
imaginary ; when x > B and < y, y is real ; when x > y and 
< S, y is imaginary ; when a? > S, y is real. 
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We infer that the curve consists of three pairs of infinite 
branches together 
with an oval Ijring I Y 

between the values 
/3 and y for a. 

The accompany- 
ing figure* repre- 
sents such a curve. 

Again, if either 
the two greatest roots 
or the two least roots 
become equal, the 
corresponding point 
becomes a node. 

If the interme- 
diate roots become 
equal, the oval shrinks 




Fig. 32. 



into a conjugate point on the curve. 

If three roots be equal, the corresponding point is a cusp. 

If two of the roots be impossible and the other twa im- 
equal, the curve can have neither an oval nor a double point. 

If the sign of a be negative, the curve has but one real 
asymptote. 

254. Asymptotes. — In the preceding figure, the student 
will observe that to each asymptote correspond two infinite 
branches ; this is a general property of algebraic curves, of 
which we have a familiar instance in the common hyperbola. 

By the student who is acquainted with the elementary 
principles of conical projection the preceding will be readily 
apprehended ; for if ;we suppose any line drawn cutting a 
closed oval curve in two points at which tangents are drawn, 
and if the figure be so projected that the intersecting line is 
sent to infinity ; then the tangents will be projected into 
asymptotes, and the oval becomes a curve in two portions, 
each having two infinite branches, a pair for each asymptote, 
as in the hyperbola. 



* The figure is a tracing of the curve 

9a:y« -r io8y = (« - 5) (a? - 11) (« - 12). 



Asymptotes. 



301 



It should be also observed that the points of contact at 
nfinity on the asymptote in the opposite directions along it 
Qust be regarded as being one and the same point, since they 
.re the projection of the same point. That the points at in- 
inity in the two opposite directions on any line must be re- 
garded as a single point is also evident from the consideration 
hat a right line is the limiting stage of a circle of infinite 
adius. 

The property admits also of an analytical proof ; for if 
he asymptote be taken as the axis of x, the equation of the 
jurve (Art. 198) is of the form 



y0i + 02 = o, 



02 

or y = - -, 

01 



7here 02 is at least one degree lower than 0i in x and y. 

f ow, when x is infinitely great, the fraction — becomes in ge- 

leral infinitely small, whether x be positive or negative ; and 
onsequently the axis is asymptotic to the curve in both di- 
ections. 

255. To trace the curve 

a^y^ = Jar* + a?*, 
rhere a and b are both positive. 
Here ya^ -±a^{x + J)i. 

The curve is symmetrical with respect 
the axis of x, and has two infinite 
tranches ; the origin is a double cusp. 
The shape of the curve is exhibited in the 
igure annexed. 

If b were negative, we should have 




Fig. 33. 



Here y becomes imaginary for values of x less than b ; 
ccordingly the origin is a conjugate point in this case ; 
be curve has two infinite branches as in the former case. 

256. To trace the curve 



ay = 2abx^y + a?*. 
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From the form of its equation we see that the origin is a 
point of o«CM/-inflexion (Art. 24S)* 

Solving for y, we can easily 
determine any number of points 
on the curve we please. It has 
two infinite branches at opposite 
sides of the axis of a?, ana a loop 
at the negative side of that 
axis, as exhibited in the figure. 

2C7. To discuss the curve _. 

x^ + xh/ + y^ = X (a.v^ - bif). 

(i). Let a and h have the 
same sign, then the origin is 
a triple point, having for its 
tangents the lines 




and 



a; a o, t2? 



X 



V a - y\/6 = o. 




Fig- 35. 



Moreover, since the curve 
has no real asymptote, it is a 
finite or closed curve with three 
loops passing through the origin ; 
ana it is easily seen that its 
shape is that represented in the accompanying figure. 

(2). If a and b have opposite signs, the 
lines represented by ax^ ■\- hy^ = o oecome 
imaginary. The curve in this case con- 
sists of a single oval as in the figure.* 

258. Form of Curve near a Double 
Point. — Whenever the curve has a node or 
a cusp, by transforming the origin to that 
point, the shape of the curve for the 
branches passing through the point admits 
of being investigated by the method ex- 




♦ This and the preceding figure were traced for the case where 6 = 3a : if 

b 
the value of - he altered, the shape of the curve will alter at the same time. If 

a be greater than b, the latter curve will lie inside the tangent at the point X 
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plained in Arts. 243, 244. It is unnecessary to enter into 
detail on this subject here, as it has been already discussed in 
the Articles referred to. 

259. In connexion with the tracing and the discussion of 
curves there is an elementary general principle which may be 
introduced here. 

If the equation of a curve be of the form 

Lr - MM' = o, 

where Z, M, L'^ M' are each functions of the co-ordinates x 
and y, the curve evidently passes through all the points 
of intersection of the curves represented by the equations 
Z = o and Jf = o ; similarly it passes through the intersec- 
tions of i = o and M' = o ; and also those of M=^ o and L' -o\ 
and of i' = o and M' = o. Moreover, if L and Z^ become 
identical, the points of intersection coincide in pairs, and the 
equation of the curve becomes of the form L^ - MM' = o ; 
which represents a curve touching the curves iJf = o, M' = o, 
at their points of intersection with the curve Z = o. 

This principle admits of easy extension, but as the sub- 
ject belongs properly to the method of trilinear co-ordinates 
it is not considered necessary to enter more fully into it 
here. 

260. On Tracing Curves given in Polar Co-orcUnates. — ^The 
mode of procedure in this case does not differ essentially from 
that for Cartesian co-ordinates. We have already in Arts, 
200 and 201, considered the method of finding the asymptotes 
and asymptotic circles in such cases. It need scarcely be ob- 
served that the number and variety of curves whose discussion 
more properly comes under the method of polar co-ordinates, 
are indefinite. We propose to confine our attention to a few 
varieties of the class of curves represented by the equation 

261. On the Curves r"^ = a*" COS mO. — In this case, since the 
equation is unaltered when is changed into - 0, the curve 
is symmetrical with respect to the prime vector ; again, when 

9 = Oi we have r =? a, and as Q increases from zero to — , 



304 



On Tracing of Curves, 



r diminishes from a to zero. When m is a positive integer, 
it is easily seen that the curve consists of m similar loops. 

There are many familiar curves included under this 
equation ; thus, when m = i, we have r = a cos 0, which re- 
presents a circle ; again, if m = - i , the equation gives 
r cos 61 = a, which represents a right line. Also, if m = 2, 
we have r'^ = a^ cos 20, a Lemniscate (Art. 204). If m = - 2, 
we get r' cos 20 = a^, an equilateral hyperbola. 







If m =-, we get ri = ai cos -, whence r = - (i + cos 0), 

1 

(the cardioid, Ex. 4, p. 213) ; with m = — , it is ri cos — = ai 

2 2 

(the parabola, Ex. i, p. 212); and ^ on. As already ob- 
served, if we change m into - m, we get a new curve, the 
inverse of the original. Also the reciprocal polar is obtained 

by substituting '■ — instead of m. 

The tangent and normal can be immediately drawn at any 
point on a curve of this class by aid of the results arrived at 
m Art. 1 86. The radius of curvature at any point has been 
determined in Ex. 5, Art. 229. The method of finding the 
equations of the successive pedals, both positive and negative, 
has been also already explained. 

A few examples in the case of fractional indices are here 
added. 

Example i. 

ri = a* cos -. 
3 

Here when = o, we have r = a, 
and the curve cuts the prime vec- 
tor at a distance OA equal to a ; 



agam when = -, r = -^ 

2 8 

when = TT, r = ~, or OB = -. 

8 8 



also 




Fig. 37. 



The shape of the curve is given in the accompanying 
figure. This curve is the inverse of the caustic coneiaered in 
Example 18, p. 256. 



Curves of the Form r^ =^ a^ cos mfl. 
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Ex. 2. Ex. 3. Ex. 4. 

r^ « a* cos - 0. 7^ = a^ cos - 0. r J = a* cos - 0. 
4 5 3 

In Ex. 2, as increases from zero to 120°, r diminishes 
from a to zero ; when increases 
from 1 20° to 240°, r increases from 
zero to a I when increases from 
240® to 360°, r diminishes from a 
to zero. By assigning negative 
values to 0, the remaining part of 
the curve is seen to be symmetrical 
with that traced as above. The 
same result plainly follows by con- 
tinuing the values for from 
360° up to 720°. The form of the 
curve is exhibited in the annexed 
figure. ' Fig. 38. 

In Ex. 3, according as cos - is positive or negative, we 

get equal and opposite real values, or imaginary values, for r. 

Hence it is easily seen that for values of between + ^ tt 

J - 8 

the radius vector traces out two symmetrical portions of the 

curve ; again, between -^ tt and -~ tt we get two other sym- 

o 

metrical portions. The shape is that given in the former of 

the two accompanying figures. 






Fjg. 39. 



Fig. 40. 



3o6 . On Tracing of Curves. 

The latter figure represents the curve in Ex. 4 ; it consists 
oifive symmetrical portions ranged round thie origin. 

The results above stated admit of generalization, and it 
can be shown, without diflSculty, that in general the curve 

7^ = cfi cos — consists otp similar portions arranged about the 

origin ; and that the entire curve is included within a circle 
of radius a when p is positive, but lies altogether outside it 
when p is negative. 

262. Roulettes. — When one curve rolls without sliding 
upon another, any point invariably connected with the rolling 
curve describes another curve, called a roulette. 

The curve which rolls is called the generating curve, and 
the fixed curve on which it rolls is called the directing curve 
or the base. It is not proposed here to consider any beyond 
the most elementary cases of. roulettes ; we shall commence 
with the simplest — viz., the cycloid. 

263. The Cycloid. — This curve is the path described by a 
point on the circumference of a circle, which is supposed to 
roll upon a fixed right line. 

The cycloid is the most important of transcendental 
curves, as well from the elegance of its properties as from its 
numerous applications in Mechanics. 

We shall proceed to investigate some of the most elemen- 
tary properties of the curve. 

Let LPO be any position of the 
rolling circle, P the generating 
point, O the point of contact of the 
circle with the fixed line. Take 
the length A equal to the arc PO, 
then from the mode of generation Fig. 41. 

of the curve, A is the position of the generating point when 
in contact with the fixed line ; also, if ^-4' be equal to the 
circumference of the circle, A' will be the position of the 
point at the end of one complete revolution of the circle. 
Bisect A A' in D, and draw DB equal to the diameter of the 
circle, then B is evidently the highest point in the cycloid. 
Draw PN perpendicular to AA\ and let PiV" = y, -4JV= Jr, 
PCO ^Q, CO-- a, and we get 

x^AO-NO^a{e-^m 0), y = PN=a(i - cos 0). (3) 
'ion of any poinl oiv x\i^ c^Aovi \& determined by 
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these equations when the angle 9 is known, i. e. the angle 
through which the circle has rolled, starting from the position 
for which the generating point is in contact with the right 
line. 

264. Oyol<^d referred to its Verteac. — It is often convenient 
to refer the cycloid to its vertex as origin, and^to the tangent 
and normal at that point as axes of co-ordinates. In the^pre- 
ceding figure let 

a = BN\ y = PN', LPCL^ip^TT-e; 

then we have 

X = BN^ = a(^ + sin 0), y = PN'=^a{i - cos 0). (4) 

265. Tangent and Normal to Cyoloid. — It can be easily 
seen that the line PO is normal at P to the cycloid ; for the 
motion of each point on thfe circle at the instant is one of 
rotation about the point 0, i. e. each point may be regarded 
as describing at the instant an infinitely small circular* arc 
whose centre is at : and hence PO is normal to the curve. 

This result can also be established from the values of a: 
and y in (3) : for 

^ =a (i - cos 0), ^ = a sin 0. (j) 

dy ^ Ati9 . B 



dx I - cos 



= cot - = cot PLOf 



and accordingly PL is the tangent, and PO the normal to the 
curve at P. 

Again, if we square and add the values of -^ and -^, we 

cLff dv 

obtain 



* This method of finding the normal to a cycloid is due to Descartes, and 
evidently applies equally to all roulettes. 

X 2 
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— = 20 sin - = I'V. 



266. BMOam at Cvrvatnra and Krolute of Cyoloid. — Let p 

denote the radius of curvature at the point P, and i. PON= <•> 



^en 






'2jH = 4«Bin- 



2PO, 



(7) 




or the radius of curvature is double the noimal. From this 

value of p the evolute of the curve can be easily determined. 

For, produce PO until OP' = OP, l b 

then P' is the centre of curvature 

belonging to the point P. Agfun, 

produce LO until 00' = OL, and 

describe a circle through 0, P', and 

0' ; this circle evidently touches 

AA', and is equal to the generating 

circle LPO. 

Also the arc OP' - arc OP 
= A0. ^'e- 4>- 

.-. arc O'P' = O'P'O - P'O - AD - AO = OD = B'O'. 

Hence the locus of i" is the cycloid got by the rolling of 
this new circle along the line B'O', and accordingly the evolute 
of a cycloid is another cycloid ; it is evident that the evolute 
of the cycloid ABA' is made up of the two semi-cycloids, 
AB' and B'A', as in the figure, (Jonversely the cycloid ABA' 
is an involute of the cycloid AB'A'. 

267. length wfArowfCyotoid. — Since ^P' 5' is the evolute 
of the cycloid APB, it Ibllows from Art, 231, that the arc 
AP' of the cycloid is equal in length to the line PP', or to 
twice P'O ; hence, as A is the highest point in the cycloid 
Af'B', it follows that the arc AF' measured from the highest 
point of a cycloid is double the intercept P'O, made on the 
tangent at the point by the tangent at the highest point of 
the curve. Also the whole arc AB' is double B'B, or is four 
times the radius of the generating circle; and hence the 
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entire length ABA^ of a cycloid is eight times the radius of 
its generating circle. 

Again, if the cycloid be referred to its vertex as in Art. 
264, the distance of P' from AA' is represented by a?, and we 
shall have 



FO" =00' xa!= zax. 
Hence, denoting the arc AP' by s, we have 

8^ = 4P'0^ = Sax. 



(8) 



This relation is of importance in the applications of the 
cycloid in Mechanics. 

268. Epicycloids and Hypocyoloids. — The investigation 
of the properties of the cycloid naturally gave rise to the 
discussion of the more general case of a circle rolling on a fixed 
circle. In this case the curve generated by any point on the 
circumference of the rolling circle is called an epicycloid, or 
a hypocycloid, according as the circle rolls on the exterior, or 
the interior of the fixed circle. We shall commence with 
the former case. 

Let P be the position of the generating point at any in- 
stant, A its position when 
on the fixed circle ; then 
the arc OA = arc OP, 

Again, let C and C be 
the centres of the circles, 
jB and r their radii; 

lAco^e.ioc'P^e'; 

then, since arc OA = arc 
OP, we have Ed = rO'. 

Now suppose C taken 
as the origin of rectangu- 
lar co-ordinates and CA 
as the axis of a; ; draw PN 
and C'L perpendicular, Fig. 43. 

and PM parallel, to CA, and we have 

x=CN^CL-NL = {R + r) cos 0-r cos (0 + 0O» 
y^PN= CL-CM={R+r) sin 0-rsin (0 + 0^ ; 
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R 

or, substituting — for 0^, 



^ = (jB + r) cos - r cos 0, 

r 

R -h r 
y = (jR + r) sin - r sin 0, 



(9) 



When the radius of the rolling circle is a submultiple of 
that of the fixed circle, the generating point, after the circle 
has rolled once round the circumference of the fixed circle, 
evidently returns to the same position, and will generate the 
same curve in the next revolution. More generally, if the 
radii of the circles have a commensurable ratio, the generating 
point, after a certain number of revolutions, will return to its 
original position : but if the ratio be incommensurable, the 
point will never return to the same position, but will describe 
an infinite series of distinct curves. As, however, the suc- 
cessive portions of the curve are in every respect equal to 
each otner, the path described by the generating point firom 
the position in which it leaves the fixed circle until it returns 
to it again is usually regarded as a complete epicycloid, and 
the middle point of*^this path is called the vertex of the curve. 

In the case of the hypocycloid, the generating circle rolls 
on the interior of the fixed circle, and it can be easily seen 
that the expressions for x and y are derived from those in (9) 
by changing the sign of r ; hence we have 



a? = (JS - r) cos + r cos 0, ] 

r 1 



Ji - r 

2/ =» (-B - ^) sin - r sin 0, 



> 



(.0) 



The properties of these curves are best investigated by 
aid of the simultaneous equations contained in formulas (9) 
and (10). 

Again, as in the case of the cycloid, it is evident from 
Descartes' principle that the instantaneous path of the point 
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P 18 an elementary portion of a circle having as centre ; 
accordingly the tangent to the path at P is perpendicular to 
the line PO, and that line is the normal to the curve at P. 
These results can also be deduced, as in the case of the 
cycloid, by differentiation from the expressions for x and y. 
We leave this as an exercise for the student. 

To find an expression for an element ds of the curve at 
the point P ; take 0\ 0'\ two points infinitely near to on 
the circles, and such that 00' = 00" ; and suppose the ge- 
nerating circle to roll until these points coincide:* then the 
lines CO' and CO' will lie in directum, and the circle will 
have turned through an angle equal to the sum of the angles 
OCO' and OC'O" ; hence, denoting these angles by d^ and dd'y 
respectively, we have 

ds^OP {dO 4- dO') = OP (i +^)j dd; <ii) 

since dO' = — dO. 

r 



269. Hadius of Curvature of an Epioycloid — Suppose w to 
be the angle OSN^ between the normal at P ana the fixed 
line CA9 then 

11= C'08-oc8^--^-e. .',dio^-de\\ +— j. 

22 \ 2r) 

Hence, if p be the radius of curvature corresponding to 
the point P, it is evident from Art 220 that 

, = _^ = 0P?^). (la) 

du) iJ + 2r 

Accordingly, the radius of curvature in an epicycloid 
is in a constant ratio to the chord OP joining the generating 
point to the point of contact of the circles. 



* It may be observed that O'O" is infinitely small in comparison with 00* ; 
hence the space through which the point moves during a small displacement 
is infinitely small in comparison with the space through which P moves ; it 
is in consequence of this property that may be regarded as being at rest for 
the instant, and every point connected with the rolling circle as having a circulai 
motion around it. 
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270. Double Generation of EpioyolcAda and H7pooyoloid«.—i 

In a hypocycloid, if the rolling circle be greater than the fixed 
circle it can be easily shown that the curve can be generated 
as an epicycloid. For, let P 
be any position of the generat- 
ing point, the corresponding 
point of contact of the two 
circles ; draw the common 
diameter OED and join O'E 
and PD ; connect C the centre 
of the fixed circle to 0^ and 
produce CO' to meet DP pro- 
duced in D\ and describe a 
circle round the triangle O'PB' ; 
this circle plainly touches the 
fixed circle ; also the segments 
standing on OP, O'P and 00' are obviously similar ; hence, 
since OP ^ 00' ^ O'P, we have 




Fig. 44- 



arc OP = arc 00' + arc OP. 

If the arc 00' A be taken equal to the arc OP, we have 
arc O'A = arc O'P ; accordingly the point P describes the 
same curve whether we regard it as on the circumference of 
the circle OPE rolling on the circle 00' D, or on the circum- 
ference of O'PB' rolling on the same circle ; provided the 
circles each start from the position in which the generating 
point coincides with the point 
A. Moreover, it is evident 
that the radius of the latter 
circle is the difference be- 
tween the radii of the other 
two. Next, suppose the circle 
OPD to roll inside the circum- 
ference of 00' D, and let C be 
the centre of the fixed circle; 
join OP and produce it to meet 
the circumference of the fixed 
circle in 0' ; draw O'E and PB, 
join CO'y intersecting PB in ^'^%.\^^ 

D', and describe a circle round the triangle PD'O', It is 
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evident as before that this circle touches the larger circle, and 
that its radius is equal to the difference between the radii of 
the two given circles. Also, for the same reason as in the 
former case, we have 

arc 00' = arc OP + arc OT. 

If the arc OA be taken equal to OP, we get arc O'P 
- arc O^A ; consequently the point P will describe the same 
hypocycloid on whichever circle we suppose it to be situated, 
provided the circles each set out from the position for which 
P coincides with A. * 

T-hese important results were given by Euler (Acta Petrop. 
1781). By aid of them all hypocycloids are reducible either 
to epicycloids, or to hypocycloids in which the radius of the 
generating circle is less than half that of the fixed circle. 

271. Svoluteof an Epioyclmd. — ^The evolute of an epicy- 
cloid can be easily seen to be a similar epicycloid. 
For, let P be the gene- 
rating point in any po- 
sition, A its position 
when on the fixed circle ; 
join P to 0, the point of 
contact of the circles, 
and produce it until 

pp^ = OP ^^- then 

P' is the centre of cur- 
vature by (12); hence 



OP' = OP 



R 



R+ 2/ 




Next, draw P'O' per- 
pendicular to P'O; cir- Fig. 46. 
cumscribe the triangle OPO' by a circle ; and describe a circle 
with C as centre, and CO' as radius ; it evidently touches 
the circle OP'O'. 

Then 

00': OE=OP: OP^R: R + 2r= CO : CE, 

.-. CO - 00' : CE-OE^CO : CE, 

or CO': CO^CO: CE; 
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that is, the lines CE^ CO^ and CO' are in geometrical pro- 
portion. 

Again, join C to B\ the vertex of the epicycloid, meeting 
the inner circle in D, and we have 

arc O'D : arc OB = CO' : CO = CO : CE ^ O'O : EG 

= arc P'O' : arc OQ. 
But, arc OB = arc OQ,^ .-. arc CD = arc P'O". 

Accordingly, the path described by P' is that generated by a 
point on the circumference of the circle OB'O' rolling on the 
mner circle, and starting when P' is in contact at D. Hence 
the evolute of the original epicycloid is another epicycloid. 
The form of the evolute is exhibited in the figure. 

Again, since CO : OE = CO' : O'O^ the ratio of the radii 
of the fixed and generating circles is the same for both epi- 
cycloids, and consequently the evolute is a mmilar epicycloid.* 

Also, from the theory of Evolutes (Art. 231), the line 
PP' is equal in length to the arc P'A of the interior epi- 
cycloid ; or the length of P'A^ the arc measured from the 
vertex A of the curve, is equal to 



£(^ii)(?p/=,oP'22-'=2(?p 



CO 



'// 



R "CO CO'' 

Hence, the length* of any portion of the curve measured from 
its vertex, is to the corresponding chord of the generating 
circle, as twice the sum of the radii of the circles, to the 
radius of the fixed circle. 

The corresponding results for the hypocycloid can be 
found by changing the sign of the radius . r of the rolling 
circle in the preceding formulas. 

The investigation of the properties of these curves is of 



* Th« length of the arc of an epicyclui 1, as also the inyestigatioii of its 
evolute, were given by Newton (Principia, Lio. 1 , Prop. 49, 50). 
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importance in connexion with the proper form of toothed 
wheels in machinery. 

272* Bpltrooholds and Hypotrochoids^ — In general, when 
one circle rolls on another, every point connected with the 
rolling circle describes a distinct curve. These curves are 
called epitrochoids or hypotrochoids, according as the circle 
rolls on the exterior or the interior of the fixed circle. 

If d be the constant distance of the generating point from 
the centre of the rolling circle, there is no difficulty in 
proving, as in Art. 268, that we shall have in the epitrochoid 
the equations 

x= IR + r) cos 0- d cos 0. ] 

> ('3) 

y = (i2 + r) sin - c? sin tf . J 

In the case of the hypotrochoid, changing the signs of r 
and d we obtain 

R - r 

X = (B - r) cos k- d cos — ^ — ^- 

B-r ' ^'^^ 

y = (jR - r) sin - rfsin 0. 

T 

It would be unsoited to the elementary character of this 
treatise to enter into a discussion of the general theory of 
roulettes ; the student who desires a more complete investiga- 
tion of their properties is referred to Mr. Besant*s ** Notes on 
Roulettes and Gussettes," in which the subject is treated of 
in a new and comprehensive manner. 

273. The Ziimason. — We shall terminate this chapter with 
the investigation of the form of the inverse of a conic section 
with respect to a focus. From the polar equation of a conic, 
its focus being origin, it is evident that the equation of its 
inverse may be written 

r = a cos + by 

where a and b are constants. 
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It is easily seen that ^ is the eccentricity of the conic. 

6 

This curve can be readily traced by drawing from a 
fixed point on a circle any number of chords, and taking off a 
constant length on each of these lines measured from the cir- 
cumference of the circle. 

If a be less than h the curve is the inverse of an elhpse, 
and lies altogether outside the circle. 

If a be greater than ft, the curve is the inverse of a hy- 
perbola, and its form can be 
easily seen to be that exhibited 
in the annexed figure, where 
OD r= a - b, and the point 
is a node on the curve. This 
curve is called the Lima9on, as 
already stated in Art. 182. 

The following simple method 
of drawing the normal at any 
point P in this curve may be 
noticed. Join the point to the 
origin 0, and draw OQ per- 
pendicular to OP9 meeting the 
circle in Q ; then the line PQ 
is the required normal. 

This follows at once from the theorem given in Ex. 30, 
page 219. ^ 

If 6 = a, the curve becomes the inverse of the parabola, 
and is called a cardioid. The inner loop disappears in this 
case, and the origin is a cusp on the curve. 

It can be easily shown geometrically that when the radii 
of the fixed and rolling circles become equal, the Epicycloid 
becomes a Cardioid, and the Epitrochoid a Lima^on. 

It will be a useful exercise for the student to prove these 
results also from the formulas given already. 

When a = 2b, the Lirtia9on is called the Trisectrix ; a 
curve by. aid of which any given angle can be readily tri- 
sected. 




Fig. 47. 
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Examples. 

1. Trace the curve y = (a? — i) (a? - 2) (ar — 3), and find the position of its 
point of inflexion. 

2. Trace the curve y* — y.cixy + «' = o, drawing its asymptote. 
This curve is called the Folium of Descartes. 

3. Trace the curve a^x = y (i* + a;»), and find its points of inflexion, and 
points of greatest and least distance from the axis of x. 

4. If an asymptote to a curve meets it in a real finite point, show that the 
corresponding branch of the curve must have a point of inflexion on it. 

5. Find the position of the asymptotes and the form of the curve 

re* - y* + 2aa?y* = o. 

6. Show that the curve r = « cos 20 consists of four loops, while the curve 
r = a cos 30 consists of but three. Prove' generally that the curve r = a cos n9 
has n or an loops according as n is an odd or even integer. 

7. Trace the curve y' (x - a) (a? - J) = c* j[« + a) (ar + U). 

8. Show that the curve x*y* + ar* = a* (x^ — y") consists of two loops pass- 
ing through the origin, and find the form of the curve. 

9. Trace the curve y (x •\- a)* « b*x (x + c)", showing the positions of its 
asymptotes and infinite branches. 

10. If on a line. OJf, drawn from a fixed point to a given right line, a 
portion MF of constant length be taken on either side of the point M; find the 
aquation of the locus of F both in rectangular and polar co-ordinates. [This 
curve is called the conchoid of Nicomedes]. 

Trace this curve, and show that the point is a double point on it. Dis- 
tinguish between the cases when the origin is a node, a cusp, or a conjugate 
point, respectively. 

11. Given the base and the rectangle under the sides of a triangle, find the 
equation of the locus of the vertex (an oval of Cassini). Exhibit the different 
forms of the curve obtained by varying the constants, and find in what case the 
curve becomes a Lemniscate. 

12. Trace the curve y* = 00^+ -^hx* + ^ex + d, and find its points of greatest 
and least distance from the axis of a?. 

Show that two of these points become imap^inary when the roots of the cubic 
ia a; are all reaL 

13. Given the base and area of a triangle, prove that the equation of the 
locus of the centre of a circle touching its three sides is of the form 

x*y - a («' + y) - 3« (y - a) = o. 
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14. Prove ihai all curres of the third degree are reducible to one or other 
of the forms 

(i). a;y* + «y = Oic' + &»■ + «a? + </. 

(2). xy = a«* + to* + «c + rf. 

(3) y = oa* + to* + ftc + dL 

(4). y = ax* + dor" + <KC + </. 

Newton, Enum, Linear. Ter, Ordinis. 

15. Prove that all curves of the third degree can be obtained by projection 
from the parabolas contained in class (3) in l£e preceding division. [Newton.] 

For errerj culuc has at least one real point of inflexion : accordingly if the 
curve be projected so that the tangent at the point of inflexion is projected to 
infinity, tne harmonic polar (Art. 217) will bisect the system of parallel chords 
passing through this point at infinity. Hence the projected curve is of the 
class 3. [This proof is taken from Chasles, Aper^u Historique, note xz.] 

16. Trace the curve r = - — and show that it has a point of inflexion 
when 0* = 3 ; find also its asymptotes and asymptotic circle. 

17. In any roulette prove that the points in which it meets the fixed curve 
«re cusps on the roulette. 

z8. If the radius of the rolling circle be half that of the fixed circle, show 
geometrically that the hypocycloid becomes a diameter of the fixed circle. Prove 
also that any hypotrochoid becomes an ellipse at the same time. 

19. If the radius of the generating circle be one-fourth that of the fixed, 
prove immediately that the hypocycloid becomes the envelope of a right line of 
constant length whose extremities move on two rectangular lines. 

20. Prove that the evolute of a cardioid is another cardioid in which the 
radius of the generating circle is one>third of that for the original circle. 

2 f . Prove that the entire length of the cardioid is eight times the diameter 
t>f its generating circle. 

22. In the hypooydoid, if the radius of the generating circle be one-third of 
that of the fixed, investigate the form of the curve, and prove that it admits of 
being represented by the equations 

»««CO620 (1 -CO82O), Sf = tf sin 20(l + 00620). 

This curve determines the form of the sur&ce of revohitioii of given vohnDe 
mud diamet«r of base ; and such that it may expoiaace the least resistaiiee is 
pasctinit thn>ttgh the air in a directioii paralfsl to its axis; thereafltaiiceoftbe 



•irKMttgsuppoesdtoTary asthesquai^oftheiioimalvdodtT. (Mr.Taikiff> 
"^ PhiKM^khi(«l Magaiine,** Nov«»W, 1 lt#^7> 
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X 

23. Trace the ciirve p = a sin -, and show how to draw its tangent at any 

point. (This is called the curve of sines.) 

24. If a circle roll upon a right line, prove that the locus of any point in the 
plane of the rolling circle is determined hy the equations 

x = a9 — d sinOy y = a — rf cos 0, 

where d is the distance of the generating }K>int from the centre of the circle, and 
a the radius. 

This curve is called a trochoid. 

25. Show that the points of inflexion in the trochoid are given hy the equa- 

d 
tion cos d + - = o ; hence find when they are real and when imaginary. 
a 

26. Show geometrically that the first pedal of a circle with respect to a 
point on its circumference is a cardioid. 

27. Show in like manner that the Lima^on is the first pedal of a circle with 
respect to any point. 

28. Determine the angles of intersection of the tangents at the double points 
in the figures in page 305. 
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CHAPTER XIX. 

ELIMINATION OF CONSTANTS AND FUNCTIONS. 

274. Elimination of Constants. — The process of dijBferentiati on 
is often applied for the elimination of constants and functions 
from an equation, so as to form differential equations indepen- 
dent of the particular constants and functions employed. 
We commence with the simple example y^ - ax -\- b. By 

differentiation we get 2y -^ = a, a result independent of b. 

A second differentiation gives 

a differential equation containing neither a nor b, and which 
accordingly is satisfied by each of the individual equations, 
which result from giving all possible values to a and b in the 
proposed. 

In general, let the proposed equation be of the form 
f(Xf y, a) = o. By differentiation with respect to ar, we get 

dx dy dx 

The elimination of a between this and the equation/(^,y, a) = 

leads to a differential equation involving a?, y, and ~, which 

dx 

holds for all the equations got by varying a in the proposed. 
Again, if the given equation in x and y contain two con- 
stants, a and 6, by two differentiations with respect to ;r, we 
obtain two differential equations, between which and the 
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original, when the constants a and b are eliminated we get a 
differential equation containing a?, y, ^ and -7^. 

In general, for an equation containing n constants, the re- 
sulting^ differential equation contains a?, v» -r^» t? • • — ; 

^ ... ^ dx dx^ daf"' 

arising from the elimination of the n constants between the 
given equation and the n equations derived from it by suc- 
cessive differentiation. 

Examples. 

1. EHminate a from the equation 

y^- lay-k-x*^^ a*. Ans. (*2 - ay*) | ^ ] - 40^ ~-^ = o, 

2. Eliminate a and ^ from the equation 

(y-a).=,(«-/3). ^^.,(|)* + pg = o. 

3. Eliminate the constants a and ^ from the equation 

y = a COS n« + ^ sin nx. Ant, -^ \ n*y ^ o. 

a** 

4. Eliminate a and d frx)m the equation 

This agrees with the formula for the radius of curvature in Art. 220. 

5. Eliminate a and /3 from the equation 

(-+4 Am.p.^'^^o. 

6. Eliminate the constants oo, ai, . . . On from the equation 
y = («) + aoa;» + aia:»-i + . . . On. -4im. — ^ = ^C*^') (a?). 

7. Eliminate the constants a and ^ from the equation 
y^at^\ fi^*. Ana. -^ -(« + *) $^ + «*y = o. 

8. Eliminate a and b from the equation 

*y = W + *r«. ^w*. »— ^+2-^-«y»o. 

Y 



am; cos 
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27 c. Slimlnation of Transoendental Funotions. — The pro- 
cess of differentiation can be also employed for the purpose of 
eliminating transcendental functions from equations of given 
form ; for example, the logarithmic function can be eliminated 
by differentiation from the equation y = log (a;), which gives 

-r ■ ^-r—r. We have met several instances of this process 
dx ^{x) ^ 

already ; thus, in Art. 84, we found that the elimination of 

the symbolic functions, sin and sin-\ from the equation 

y =f sin (m sin-^a;) leads to the differential equation 

, . cPv dy 

^ ^ dx^ dx ^ 

The principles involved in this process are of great im- 
portance in connexion with the converse problem — ^viz., the 
procedure from the differential equation to the primitive from 
which it is derived. This part of the subject comes under 
the Integral Calculus in connexion with the solution of diff^ 
rential equations. 

Examples. 

I, y = tan'^a;. Ans. -— = -^' 

dx i-^ ^ 

3. Eliminate the exponential and logarithmic functions from the equation 

y = log(«' + r.). ^^. ^+|^_j = .. 

4. Eliminate the circular and exponential functions from 

y s ^ sin d?. 

du 
Here -~ = d» sm * 4- «* cos a; = y + e* cos a?. 

dx 

d^y dy , du 

.'. —2. e= -— + «• cos « - r* sm« = 2 — ■ - 2y. 
d dx dx 



y 



«"+*-• , dy 



Ans, -f- -i-f- 



£»—»-• dx 



Elimination of Arbitrary Functions, 323 

In the preceding examples we considered only the case 
of a single independent variable ; the diflPerential equations 
arrived at in such cases are called ordinary differential equa- 
tions. 

When our equations are of such a nature as to admit of 
two or more independent variables, the equations derived 
from them by diflferentiation are called partial differential 
equations. We proceed to consider some cases of elimination 
which introduce differential equations of this class. 

276. EUmination of Arbitrary Functions. — ^The equations 
litherto considered contained only two variables ; we now pro- 
ceed to the more general case of an equation involving three 
variables, two of which accordingly can be regarded as inde- 
pendent. We shall denote the independent variables by the 
letters x and y, and the dependent variable by 2. It will also 
be found convenient to adopt the usual notation, and to re- 
present the partial differential coef&cients 

dB dz d^z d^z , d^z 
dx^ dy doi*^ dxdy dy'^'' 

by the letters j9, g, r, 5, and ^, respectively. 

We. proceed to show that in this case we are enabled by 
differentiation to eliminate functions whose forms are alto- 
gether arbitrary. In fact we have already met with examples 

of this process ; for instance, if ^ «= a;"0 f ^ I we have seen in 

Art. 100 that in all cases we have 

dz dz 

whatever be the form of the function ; this function accord- 
Ugly may be regarded as completely arbitrary in its form, and 
lie preceding differential equation holds whatever form is 
Lssigned to it. This can also be shown immediately by dif- 
erentiation. Conversely it can be established without diffii. 

iulty that a?"0 ( ) ^^ ^^ most general form of z which satis- 

Y 2 
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fies the preceding partial differential equation. This process 
however, as in the case of ordinary differential equations, 
comes under the province of the Integral Calculus, and is 
mentioned here merely for the purpose of showing the con- 
nexion between the integration of differential equations, anci 
the formation of such equations by the method of elimination. . 
As another simple example, let it be proposed to eliminate 
the arbitrary function from the equation s =/(«* + p^). 

dz 
Here P^dx^ ^^^' ^^ ^ ^^^ 



dz 



hence we get 



yp-xq = o, 



an equation which holds for all values of 2, whatever the for 
of the function (/) may be. 

277. More generally, let s = (r), where t? is a kno 
function of x and y. 

TT- dz ., , \ dv dz , , ^ dv 

dz dv dz dv 
da dy dy dx 

This furnishes the condition that z should be a function oi 
the quantity represented by v. Also denoting z by F, and 
supposing V and v to be two given explicit functions of irand 
y, the condition that F shall be a function ofv is that the 
equation 

^^_dF^_ 
dx dy dy dx 



\ 
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shall hold for all values of « and t/^ i. e. shall be identically 
satisfied. For instance, if 

as -y 

dV dv dV dv . , . ,, 

tence F' is a function of v in this case. 

This can also be independently verified, for if « = sin 
^d y = sin ^, we get 

^ cos - cos , + 

F= -; — 75 r-^ = - tan ^ : 

sm - sin 2 

t? = sin cos + cos sin = sin (0 + 0) ; 

^'hich establishes the result required. 

We have here assumed that whenever equation (i) is sa- 
tisfied identically, F' is expressible as a function oft?; this 
^5*n be easily established as follows : — 

Since V and v are supposed to be given functions of x and 
y> if one of these variables, y, be eliminated between them, 
"^e can represent F as a function of v and x. 

Accordingly let 



then 



dY _df_ d£dv_ dV _df dv 
dx dx dv dx dy dv dy 

dV dv dV dv df dv 
dx dy dy dx dx dy 

Hence, since the left-hand side is zero by hypothesis, we must 
have -^ = o ; or the function f{x, v) or F reduces to a func- 
tion of V simply ; which establishes the proposition. 
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278. More generally let it be proposed to eliminate tbc^ 
arbitrary function from the equation 

■where F' and t; are given functions of three variables, a?, y, 
and z. 

Regarding x and y as independent variables, we get by 
di£ferentiation 

dV dV 

da dz ^ 



dV dV 
dy dz 

eliminating ^'(v) we obtain 



, I .(dv dv\ 
, , . (dv dv\ 



dVd'o dVdv (^^ __^^Y\ 

dx ^\dz dy dz dy J 



dx dy dy 



fdVdo do_dV\^ ^ .J 

^\dxdz dx dz ) 



a result independent of the arbitrary function 0. 

This equation can also be estabushed as follows :— 
Differentiating the equation F = (f ), considering a?, y, % 

as all variables, we get 

^y ^ ^^^ dV , ,rJdv^ dv . dD ,\ 
dx dy ^ dz ^ ^ ^ V^ dy "^ dz J 

then since the form of (v) is perfectly arbitrary, this equa- 
tion must hold whatever be the form of the function 0^ (»), and 
hence we must have 



dV, dV^ dV^ 

-r- dx -¥ -r- dy + -;- d% - o. 
dx dy ^ dz 



dv ^ dv , dv ^ I 

-r- dx '\- -rr dy + — dz ^ o. \ 
dx dy ^ dz -> 



>• (3) 
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Moreover, we have, introducing the condition that s de- 
pends on X and y, 

dz = pdx + qdt/y 

consequently, eliminating dx, dy, dz between this and the 
equations in (3), we get 

dV dV dV 
dx^ dy* dz 



dv dv dv 
dx* dy^ dz 



P7 



- I 



= o. 



^hich agrees with the result^in (2). 



(4) 



Examples. 
Eliminate the arbitrary functions in the following cases : — 



I. z = ^{ax-V hy). 



2. y — i« =s ^ (a? - az). 



3. X — a a (e 



I 

4. - 



5. s = 



X \y x] 

yV(y)_+f 



-fi 



, dz dz 
Ant, b - — « — - = o. 
ax ay 

dz . dz 
a — +b-- = i, 
dx dy 

dz dz 



= « — 



dz dz 



6. « = av/af* + y2 + ^(-\ 

7. z = {x + y)» <i>(x* + y-). 

8. «• + y« + «« = (a* + 3y + cz), 

Ans, {bz 



dx dy 



dz dz / , . ■ 

y -J- -^ ^ :r ^ *^' 
dx dy 



^dz , ^dz 

cy) 3- + (<•* ~ ^«) IT 
ax 



ss ay - bx. 



dx 
and 

d 
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279. Next, let it be proposed to eliminate the arbitrst^y 
function from the equation 

F[x,y,z, 0(m)) =0, 

where w is a given explicit function of a?, y, and %. 

Regarding x and y as the independent variables, we m^5»y 
differentiate the equation with respect to x, and also wi '^^ 
respect to y ; then, since ^ is a function of x and y, we hav^ ^ 

d . <b!{v) „ . (du du \ 

hence we obtain two partial differential equations involving -^' 
y> ^» Pi Qi <t> (^) ^^^ ^^ (^)» Accordingly, if (u) and 0'(m) fc^,^ 
eliminated between these and the original equation, we sh^*-^ 
have a resulting equation containing only ijp, y, s, p and q, 

280. If the given equation contain more than one arbitrat^^U 
function, we have to proceed to partial differentiations of * 
higher degree in order to eliminate the functions ; thus, S^ ^ 
the case of two arbitrary functions, (m) and yp (v), the fir^^^ 
differentiations with respect to x and y introduce the func^* 
tions 0X^) ^^^ ^X^)- I* ^3 plainly impossible, in general, t^^ 
eliminate the four arbitrary functions between three equ^ ^ 
tions, we accordingly must proceed to form the three parti^^ 
differentials of the second order, introducing two new arbi^ 
trary functions 0'' (u) and ^^"{v). Here again it is in genewJ 
impossible to eliminate the six functions between six equa* 
tions, so that it is necessary to proceed to differentials of the 
third order ; in doing so we obtain four new equations, con- 
taining two additional functions, 0^^' (w) and ifj^'^ (y) : after the 
elimination of the eight arbitrary functions there would re- 
main, in general, two resulting partial differential equations 
of the third order. 

281. There is one case, however, in which we can always 
obtain a resulting partial differential equation of the second 
order — viz., where the arbitrary functions are functions of the 
ssLme quantity, u. 



\ 
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Thus, suppose the given equation of the form 

F[xyy, 2, 0(w), yfj{u)] =0, (5) 

^^re tt is a known function of ^, ^, and s. 
y differentiation we get 

dF dF dFfdu du\^ 
dx ^ dz du\dx dzj 



dF 
dy 



dF dFfdu du\ _ 
dz du\dy ^ dzJ 



'^iminating — between these equations, we obtain 

dF du dFdu /dF du dFdu' 
dx dy dy dx \dz dy dy dz 

(dF du dF du\ 

"'^Kd^Tz-'lkdir''' (^> 

This equation contains only the original functions ^ (w), 
/ (m), along with x^ y^ s, p and q. Again, if we apply the 
Jame method to it, we can form a new partial differential 
equation, involving the same functions (w) and \ff (w), 
Jong with X, y, z^ p, q, r, «, t 

The elimination of the unknown functions ^ (u) and^ (w), 
•etween this last equation and equations (5) and (6) leads to 
he required partial differential equation of the second order. 
?he result in (6) admits also of being arrived at by the 
lethod adopted in the second proof of Art. 278 : for, 
egarding a?, y, 2, as all variables, we get from (5), on dif- 
jrentiation 

F , dF ^ dF ^ dFfdu ^ du ^ du ,\ 

But 

dF dF , . ^ dF ,, , . 

du d(t> (u) ^ ^ ^ d.yfj{u)^ ^ ^' 
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and accordingly, since (7) must hold for all values of ^' (m) 
and ip' (w), we evidently must have 



dF 



dF 



dF 



-T- dx -k- -^y + -T- "3 = o, 



dx 



and 



dy 



dz 



du ^ du . du . 

dx dy ^ dz J 



I 

> 



(8) 



Eliminating between these equations and 

dz - pdx + qdy, 
we get the following determinant 



dF dF dF 
dx^ dy' dz 



du du du 
dx* dy dz 



= o. 



(9) 



- I 



which plainly is identical with (6). 

This result admits also of the following statement : sub- 
stitute c instead o(u in the proposed equation, then regarding 
€ as constant, differentiate the resulting equation, as also the 
equation u = c (on the same hypothesis) : on combining the 
resulting equations with 

dz = pdx + qdy, 

we get another equation connecting (c) and ^ (c), and 
applying the same method to it, we obtain the result, on eli- 
minating the arbitrary functions <p (c) and ip (c) between the 
original equation and the two others thus arrived at. These 
methods will be illustrated in the following examples. 
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Examples. 

1. t = af^ («) + yif/ (a). 

Here j, = ^ («) + {a?^' («) + y,//' («) } p. 

^ = + W+ W W + y+'W} ?• 

Hence ^ = ^^ = / («), suppose. 

Applying the principle of Art 277, we have 

or 9»r — 2|»^« + pU = o. 

Otherwise thus : let f b e, and we get <li s o, and («) <£b + ^ (0} ify « o, 
also /Hfa> + ^''y = o. 

Differentiating again, we have 

qdp - pdq = o. 

or q {rdx + sdff] - jp (*<fe + tdf/) « o. 

which combined with pdx + t^tfy = o 

leads to the same result as before. 

2. f = «^ (fl» + b^) + y»K<w? + iy). 

Here P = («« + *y) + « (ar^' (aa? + by) + yi|/' (aa? + by) } 

q = ^ (ax + bp) -h b {xf (ax + *y) + W'' («« + *y)}f 
*\bp — aq ^ b(p (ax ^^ by) - aij/ (a« + by) ; 
hence *r - «« = a {i0' (ax + Jy) - a^' (ax + by)} 

'bs - at = b {b^' (ax + by) - ai//' («« + ^)}, 
.'. b^r — 2«65 + a^< = o. 
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Otherwise thus: let ax + bi/ = ej then adx-\-hdy^o^ also dz^^ (c) dz 
+ ^ (e) di/f and dz s^pdx + qdi/; hence 

bp — aq = b^ (c) + a^ (c). 
Differentiating again we get 

bdp - adq = o, or 3 (rdr + «d|y) - a {adx f e^fy) = o. 

Comhining this with the equation adx + bdy = o, we get 

h^r - iaba + rt*^ = o, 
as hefore. 

282. The preceding method can be readily seen to be 
capable of extension to the elimination of any number n of 
aroitrary functions from an equation, provided that they are 
all functions of the same quantity u. 

For the equation (6) plainly holds in this case, and pro- 
ceeding as in the last Article, we obtain a series of equations 
(the last being of the w'* order of differentiation), each con- 
taining the n arbitrary functions along with the variables and 
their derived functions. If the n functions be eliminated 
between the n differential equations and the original equation, 
we obtain a differential equation of the n'* order, which is 
independent of the arbitrary functions in question. 
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Examples. 



1. Given y — if**(C-t Cx) prove that 

2. Eliminate the constants from the equation 

d^y dy 
y = Cic** cos yxi + C^* sin \x. Am, t-« ~ 4 3- + '3^ = o* 

dx^ ax 

3. Eliminate C and (7* from the equations 

/ N cos «M? ^ . ^, . 
(a). y = ; + C cos tM? + C" sin war, 



(J). y = ic sin «a? + C cos f»a? + C" sin «a?. 

Ana, (a). -^ + «ty t= cos ma;. (6). ^ + «'y = cos nx, 

^ rfa;3 *^ ^ dx^ 



4. Eliminate the arbitrary functions from the equation 

a^y 
« = — + Cy + ac) + ^ (y - aa;). -4«*. r - a'*^ = icy. 

5. Eliminate the circular functions from the equation 

X <?*y dy 

y = -4 cos {a sin -» - + a), Ans. (c* - a:^) --^^x-j- + a*y = o. 

c ax ox 

6. Eliminate A and a from 

(^y ^y 

y = A OOB (cos na: + a). „ 3-^ — » cot na; — + n^y sin ^wa: = o. 

axr ax 



If « = cos aa? I - ] + sin a* ^ ( - 1, prove that 



rx* + 2sa;y + ^y* + (j^xH=i o. 
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8. If ffi, oz, as be the roots of the equation 

prore that the result of eliminatmg the exponentials from the equation 

9. Find the result of the elimination of the arbitrary functions from 

« = ^ (a; + ay) + 1// (a - ay). Am, r - aH - o. 

10. If « =/( - I + ^ (a:y), prove that 

x*r - y^i ■{■ xp - yq = o, 

11. liaef -v be'v = cc* + de-'^ prove that 

rd^,ldyV dyl r ldy\^ 1_ ,ay Id^Y 
L^**'V^] ""^J • l\d'xl'''j~^dx \d2^)' 

^«#. «*r + 3a;y« + y'^ - (m + n - i) (i?ar + gy) + f»f»s5 = o. 

13. Eliminate the arbitrary functions from the equation 

2 = {ic+/(y)f. Ans. p8 — qr='0, 

14. If the substitution of Ae^ for y satisfies the differential equation with 
constant coefficients 

d^ d^-^y dy 

prove that a must be a root of the equation 

15. Eliminate the constants from the equation 

asf* + 2hxy + <?y* + 2dx + 2^ +/= o. 

Ana. 4or* — 45yr'« V ^frt = o, 
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CHAPTER XX. 

ON CHANGE OF THE INDEPENDENT VAKIABLE. 

283. Case of a SUngle Independent Variable. — We have already 
pointed out the distinction between independent and depen- 
dent variables in the formation of differential coefficients. 

In applications of the Differential Calculus it is sometimes 
necessary to make our differential equations depend on new 
independent variables instead of those which had been origi- 
nally selected. 

We commence with the case of one independent variable, 

and suppose F to represent any function of a?, y, -^, — ^, &c. 

We proceed to show how the expressions for -^, --^, &c. 

are transformed, when, instead of a?, any function of x is 
taken as the independent variable. 

Let this new function be denoted by t, and suppose that 

— , -jj^ &c., are represented by ^', a;'', &c. Then in all cases 

we have 

du du dx 

dt dx ' dt 
where u is any function of a?, 

dt 



Hence ^ = i f . 

dx x' dt 



(2) 
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d}y _ d fdu\ d /i dy\ i d fi dy\ 
^^^lx\dx)'"di W^)^x'Jt\a'dtr 

(by substituting — -—• instead of m in (i)}, 

, d^y d^ dt , , 






I df^ dt \ I d I dfi dt I 



<^')^S-3-'«"J-|{3(-'0-^'-'"} 



/\6 



(«') 



-> 



(4) 



and so on for differentiations of higher degrees. 

If y be taken as the independent variable, we obtain the 
corresponding values by making 

dy d^y o 

di dt^ ' 



tdxV 
\d^ 



Hence ^«t-, '1^=--Si.. (.) 

(& ^' da^ fdxV ^^^ 

dy \dyj 



((PxV dx d^x 
dx^ 7dx\^ (^) 

and so on. 

The preceding results can also be arrived at otherwise as 
follows. As the essential distinction of an independent 
variable is that its differential is regarded as constant, ac- 
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dv 
cordingly in difFerentiating -^ when a is the independent va- 

ax 

riable we have <^ ( ;t" ) = -t"' However when x is no longer 
regarded as the independent variable, we must consider the 

ritfj 

numerator and the denominator of the fraction "-^^ as both va- 

dx 

riables, and by Art. 1 5 we get 

7 (^y\ _ dxdhf - dyd^x d ( dy\ dxd^y - dyd^x 
\dx)~ ^^ '^^dx\dx) ^ * 

Differentiating again on the same hypothesis, we get for 
_d/d^' 

dx \ da? ^ 

dx^d^y - dxdy d^ y - ^dx (Px d^y + 2 (^^Y ^V 
" dx^ * 

These results are perfectly general whatever function of x 
be taken as the independent variable ; their identity with the 
equations previously arrived at is manifest. 



Examples. 



1. Being given that a: = a (0 - sin ©), y = a (i - coi 0), find the value of 

Ans. 



dafl a(i-cos©)« 

2. Hence deduce the expression for the radius of curvature in a cycloid. 

3. If « = (« +r) cos e-r COB — ^ 0, y = (R-^r) sin © - r sin— ^^ 0, 
find the value of -r-.. 



, cos - cos 

Here ^= —5 1 = tan 

dx . ^+r . 

sm - sm 

r 

Z 



i^')'- 
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dx^ 



2r (22 4- r) COS — © sin I — + i ) © cos* ( — + i | © 
2r \2r j \2r j 



epiu 
4. Change the independent variable from a; to d in the expression — ^ sup- 

p36ing X = sin 9. 

sin — r 
d9 

+ 



® <& " COS e rf9* •' dx^ cos (^ rf9 V cos e d9 j co8»9 rfO* 



CO?© 



5. Transform the equation 



- rf'y dy , 


into another in which 9 is the independent yariable, being given x = e . 

dy _dydx_ dy 
^^"^ de'dxde^'dx' 



8^ = ^ _# 



and the transformed equation is 



g + (<,_,)| + iy = o. 



6. Transform the equation 



dy a* 
<te* dx X* 

into another where « is the independent variable, being given x = -. 

2 

It is evident that in this case we have x^—^z-f-. and for the same reason 

dx dz 



d I dy\ d f dy") 



_^^y dy e^y dy 






and the transformed equation is 



d^y 
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284. Case of Two Independent Variables* — We will next 
onsider the process of transformation for two independent 
ariables, and commence with the transformations introduced 
y changing from rectangular to polar co-ordinates, and vice 
ersd* In this case we have 

X = r cos 0, y = 7* sin ; (6) 

nd therefore r* = ;»' + y*, tan = -, (7) 

Accordingly, any function F" of ^r and y may be regarded 
s a function of r and 0, and, by Art. 96, we have 

dVdVdx dV dy 
dO ' dx dd'^ dy dO 

dV^dV dx dVdy ^^^ 

dr dx dr dy dr 
ut from (6) 

dx n ^ ' £k dy ' ii dt^ 

-=cos0, _ = -rsme = -y. _=8ine. _=«:; (9) 

ence we obtain 

dV_ dV dV 

dV dV dV 
'"^^''dJ-'^^- (") 

These transformations are of importance in the Planetary 
'heory. 

Again, we have 



dy^dJKdr ay dd-^ 
dx dr dx dO dx I 

dV dV dr^dV d9 \ ^ 

du dO dit J 



dy dr dy dO dy 

z 2 
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But, from (7) we have 



dr X /» ^^ . /I 

-- =r - = cos 0, ^- = sin ^, 

dx r dy 

dB ,^ V sin dO cos fl 

-- = -cos20^=- 



dx 



' dy 



dV^ dV sinOe^r 

' * dx dr r dO' 

dV^ . ^^ cosfldr 

dy dr r dO' 



(13) 



C14) 



(is) 



(16) 



28 (• To find —T—maA-r—- in the same traaaltnniuitioii. 

•' ax^ dp* 

Since formula (15) holds whatever be the form of the func- 
tion V, we have 

d , ^ n<i r \ sin 6 d , . 

-(^) = CO80^(*)-— ^(^) 

where stands for any function of x and y ; on substituting 

dV 

-T— instead of 0, this equation becomes 



lf^ = C08fl — 

fite \rfa; / dr 



cos 



dF sin djn 
dr r dO J 



8in« d r ^dV sinfle^PH 

cos U — ;r I 

r a{) \_ dr r dd ] 

,^ d^V cos e sin fl t^F cos sinfl dV 

cos'0 h 

t^T** r drdO r* £^0 



sinflr . ePF . ^dV 
— cos -— -^ _ sin —- 



] 



^ sine r cose dF sin0 d}V l 
r I r de '*' r W ]' 
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d^V _e^F isinflcose Ti rfF d^Vl sin^O dV 



or 



(^ isinflcosg fi dV d'Vl 8in»e </ 
c2a?* e//^ r Lr d0 ti?rfl?0 J r dr 



In like manner we get 



d^V . ^^d'V 

-;— = sm*e — -- - 
dy^ dr* 


2 sin cos fl I d F 
r ,r ti?0 

cos^flrf^F 

+ : rrr. 


c^» Vi cos«6 



dO"' 
This result can be also readily deduced from the preceding 



TT 



by substituting in it d for 0. 

If these equations be added, we have 

286. To find the transformation of 

cfiF d'V ^F 
fliir* efy* d«* 

into a function of r, fl, and 0, being given 

X = r sin cos 9, y = r sin ^ sin 0, z = r cos 0. 
Assume ^ = r sin 0, and we have 

X = p cos 0, y = p sin 0, 
f^F ^ *F idT f d'V 
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Again, from the equations 

/o = r sin 0, s = r cos 0, 

we have in like manner 

d^'V (PV d'V idV I d'V 
dp^ dz^ dr^ r dr r* dip^ ' 

Accordingly 

d'V d'V (PV_^ i^dV i_d^ idV I d^'V 
da? "^ dy^ "^ dz" ~ dr' ^ p dp "" p« dQ^ "" r dr '^ r» dt^^ 

But by (i6) we have 

dV . dV cos dV 
dp ^ dr r d<p' 

I dV i^dV cot^dT 
p dp r dr f^ dtjt 

Hence we get finally 

d^V d'V d'V d'V I d'V I d'V 2dV 

____ j_ _i_ — ____ _i_ ^_^__^.^ _____ ^ , ^_^ 

dx^ dy^ dz^ dr* r» sin*0 dO^ r^ djt* r dr 

cotd) dV . ^. 

287. RemarlDi on Partial Di£Ferentials. — As already stated 

in Art. 1 1 1 , the student must be careful to attach their proper 

meanings to the partial difierential coefficients in each case. 

dx 
Thus in finding -7- in (9), we regard a; as a function of r 

and 0, and difierentiate on the supposition that is constant: 

dr 
in like manner the value of —in (13) is found on the suppo- 

sitdon that y is comtant. 



Geometrical Illmtration. 
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The beginner accordingly, must not fall into the confusion 

dr dx 

of supposing that in this case we have — x — « i. ITiis 

dx dr 

caution is necessary, as even advanced students, from not 

paying proper attention to the meanings of partial derived 

functions are apt to fall into the error referred to. 

288. Oeometrical Illustration. — The following geometrical 

dn* dos 

method of determining the proper values of — and — under 

dx dr 

the preceding hypotheses may assist the beginner towards 

forming correct ideas on this important subject. 

Let P be the point whose 

co-ordinates are x and y ; then 

OM = a?, PJf = y, OP = T, 

dx 
POX = fl. Now in finding -— 

dr 

regarding fl as constant, we 
take on the radius vector OP 
produced, a portion PQ = dr, 
and draw QN perpendicular to 
OX ; then a Xy the corresponding increment in x^ is repre- 
sented by MN or PL. 




Fig. 48. 



Arc PL r. dx ^ 

•*• T~ = T^ = cos 0, or—- = cos 0. 
Ar PQ dr 

dr 
Again, to find — on the supposition that y is constant ; 

CbX 

let MN be a^, the increment in x^ and draw the parallelo- 
gram PLMN^ and join OL^ meeting in / a circle described 
with radius r and centre ; then jLI represents the corre- 
sponding increment in r, and we have 

— = limit of = limit of r=rr=r = cos Q. 

dx A a; PL 

dr dx 

So that in this case the values of-— and — are equal 

dx dr 

X 

each to cos d or -, as before. 

r 
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dr dO 
The values of -^77, — , &c., can also be readily repre- 
sented geometrically in a similar manner. 

289. Ziinear Transformatloiui — If we are given 

X = aX-^bY^- cZ,y = a'X^b'Ysr c'Z, % = a"X^ b"Y^ c"Z, (19) 

then any function F, of x^ y, and z^ is transformed into a 
function of X, Y^ and Z, and, as in Ex. 2. Art. 96, we have 

dV dV ,dV „dV 

— = a h a — + a — 

dX dx dy dz 

dV ^dV ^,dV ,„dV 

— =3 b h b — + b — 

dY dx dy dz 



dV^ dV ,dV ,^dV 
dZ dx dy dz* 

Again on proceeding to second differentiation, we get 

^„^_1L — + a^ — + a''^ + a'— fa— +a'— +a^^^ 
dX^ " dx\ dx dy dz J dy\ dx dy dz } 

^a''^(a'^-^^a'—+a''—\ 
dz \ dx dy dz ) 

d'V ,cPF ,,d'V ,,,^7 ^d^V 

= «* -rr + 2aa' ^-7- + 2aa^ j-j- + la'a"-^-^ + a^ --— 
dx^ dxdy dxdz dydz dy^ 

,..d}V 



Similarly we have 

dfr^ fl^ dy^ dz^ dxdy dxdz 

d'V 



■f 2Vb 



ivr 



dydz 
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dZ^ dx^ dy^ ds^ dxdy dadz 



4 2C'C'' 



dt/dz 



290. CaMm of Orthoi^onal Traatformations — If the trans- 
formation be such that 

a?« + y« + 2' =X» + r» + Z\ 
we have 

a« + a» + a"^ = i, 6' + 6" + J''» = i, c« + c'» + c"» = i. (20) 
ah + a'b' + dV = o, ac + a c' + a"c",^ o, 6c + Vd + 6^'c^' = (21) 

Affain, multiplying the first of equations (19) by a, the 
second by a\ and the third by a"^ we get on addition, by aid 
of (20) and (21), 

X = oar + fl'y + a"z. 

In like manner, if the equations (19) be respectively mul- 
tiplied by 6, h\ h"^ we get 

Y^hx^h'y^V'z\ 
similarly 

Z = car + c'y + c"z. 

If these equations be squared and added, we obtain 

a* + 6» + c» =» I, a^ + 6^ + c^ = I, a"^ + h'"" + c"^ = i. (22) 

aa' + hV + cc' - o, ad' + JJ" + cc" = o, aV + VV + cV^ = o. (23) 

Hence in this case, if the equations of the last article be 
added we shall have 

d'V d^V d^ ^d^ ^ d^ 

dx^ "*" [dy* ^ dz^ " dX^ "^ dY^ ^ 'dZ^' ^^"^^ 
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The transformations in this and the preceding Article are 
necessary when the axes of co-ordinates are changed in Ana- 
lytic Geometry of three dimensions ; and equation (24) shows 
that in transforming from one rectangular system to another 

, ^ . d'V d'V d'V , ^ ^ 

the function + + is unaltered. 

dj(^ dy^ dz^ 

291* Oeneral Case of Transformation for two Independent 
Variables. — Suppose that we are given the equations 

^ = «(^, 0), y-^{r,Q\ (2j) 

then any function F of a? and y may be regarded as a func- 
tion of r and 0, and we shall have from (8) 

dV^dV^ dV^dy 
dd " dx dO^ dy dff 

dVdVdx dVdy 
dr dx dr dy dr^ 

1 1 n^^ dy dx dy . , « 1 

where the values ^^ 'Iff "Tff 'T ^ '17 ^^^ be determined from the 

equations (^25). 

Whenever these equations can be solved for r and ft 
separately, we can determine, by direct differentiation, the 

values of -^, -7-7 ^^ -r^ and hence by substituting in (12) we 

dV , dV 

can obtain the values of -i-" ^^^ ~j~* 

dx dy 

When, however, this process is impracticable we can 

^ dV . dV 
obtain their values by solving for -j- and — from the pre- 
ceding equations. 
Tnus, we obtain 

dj^^ dVdy 
dV ^ dQ dr~~drJO 
dx dxdy dxd/y ' (^"^ 
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dVdx^dVdx 
dV^ dO dr'"drd9 
dy dx dy dxdy ^^7^ 

Iji^'m'd^'dr 

d'V d^V 
The values of -r-j, -rj-, &c., can be deduced from these, 

mt the general formulae are too complicated to be of much 
nterest, or utility. 

292. We shall conclude with one or two results in con- 
lexion with linear transformations, commencing with the 
ase of two variables. We suppose x and y changed into 
X -\- bY and a^X + b'Y^ respectively, so that any function 
► (a?, y) is transformed into a function of X and Y\ let the 
itter be denoted by 0i (X, F), and we have 

i>(a:,y) = fl>,(X, Y). 

Again, let a/ and y' be transformed by the same substitu- 
ions, i. e., 

x' = aX + bY\ y' = dX' + VY\ 

nd since x^kc ^a(X^ hX') + 6 (T + hT) 

nd y + Ay' =a (X + hX) + 6' ( F+ hY% 

: is evident that 

^{x^rhx'.y^ ky') = 0i (Z + kX\ Y + kY). 

Hence, expanding by the theorem of Art. 124, and equating 
ke powers of k we get 

"" d^^y dy--^ dX*^ dY' (28) 

dx" •' dxdy ^ dy^ dX^ dXdY^ ^ dY^ 

&C. &C. (^-i.*^ 
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Accordingly, if u represent any function of x and y, the 
series of expressions denoted by 

/ d d \ ( d d\ 

U' T + y' T ) ^» he' — + y'-- Pw, <Sbc. 
^ dx dyj \ dx dyj 

are unaltered by linear transformations. 

These results obviously hold for linear transformations, 
whatever be the number of variables (Salmon's Higher Al- 
gebra, Art. i2i). 

293. When applied to transformation from one system of 
co-ordinate axes to another, the preceding leads to some im- 
portant results, by applying* Boole's method (see Salmon's 
Oonics, Art. 159). 

For in the case of two dimensions when the origin is 
altered we have 

ip'» + 2x'y' cos ct + y'» = X'» + 2X'T cos O + T\ (30) 

where oi and Q, denote the angle between the original axes, 
and that between the transformed axes, respectively. 

Multiply (30) by X and add to (29), then denoting ^ (a?, y) 
by M and ^1 (X, F) by JJ^ we get 



X 



= Z' 



Now, suppose A assumed so as to make the first side of 
this equation a perfect square, it is obvious that the other 
side will be a perfect square at the same time. The fonner 
condition gives 

(d'u ^\(d^u A I d^u ^ V 



* I am indebted to Mr. Bumside for the suggestion that the equations of 
this Art, are immediately obtained by Boole's method. 
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\ ax* ay*' dxdy 

d^u d^u f d'u Y 
dx^ dy^ \dxdy) • 

Accordingly, we must have at the same time, 

\ . Jd'U d'U d'TJ \ 

X^sm«Q+A^^ + ^,-2j^^cosQj 

^ dX^ dY^ \dXdY) ~ ^' 
Hence, comparing coefficients, we get 

d'u d'u fd^u"^ <PU (PU J _d^^U\ 

dx^ dy^ \dxdy) dX^ dY^ KdXdYl . (^j) 

sm^ (II sin ^Q, 

and 

dht dhi dhi d'TJ d'TJ d^TJ 

sin *«!> ^ sin '^il 

Accordingly, if w be any function of the co-ordinates of a 
point, the ea^essions 

dhi d?u I d^u Y d!^u d^u d^u 

da^ dy^ \dxdy) ^nd ^^ ^.V' ^^<^y ^ 
sin ^w sm 'a; 

are unaltered when the CLxes of co-ordinates are changed in any 
manner^ the origin remaining the same. 

In the particular case of rectangular axes, it follows that 



^ JL d^u d^u f d^u Y 

" « dx^ dt? Vcfcccfti / 



cPtt d^u 

da? dy^ dj? dy^ Vcfcccfy 
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preserve the same values when the axes are turned round 
through anj angle. 

294. It is easy to extend the preceding results to three or 
more variables, when the transformations are orthogonal. 
(Art. 290). 

Thus, in the case of three variables we have 

Multiplying by X and adding to the equation which cor- 
responds to (29), it follows that the expression 






+ 2ZV 



d^u 
dzdx 



+ %x'y 



dhi 
dydz 

d^u 



dxdy 



is unaltered by orthogonal transformation 

Next, suppose that A is such that the quadratic function 
in x', y'y and :ii shall be the product of two linear factors, and 
by Art. 105 we must have 



d'u 
d^u 



dxdy 

d?u 

dxdz dydz 



d^u 
dxdy* 

d^u 
dy^ 

d^u 



+ X, 



d'u 
dxdz^ 

d^u 
dydz* 

d^u 



dz' 



+ x. 



= o. 



(33) 






But as the transformed expression must evidently at the 
same time be the product of two linear factors, we must have 



d^u . d^u d^u 

dx* * dxdy* dxdz 

d}u d^u . d^u 
+ X, 



dxdy dy"^ ' "' dydz 
dx^ d^x dhi 



dxdz dydz dz^ 



+ X 



d'U 



d^U d'U 



dX''^^' dXdT dXdZ 



d'^U d^TJ 



+ X, 



d^U 



dXdZ' dY' ' "' dYdZ 
d'U d'U d'U 



dXdZ' d¥dZ' d'Z 



+ X 



(34) 
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Equating the coefficients of like powers of X, we see that the 
expressions 



doc^ dy^ dz^^ 



dhid^u / d^u Y d^u d^u f d^u V 
da^ dtf \dxdy) dx^ dz^ \d^z) 



d^ud^u 
Iflz'' 



dydz)' 



and 



d^u dH d^u 
^' dxdy dxdz 

d^u d^u dht 



dxdy dy^' dydz 

d^ii d^u dhi 
I dxdz* dydz* dz^ 

are unaffected by orthogonal transformation. 

The first of these results has been already arrived at by 
direct substitution (Art. 290). 
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Examples. 

1. Being given y =/(«) and u = ^{x), find j^, 

^n*./'(u)0"(a:)+/"(u){f (:r)}«. 

2. If y = F{t\ t =f(u), u « 0(«), find the value of --|-. 

An,. F' (t)f («) «"(*) + {0' (*)}« {/" («) Ji" (<) + (/• («)). J" (0). 

3. Change the independent variable from 9 to c in the equation 

a* -7-z + «*y = o, where a; = -. 

4. Transform (i - «*) ^j^ ~ * ^ "^ ^'^ ~ °» being given x = gin ». 

^y 

5. If r be a function of r, where r* = «« + y«, prove that 

<fo?* rfy> rfr* r rfr* 

6. If r be a function of r, where r« = «* + y» + «*, prove that 

rfx* <fy« dz* " dr* rdr' 

7. If « = r sin cos 0, y == r sin d sin 0, « = r cos 0, prove that — = — » 

dx df' 

where in finding — , and are regarded as constants ; while in finding — , 

y and z are regarded as constants. 

8. If c be a function of two independent variables, x and y, which are con- 
nected with two other variables, u and Vf by the equations 

/i(a'»y»«. v)=o, /2(«, y, «, t;)=o; 

dz dz dz dz 

show how to express -;- and -r- in terms of -r- and -;-. 

dx dy du do 
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9. Provo from formula (18) that 



diV diV I (d I ^ . ,dV\ d /sm0<?r\ 

fl?y2 dz^ r^BmO \dr\ dr ) rf0 V <^0 / 

d t iT dVY[ 

10. Iff* = 0i(aJ» y), t' = 0a(*> y)» *"^<i ^ ^® c*^^ deduce from them the 
equations a? = i/zi (t*, »), y = ^/a (t*, v), prove that 



du du 

dx dy 

do dv 

dx^ dy 



II. Transform the equation 

d'*y 2Z 



dx dx 

du dv 

dy dy 

d%i dv 



= I. 



^ + 



y 



dx* i^-sfi dx (1 + 3;*)* 



= o. 



into another in which B is the independent variahle, supposing x = tan 9, 

diy 
An3,^ + y^o, 

12. If 2; be a function of x and y, and u = px -\- qy - z, prove that when p 
and q are taken as independent variables, we have 



du 
dp 



du 



dh* 



t 



dh* 



dh* 



"" ^' dq ^' dp^ rt-8^* dpdq rt-s** dq^ rt-s*'* 



where j3, ^, r, 8, f, denote the partial differential coefficients of z, as in Art 276. 

13. If the equation 

any d^iy J dy . 

da^ dan^-*- dx 

be transformed to 0, where x = c^, prove that the coefficients in the trans- 
formed differential equation are all constants. 

14. In orthogonal transformations, prove that 

dV^ dV^ dV^ __ dV^ dV* dV^ 
dx^ "^ dy^ "^ "^ " 552" '^W'^^ ~dZ* ' 



2 A 



354 



JMiacellaneous Examples. 



Miscellaneous Examples. 
I. If a, jS, 7, be the roots of the cubic 



show that 



dp dq dr 

di' da da 

dp dq dr 

^' dp' dp 

dp dq dr 

dy* dy dy 



= (y-i8)03-a)(a-r). 



2. Being given the three simultaneous equations 

01 («i, «2i a^Zf a;^ = o, ^ (xu «2f «8, Xi) = o, 0g (om, ajjj, 0:3, xi) = o, 

determine the values of 

dxi dx% dxi 
d*i dxi dxi 

3. If tt be a solution of the differential equation 



rf>r d»r ^ 

"Sfl dy^ dz^ 



= 0. 



prove that 



du du du 

X — V y — + « — 
dy dy dt 



will be also a solution of it. 

4. If jB and y be not independent, prove that the equation — — = — — 

dxdy dydx 

does not hold, in general. 

5. Prove that the points of intersection of a curve of the fourth degree with 
its asymptotes lie on a conic : and in general for a curve of the degree n they 
lie on a curve of the degree 11 — 2. 

6. Prove that every curve of the third degree is capable of being projected 
into a central curve. (Chasles). 

For if the harmonic polar of a point of inflexion be projected to infinity, the 
point of inflexion will be projected into a centre of the projected curve. 

7. Two ellipses having the same foci are described infinitely near one 
another; how does the interval between them vary? 

J%). How will the interval vary if the ellipses be concentric, similar and 
arly placed ? 
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S. Elimiaate the arbitrary functions from the equation 

« = W • * (y). 

9. Show that in order to eliminate n arbitrary functions from an equation 
containing two independent variables, it is, in general, requisite to proceed to 
differentials of the order in — i. How many resulting equations would be ob- 
tained in this case ? 

10. In the Lemniscate r'^=cfi cos 20, show that the angle between the tan- 

gent and the radius vector is — + 20. 

2 

11. In any roulette, if Obe the point of contact of the fixed and rolling 
curves, P the generating point, P' the corresponding centre of curvature for the 
roulette ; prove that 

•where p and p' are the radii of curvature of the two curves at the point 0, and 
^ is the angle which the line OP makes with the common normal at 0. 

12. From the formula in the last deduce the expression for the radius of 
curvature at any point on the epicycloid, and also in the epitrochoid. 

13. Being given the equations 

ix = X/i, by = v^(Xa _ d«) (*« - ^•), 
prove that 

14. If I - y — ay*^ = o, develope y^ in terms of a by Lagrange's Theoram. 

15. Being given a; = r cos 0, y = r sin 0, find the transformation of 



{■ ' m 



d^ 

into a function of r and 0, where 9 is taken as the independent variable. 

1 6. Apply the method of infinitesimals to find a point such that the sum of 
its distances from three given points shall be a minimum. 

Let pi, p2, p3 denote the three distances, and we have dpi + dp2 + tips = o ; 
suppose dpi = o, then d (p2 + ps) = o, and it is easily seen that p^ bisects the 
angle between pz and ps, and similarly for the others ; .*. &c. 

17. Eliminate the circular and exponential function from the equati(m 

y = ^in-l* 

2 A Z 
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18. One leg of a right angle passes through a fixed point, whilst its vertex 
slides along a given curve ; show that the prohlem of finding the envelope of 
the other leg of the right angle may be reduced to the investigation of a locus. 

19. If two pairs of conjugates, in a system of lines in involution, be given 
by the equations 

w = «»• + ^hxy + cy« = o, «' = afafl + 2Vxy + c'y^ - o, 
show that the double lines are given by the equation 

-— — = o. (Salmon's " Comes," Art 342.) 

dx dy dy dx 

20. Change the independent variable from a; to in the equation 

d^y dy 

where x = tan 9. 
ar. The equation 

ry2 . 2txy + tx^ =px -V qy-z^ 
may be reduced to the form 

— + « = o 
dv* 

by putting x— u qosv, y^u sin v. 

22. Investigate the nature of the singular point which occurs at the origin 
of co-ordinates in the curve 

x^ — 2ax*y — axy* + a*y* = o. 

23. Investigate the form of the curve represented by the equation 

y = «"*. 

24. How would you ascertain whether a proposed expression, F, involving 
X, y^ and «, is a function of two linear functions of these same variables } 

Ans. The given function must be homogeneous ; and the equations 

dV dV dV 

— • = o, — =0, — = o, 
dx dy dz 

must be capable of being satisfied by the same values of ar, y, 2 : i.e. the result 
of the elimination of «, y^ and z between these equations must vanish identi- 
cally. 
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25. If y = 0(«'), prove that 

n . »- r .« — 2 . «— 3 



I . 2 



(2*)»»-'*0l»-») (a:2) &c. 



26. If (a; + y \/- i) = (a + i3 %/- 0"> prove that 

— = «' 2 7^' 



= C sin* 



I '<^ /i = 0> si 

27. If tan . tantj/ = ^ prove that 'jr + . / „ . , ; = o, 

28. Find, by Leibnitz's Theorem, the value of 

and show from the dovclopment that 

I + Mi« + [«]a* + . . . + I = [2n]„, 
where [n]m represents the coefficient of iC" in the development of (i + »)». 

d ( d\ 

29. Prove that -7- (xu) = i + a: -r- 1 «. 
^ dir ' \ dxf 

30. Hence prove that 

/ d\ f d \ ^d*u 

„ I d \ f du\ I „d\ du du • ^ d^u 

I d \ / dv\ a-u 

31. Prove that 

By the preceding example we have 

\^ dx ^ I \^ dx ^ ]^ dx '^ \ dx )' dx-' 



3S8 

Bat 
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X* — + 2X . 



dx \ dx- 1 

I d \ ,rf*/» , dhi 



32. Prove, in general, that 



I d\l d \ { d \ I d \ *H* 

|4r-r-|I a?-r--i| x—-2\..Ax- »+ItC = iC*» . 

\dxj\dx]\dz]\dx I dx* 

This can be easily arrived at irom the preceding by the method of matfaematical 
induction ; that is, assuming that the theorem holds for any positive integer n 
prove that it holds for the next higher integer (11+ i), &c. 



33 



. Find - + ^^ 1^ in terms of r, when r»-= «« cos «0. 
*• de* 



Ana, 



3«* 



34. If « = (x* + y2 4 ««)*, prove that 

d^ ^ d^u d^ d^ d*u _ 



35. K 2 = 



«*-»- y' 



^, . rf*»« ^1.2.3 
prove that -r— = (— i)« ^ 



. n . cos (« + l)^ . cos*** 
—J 



£!!I5 — /"_ ^n ' « 2 . 3 . . . 2n . COS (iw + l) . COS*^^ 

d*»*»« _ / Nn+1 '•2.3... (2n + O sin (2» + a> d . cos'***^ 



«•»*• 



where 



= tan 



■ (f ) 



36. If « be a homogeneous function of l^e n^ degree in x, ^, c, and u\, «2, ifsi 
denote its differential coefficients with regard to x, y, z, respectively, while 
Mil* <<i2t &c., in like manner denote its second differential coefficients ; prove that 



«llf WU» Wi3, Ml, 

U3I, «22, tt23» «2» 

«ai, «32, l#33, «8. 

Ml, W2, Ms, O, 



flM 

n— I 



«11, «12» Mis, 
t<2l, M23, M28« 
M3I, M32, M33, 
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37. If tt be a homogeneous function of the riP* degree in x^ y, s, w, show that 
for all values of the variables which satisfy the equation « = o, we have 



«11» «12, «18i ' WI1 

W2l» «22> «23» W2» 

«31, «33, «33» «3> 

Wl, «2, «8, Oi 



38. Show that the equation 



w" 



(n - 1)- 



«11» Wl2, «18, Wl4 

«21> t<22t <<23f ^24 

t^ly t<32} Usi, Usi 

Uily U42, f<48f Uii 



is satisfied if P is any of the quantities 



- - /i«, (i - /i') cos 29, (1 - /»2) sin 2©, /» \/i — /»• cos 0, /» ^ I — fi» sin 

or any linear function of them. 

39. Iix-\-\ be substituted for a; in the quantic 

, » . («— i) 

ao«» + naix^-^ + — ^ ^ «2a:«-» + &c. + On ; 

1 .2 



and if Ou', ^I't • • . • Or' . • • . «n' denote the coefficients in the new quantic ; 
prove that » 



dOr 

Ik 



= ra'r-1. 



40. If ^ be any function of the differences of the roots of the quantic in the 
preceding example; prove that 



i^^- 



d d d 

,+ 2ai -— + 302 ^T- + . . . + nonJk 



£)*=°' 



This result follows immediately, since ^ is zero in this case. 



41. Being given 



M = a?y + v/i - af* - y* + sfly^ 



prove that 



v^x \/ 1 - y2 + y V « - ^* ; 



dudv dv du __ 
dx dy dxdy 



and explain the meaning of the result. 
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42. Find the minimum value of 

sin -4 einJ? sinC j , t> , rt o. 

+ -: — — -: — - + -: — -r—. — ^, where A-^B'V (7= i8o'. 



sin B sin C sin C sin ^ sin^ sin B 
43. Prove that 



^l*£y^"*^-* ("iV^"*^' 



where ^ (z) is a rational function of x, 

44. Show that the reciprocal polar to the evolute of the ellipse 

with respect to the circle described on the line joining the foci as diameter, has 
for its equation 

45. If the second term be removed from the quantic 

(flo, aij Oif » , , (tn)(x, y) 

by the substitution of a; 1/ instead of x^ and if the new quantic be denoted 

by (Aoy o, ^2, Az, . . . An) (a?, y) ; show that the successive coefficients 
A2t A3, . . . An are obtained by the substitution of ai for ^'and — oq for y in 
the series of quantics 

(oo, ai, a2)(a?, y), (ao» «i» «3» "s) («, y), • • • C«o, «!,... «n)(«, y). 

46. Prove that any root of the following equation in y :— • 

y^ \ xy= r, 
satisfies the differential equation 

«''^+(«-')«^ + (».-3)y^=o. 

47. How can we ascertain whether an expression such as 

{X, y^ + v/- i^ (x, y) 
ailmits of being reduced to the form 



/(.x^vy-o? 
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48. lilX + mY^ nZ, rX + m'Y+n% l"X + m"Y-h n"Z, be substituted 
for Xj y, Zy in the quadratic expression of Art. 105 ; and if a\ b\ c\ d\ e\ f\ be 
the respective coefficients in the new expression ; prove that 



a' /' e' 




a f e 


f b' d' 


= 0, whenever 


f b d 


«' d' e 




e d c 



= o. 



49. If the transformation be orthogonal^ i. e. if 

a:2 -I- y» + «2 = Z* + r* + -^ 

prove that the preceding determinants are equal to one another. 

50. Prove that the max. and min. values of the expression 



ax* + 46a;' + 6ex* + 4 <to + ^ 



are the roots of the cubic 



where 



a^zs - 3(0*/- sJT*) gi + ^(ait _ i%EJ) 2 - A = o, 
S==ac-b% I^ae- ^bd + 3^8. 



7 = 



a, bf e 
bj c, d 
Cy d, e 



, and A = J> - 27/2. 



By Art. 1 35 it is evident that the equation in 2 is obtained by substituting 
e — z instead of ^ in the discriminant of the biquadratic ; accordingly we have 
for the resulting equation, 

(J-a2)8=27(J-2^)2 

since the discriminant of the biquadratic is 

13 _ 2^J* = O. 

In general, the equation in z whose roots are the n — i max. and min. values 
of a given function of n dimensions in x, can be got from the discriminant of 
the function, by substituting in it, instead of the absolute term, the absolute 
term minus z. 

It is evident that the discriminant of the function in xia, in all cases, tho 
absolute term in the equation in z, 

51. If A be the product of the squares of the differences of the roots of 



a;3 _ pg;3 ^ qx " r = Qy 
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find an expression in terms of the roots, for -—> by solving firom three equations 

Of 

of the form 

d^ _ d^ dp dA dq dA dr 
da dp da dq da ^ da 

Ans. 203 + 7 - 20) (y + a- 2/3) (a + j3 - ay). 

52. If JC + y — I be a fimction of « + ys/-"!, prove that X and Tmust 
satisfy the equations 

*X d'X ,d^T d^r 

-r-i + -J- = o, and -;— + —- = o. 
da^ di/* dae^ d^ 



Note on the Conditions of Maxima and Minima in General. 3^3 



On the Cokditions pob a Maximum oa Minimttm of a Fxtnctiok 
OF ANY l^iJMBEa OP Vaeiables (Art. 160). 

The conditions for a maximiun or a TniniTn - nTn in the case of two or of three 
variables have been given in Chapter X. 

It can be readily seen that the mode of investigation, and the form of the 
conditions there given, admit of extension to the case of any number n of inde- 
pendent variables. 

We shall commence with the case of four independent variables.^ Proceed- 
ing as in Art. 159, it is obvious that the problem reduces to the consideration of 
a quadratic expression in four variables which shall preserve the same sign for 
all real values of the variables. 

Let the quadratic be written in the form 

«11 X\^ + «22 *2* + «8SiP3' + «44iP4* + 2ai2 «1 3^2 + ^a\zX\ Xi + 2aiiX\ X^ + 20232^2 iX^ 

+ 2024^^4 + 2 034X3 074. (') 

We shall first investigate the conditions that this expression shall be always 
a positive quantity; in this case a„ evidently is necessarily positive; again, 
multipljdng by «„, the expression may be written in the following form : — 

(an Xi + ai2 X2 + oia x^ + a\^x^* + (an 022 - «ia*) 3>^ + («ii «ss - ''is') *8* 

+ (an 044 — «14') X^ + 2 (on 023 — Oi2«13) ^7lX^ + 2 (On 024 — «12 Ou) Xz Xi 

+ 2 (a n 034 - ai3 O14) x^ Xi. (2 > 

Also, in order that the part of this expression after the first term shall be 
always positive, we must have, by the Article referred to, the following con- 
ditions : — 



Oil 022 - Oi2* > o, 

(oii 022 - 012*) (oil 033 - aia?) - (oiiOgj - au a^y > o. 

Oil «» - «w*» »ii <*«8 - «» *is> *ii «9i " ^12 *" 
and Oil Og, - 012 Ojg, o^ o,, - O13*, o^ 034 - Ojs 014 > o. 

Oii024-aiaOj4, OnOsi-Oijai*, O11O44-014" 
To express this determinant in a simpler form, we write it as follows :• 

Oil, O12, ftl3» 014, 

o, On 022 — 012', Oil 023 — 012 013, an 024 - 012 au 



(3) 
(4) 



(5) 



I 

Oil 



o, an 023 - 012O13, On 033 - 013', OUO34 - oia^ou , 
c. On 024 — 012 0i4» On 034 - 013014, on 044 — ou*. 



(6) 
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Next, to form a new determinant, multiply the first row by a 12, fl^ia, «i4i suc- 
cessively, and add the resulting terms to the 2nd, 3rd, and 4th rows, respec- 
tively ; then, since each term in the rows after the first contains an as a factor, the 
determinant is evidently equivalent to 



flii' 



«11, 9\2y «13» «U 



«12» »22, «23, «24 



«13» flr23, «33> «34 



fll4, 024, «34, «44 



(7) 



In like manner the relation in (4) is at once reducible to the form 



Oil 



»11, «12, «18 



«12j <^ <hz 



d'lZi ^23f 033 



> o. 



Hence we conclude that whenever the following conditions are fulfilled, 



VIZ., 



«ii >o. 



Ojl, O12 






>o, 


012, 022 





«11, »12» «13 




«12» «22» «23 


>o. 


«13, «23» «33 





«ll, «12, <»13) ^14 



O12, O22, (^j (hi 



«13j ^3> «33» «34 



Ol4, 024, «34, ^44 



>o, 



(8) 



the quadratic expression (i) is positive for all real values of a^j, flJa, ^ 3:4. 

Accordingly the conditions are the same as in the case (Art. 159) of three 
variables, Xj, n^ xy, with the addition that the determinant (7) shaU be also 
positive. 

In like manner it can be readily seen that if the second and fourth of the 
preceding determinants be positive, and the two others negative, the quadratic 
expression (i) is negative for all real values of the variables. 

The last determinant in (8) is called the discriminant of the quadratic func- 
tion, and the preceding determinant is derived Jfrom it by omitting the extreme 
row and column, and the other is derived from that in like manner. 

When the discriminant vanishes, it can be seen without difficulty that the 
expression ( i ) is reducible to the sum of three squares. 

It can be easily proved by induction that the preceding principle holds in 
general, and that in the case of n variables the conditions can be deduced from 
the discriminant in the manner indicated above. 

According as the number of rows in a determinant is even or odd, the de- 
tcrmiDant shaU be styled onfl of an even or of an odd order. 
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If the notation already adopted be generalized, the coefficient of x^r is de- 
noted by arry and that of XrXm-, by larm' In this case the discriminant of the 
quadratic function in » variables is 



«11, «12i «13i 



«12» «22j «23) • . 



«13» ^^i «33) 



«1 
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«1«, fl2n) «3n) • • 



dnn 



(9) 



and the conditions that the quadratic expression shall be always positive are, 
that the determinant (9) and the series of determinants derived in succession by 
erasing the outside row and column, shall be all positive. 

To establish this result, we multiply the quadratic function by an, and it is 
evident that it may be written in the form 

(«„«, + aiaa?2 + . . . a,«a:„)« + (a^x^^a - a^*) 3:2*+ ... + {oj^ann - a^n) Xf? 

+ 2 (a,| fl23 — <*12 0>\z) X2XZ + &C. + 2 (Cji dm — flirOln) XrXn + • • • 

In order that this should be always positive, it is necessary that the part 
after the first term should be always positive. This is a quadratic function of 
the « — I variables xz, 2:3, .. . Xn. Accordingly, assuming that the conditions 
in question hold for it, its discriminant must be positive, as also the series of 
determinants derived from it. But the discriminant is 



an 022 - «i2*» aii«23 — ai2aij» 
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. OiiCsn — Oiaain 



011024 — 012014, 011034-013014, . . . 01104,4 — auOin 



Oll02n — Oi2ain, On 03n - 013 Oi„ . . . OuOnn - Om', 



(10) 



Writing this as in (6), and proceeding as before, it is easily seen that the 
determinant becomes 
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i. e. the discriminant of the function multiplied by On""^. 
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Hence we infer, that if the principle in question hold for » — i variables 
it holds for n. But it has been shown to hold in the cases of 3 and 4 variables ; 
consequently it holds for anv number. 

We conclude finally, that the quadratic expression in n variables is' always 
positive, whenever the series of determinants 
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are all positive. 

Again, if the series of determinants of an even order be all positive, and 
those of an odd order, commencing with aj,, be all negative, the quadratic ex- 
pression is negative for all real values of the variables. 

Hence we infer that the number of independent conditions for a maximum 
or a minimum in the case of n variables is » — i, as stated in Art 160. 

It is scarcely necessary to state that similar results hold if wd interchange 
any two of the suflBjc numbers ; i. e. if any of the coefficients, 022* «3s» . . 
'Onn, be taken instead of a,, as the leading term in the series of determinants. 

If the determinants in (i a) be denoted by A,, A>t, A3, . . . An, it can be proved 
without difficulty that the quadratio expression under consideration may be 
written in the form 



A,U,^ + ^ CTa* + ^ cr3« + . . . + ;^ cr„«. 

A, A2 An-y 



('3) 



Hence, in general, when the quadratic is transformed into a sum of squares, 
the number of positive squares in the sum depends on the number of continua- 
tions of sign in the series of determinants in (12). 

It is easy to see independently that the series of conditions in (12) are neces- 
sarily in order that the quadratic function under consideration should be always 
positive ; the preceding investigation proves, however, that they are not only 
necessary^ but that they are sufficient. 

A^ain, since these results hold if any two or more of the suffix numbers be 
interchanged, we get the following theorem in the theory of numbers, that if 
the series of determinants given in (12) be all positive, then every determinant 
obtained from them by an interchange of the suffix numbers is also necessarily 
positive. 

Also, since when a quadratic expression is reduced to a sum of squares, the 
number of positive and negative squares in the sum is fixed (Salmon's Higher 
Algebra, Art 162), we infer that the number of variations of sign in any series 
of determinants obtained from ( 12) by altering the suffix numbers, is the same 
as the number of variations of sign in the series in (12). 

As already stated, a quadratic expression can be transformed in an infinity 
•of ways by linear transformations into the sum of a number of squares multi- 
plied by constant coefficients ; there is, however, one mode that is unique, 
viz., what is styled the orthogonal transformation. 
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In tliis case, if X^^ ^2, -X31 . . . -Xm denote the new linear functions, we 
have 

r = a?!* + V + • • • + ^n* = Xi« +Z,« + &c + X„«, 

and also, denoting the coefficients of the squares in the transformed expression 
by «!, flg, . . . On, 

Cr= a„ a?!* + «8« a?8* + . • . + «nn a;»2 + . . . + 2«i8 arjo;, + 2a,r a^i iCr + . . . 
Hence, equating the discriminants of U"— XFfor the two systems, we get 
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= («l - X) (^2 - A) . . . (On- X). (14) 



Accordingly, the coefficients «i, a^, . . 
at the left-hand side of the equation (14). 



. dm are the roots of the determinant 



THE END. 
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